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Abstract

Randomized iterative algorithms are fundamental computational tools for efficiently pro-

cessing large-scale or high-dimensional data. The idea of introducing randomization allows

for the development of algorithms that are faster, more flexible, or more robust, which has

had a significant impact on the scale of problems that can be reliably solved. In this thesis,

we develop the theoretical foundations and algorithmic principles of randomized iterative

algorithms through the lens of numerical linear algebra.

In the first part, we study randomized iterative solvers for systems of linear equations.

We develop a subspace-constrained framework for the randomized Kaczmarz and randomized

coordinate descent methods, which are lightweight representatives of the sketch-and-project

family of solvers. This idea allows us to propose efficient solvers for linear systems with

approximately low-rank structure, based on a connection between the convergence rate and

the problem of low-rank matrix approximation, as well as a robust solver that can leverage

external knowledge to help solve corrupted linear systems.

In the second part, we analyze the learning dynamics of linear models trained by gradient

descent, which provides a simple and tractable setting for deriving insights into the behavior

of machine learning models. We investigate the dynamics of mini-batch gradient descent

with random reshuffling, which is analytically challenging due to the dependencies arising

from the sampling process, as well as the regularization effects of early stopping.

Finally, in the third part, we study an iterative approach for eigenvalue problems based on

repeated random sparsification that is motivated by applications where the solution vector

itself may be too large to be stored. We provide an analysis of a randomly sparsified power

method applied to stochastic matrices, establishing that it can exploit the approximate

sparsity of the leading eigenvector to achieve beyond-Monte Carlo convergence rates and

dimension-independent computational costs.
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Chapter 1

Introduction

The development of efficient algorithms that are principled and supported by rigorous theo-

retical guarantees is increasingly important in a world where the volume and variety of data

available continue to grow. The challenges posed by the massive datasets arising in machine

learning and data science have led to a tremendous growth in the development and use of

randomized iterative algorithms. These methods have the significant advantage of being

lightweight and having a low memory footprint, enabling the handling of data that cannot

be fully stored in memory.

Introducing randomization into numerical algorithms can lead to other key benefits. Ran-

domized algorithms can be faster, both in theory and in practice. Furthermore, randomiza-

tion allows for the design of flexible methods that are simple to implement and adaptable

to different computational architectures, e.g., to facilitate parallelism or to reduce commu-

nication costs and memory movement. Finally, randomized algorithms can be more robust,

since injecting randomness can protect against adversarial inputs and result in performance

that typically mirrors average-case behavior.

The idea of using randomness as a computational resource is not new, and can be traced

back to the introduction of the Monte Carlo method by S. Ulam and J. von Neumann for

approximating intractable quantities by random sampling [MU49; FL50; Met+53]. It is an
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extremely active area of research within the theoretical computer science community, where

it is well-recognized that randomized algorithms can be faster or simpler than any known

deterministic alternative [MR95]. Furthermore, stochastic optimization techniques such as

stochastic gradient descent (SGD) and its variants are the workhorse of modern machine

learning [BCN18].

The field of randomized numerical linear algebra, which studies the use of randomized

algorithms for large-scale linear algebra computations—such as solving systems of linear

equations, least squares regression, low-rank matrix approximation, and eigenvalue prob-

lems [GV13]—has developed rapidly over the past two decades. The contemporary subject

originated in the theoretical computer science literature [FKV04; Pap+00; AM07; DKM06a]

and has more recently attracted substantial contributions from the numerical analysis, statis-

tics, and machine learning communities. By now, the field has reached a meaningful stage of

maturity, as reflected by various surveys documenting its theoretical and algorithmic foun-

dations [Mah11; Woo14; DM16; KV17; MT20; Mur+23; KT23; DM24; Epp25; PM25].

Despite this establishment, the foundational role of numerical linear algebra in machine

learning, scientific computing, and data science continues to generate new applications and

motivating problems. Consequently, significant opportunities remain for future research,

including fundamental theoretical questions and the development of effective randomized

algorithms that can be reliably applied in practice.

1.1 Outline of thesis

In this thesis, we develop the theoretical foundations and algorithmic principles of random-

ized iterative algorithms in numerical linear algebra and related fields. In the first part, we

study randomized iterative algorithms for solving systems of linear equations (Chapters 2

and 3). The second part investigates the dynamics of (stochastic) gradient descent for linear
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models (Chapters 4 and 5). Finally, the third part analyzes a randomly sparsified power

method for eigenvalue problems (Chapter 6).

In the rest of this section, we will provide a brief outline of the problem studied in each

part and the main contributions that are made in this thesis.

1.1.1 Randomized iterative solvers for linear systems

The problem of solving a system of linear equations Ax = b, where A ∈ Rm×n is a matrix

and b ∈ Rm is a vector, is a fundamental computational primitive. In some applications, such

as image reconstruction, signal processing, statistical inference, or the numerical solution of

differential equations, it is the primary computational task. In others, it arises as a subroutine

embedded within a larger algorithm, such as for optimization, that must be solved repeatedly.

The particular properties of the linear system to be solved—such as its size, sparsity

pattern, noise level, or any underlying algebraic, spectral or other exploitable problem-

specific structure—are key factors underlying the most suitable methods that are capable

of efficiently and reliably computing a solution to the desired accuracy. For large-scale

problems, iterative algorithms are an essential tool since direct methods, such as those based

on matrix factorizations [GV13], are often inefficient or simply infeasible if the matrix cannot

even be stored in memory.

For solving large-scale, highly overdetermined systems (i.e., m ≫ n), the Kaczmarz

method [Kac37] is an effective and extremely lightweight row-action method that solves one

equation at a time using a given row ordering (Figure 1.1). In each iteration of the Kaczmarz

method, a row aj ∈ Rn of the matrix A is selected, and the current iterate xk ∈ Rn is

projected onto the hyperplane {x ∈ Rn : aTj x = bj} by

xk+1 = xk +
bj − aTj x

k

∥aj∥22
· aj,
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where ∥·∥2 denotes the ℓ2 norm of a vector. The Kaczmarz method is a classical algorithm in

image reconstruction [Nat01; KS01; Her09], where it was rediscovered under the name of al-

gebraic reconstruction technique (ART) and implemented in the first computed tomography

scanner [Hou73; GBH70; SL74; AK84].

x∗
xk

xk+1
xk+2

. . .

Figure 1.1: The solution x∗ of a consistent linear system Ax = b lies at the intersection
of all of the hyperplanes corresponding to the solution space of each equation aTj x = bj for
j = 1, . . . ,m. In the kth iteration of the Kaczmarz method, a row aj is selected, and the
current iterate xk is projected onto the associated hyperplane to obtain xk+1.

In their seminal paper, Strohmer and Vershynin [SV09] proposed the randomized Kacz-

marz (RK) algorithm, which samples each row independently with probability proportional

to its squared norm ∥aj∥22 in each iteration. They proved that if the linear system is consis-

tent and has full rank, then the RK method converges linearly in mean squared error to the

unique solution x∗ with a rate that depends on the geometric properties of A:

E∥xk − x∗∥22 ≤
(
1− σn(A)2

∥A∥2F

)k
· ∥x0 − x∗∥22,

where σ1(A) ≥ . . . ≥ σn(A) ≥ 0 are the singular values of A and ∥A∥F =
√∑n

i=1 σi(A)2 is

the Frobenius norm of A. More precisely, the rate depends on the scaled condition number

∥A∥F/σmin(A) of A. If A is well-conditioned, then this guarantees that the RK method con-

verges very efficiently. For example, if the traditional condition number σ1(A)/σn(A) is up-

per bounded by some absolute constant C, then O(n log(1/ε)) iterations and O(n2 log(1/ε))
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arithmetic operations suffice to obtain an ε-relative error approximate solution x̂ satisfying

E∥x̂− x∗∥22 ≤ ε · ∥x0 − x∗∥22.

However, the convergence rate of randomized Kaczmarz rapidly deteriorates with the

presence of any spectral outliers—that is, a few leading singular values that are much larger

than the rest. This can easily arise if the rows of A are correlated with each other (i.e.,

aTi aj > 0 for many pairs i, j), or more generally if the matrix A exhibits approximate low-

rank (spectral) structure, which is ubiquitous in practice.

In Chapter 2, we propose and analyze a subspace-constrained randomized Kaczmarz

(SC-RK) method, where the dynamics of the Kaczmarz algorithm are confined within the

solution space of the linear subsystem AI0,:x = bI0 corresponding to a selected set of rows

I0 ⊆ {1, . . . ,m} (see Figure 1.2). Given any initial iterate x0 in the chosen affine subspace,

we derive the following update formula:

xk+1 = xk +
bj − aTj x

k

∥Paj∥22
·Paj,

where P denotes the orthogonal projector onto null(AI0,:). This resembles the Kaczmarz

algorithm, and retains the advantage of having a low computational and storage cost as long

as the size of the subspace constraint |I0| is not too large.

We prove that the SC-RK method leads to an accelerated convergence rate, especially

for linear systems where the matrix A has approximate low-rank structure, in the sense that∑n
i=r+1 σi(A)2 ≪ ∑n

i=1 σi(A)2 = ∥A∥2F for some r ≪ n. By connecting the improvement

in the convergence rate to the row subset selection problem in numerical linear algebra, we

demonstrate that a good subspace I0 can be found by randomized sampling. Our analysis

also covers the case where the linear system is inconsistent, showing that the iterates converge

to the least squares solution up to an error horizon.

Furthermore, we use the subspace constraint framework as a building block for a robust

randomized iterative solver for corrupted linear systems. In this setting, the goal is to re-
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HI0∪{j}

xk+1

H{j}

HI0

xk+2

...

xk

xk+1
RK

x∗

Figure 1.2: In each iteration of the subspace-constrained randomized Kaczmarz algorithm,
a row aj is selected, and the current iterate is projected onto the solution space aTj x = bj,
constrained to remain within a fixed affine subspace {x ∈ Rn : AI0,:x = bI0}. The rows
corresponding to I0 can be learned algorithmically or specified using external knowledge.

construct the solution x∗ of an underlying linear system Ax = b given a set of corrupted

measurements b̃ = b+bC, where bC is a sparse vector supported on some corrupted indices

C ⊆ {1, . . . ,m}. This models applications where some measurements are corrupted by ar-

bitrarily large errors, which may occur during the data collection, transmission, or storage

process due to faulty components or adversarial attacks. Moreover, we suppose that we pos-

sess external knowledge in the form of a set I0 ⊆ {1, . . . ,m} of corruption-free measurements

that we would like to exploit to improve the stability of the recovery algorithm.

By taking inspiration from a quantile-based modification of the randomized Kaczmarz

algorithm by Haddock et al. [Had+22], we develop the QuantileSC-RK algorithm, which

constrains the dynamics within the solution space of the trustworthy subsystem AI0,:x = bI0 .

We demonstrate that QuantileSC-RK is able to efficiently utilize external knowledge about

corruption-free equations to achieve convergence in difficult settings, such as when there are

many corruptions (e.g., scaling linearly with the total number of measurements) or when

there is not much redundancy in the measurements (i.e., the measurement matrix A is

near-square).
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xk

x∗ + ker(SA)

x∗

xk + im(B−1ATST )

xk+1

Figure 1.3: In each iteration of the sketch-and-project algorithm, a sketching matrix S ≡
Sk ∈ Rℓ×m is drawn from a given distribution D, and the current iterate is projected onto
the solution space of the sketched linear system SAx = Sb with respect to the ∥·∥B norm.

In Chapter 3, we generalize the subspace-constrained framework to a wider family of

randomized iterative solvers. The randomized Kaczmarz algorithm is a special case of the

sketch-and-project method for solving Ax = b introduced by Gower and Richtárik [GR15a].

Given a positive definite matrix parameter B ≻ 0 and a distribution D over matrices in

Rℓ×m with ℓ ≤ min{m,n}, each iteration of sketch-and-project draws a sketching matrix

Sk ∼ D, forms a wide, underdetermined “sketch” SkAx = Skb of the linear system, and

projects the current iterate xk onto the corresponding solution space with respect to the

norm ∥z∥B =
√
zTBz (see Figure 1.3):

xk+1 = argmin
x∈Rn

∥x− xk∥B such that SkAx = Skb.

For example, the randomized Kaczmarz algorithm follows from choosing the identity matrix

for the geometry parameter, B = I, and sketching matrices of the form Sk = eTj ∈ R1×m,

where ej is the standard basis vector in Rm corresponding to the coordinate that is sampled.

Specifically, we develop the subspace-constrained sketch-and-project method, which con-

strains the dynamics of sketch-and-project within the affine subspace {x ∈ Rn : QAx = Qb}

corresponding to an additional matrix parameter Q ∈ Rd×m with d < m. We prove that the
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updates are essentially the same as for the usual sketch-and-project with APB in place of

A, where PB is the oblique projector onto null(QA) with respect to the ∥·∥B norm.

As a concrete application, we analyze a subspace-constrained (block) generalization of

the randomized coordinate descent (RCD) algorithm studied by Leventhal and Lewis [LL10]

for solving linear systems Ax = b where A ∈ Rn×n is a positive semidefinite (psd) matrix.

In our analysis, the rank-d Nyström matrix approximation A⟨S⟩ ∈ Rn×n corresponding to

a subset of d indices S ⊆ {1, 2, . . . , n} selected for the subspace constraint emerges as a key

algorithmic component. By crystallizing the connection between the convergence rate and

the quality of the low-rank matrix approximation, we show that an efficient linear solver

can be developed if we can efficiently compute a good low-rank matrix approximation. For

the task of approximating the psd matrix A, we suggest using the RPCholesky algorithm,

recently proposed and analyzed by Chen et al. [Che+25], which is an effective algorithm

based on adaptive diagonal sampling that outputs a near-optimal Nyström approximation.

We prove that the resulting subspace-constrained randomized coordinate descent (SC-

RCD) method can be used to compute an approximation x̂ of the solution x∗ satisfying

E∥xk − x∗∥2A ≤ ε · E∥x0 − x∗∥2A using O
(
(n2 + nd2) · κ̄r(A) log(1/ε)

)
arithmetic opera-

tions. Here, κ̄r(A) = (n− r)−1
∑

i>r λi(A)/λ+
min(A) is the normalized tail condition number

of A for some r ≈ d, where we denote the eigenvalues of A by λ1(A) ≥ . . . ≥ λn(A)

and the smallest non-zero eigenvalue by λ+
min(A). In particular, under a mild assumption

that A is not extremely ill-conditioned, this result implies that if κ̄r(A) = O(1) for some

r = O(
√
n/ log n), then the SC-RCD method can compute an ε-approximate solution using

O(n2 log(1/ε)) arithmetic operations, which is optimal in terms of n for dense n×n systems.

Thus, the SC-RCD method is an efficient solver for psd linear systems with approximate

low-rank structure, which is ubiquitous in many applications in machine learning and sci-

entific computing. For example, high-dimensional real-life datasets are often intrinsically

low-rank, and kernel matrices commonly exhibit rapid spectral decay. We provide numerical
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experiments that demonstrate the efficiency of the SC-RCD method for large-scale kernel

ridge regression problems.

1.1.2 Dynamics of gradient descent for linear models

Modern machine learning models are mainly trained using gradient-based methods on very

large datasets. Since it is typically impractical to compute the entire gradient using all of

the available data, stochastic gradient descent (SGD) and its variants are routinely used in

practice. Studying the dynamics of (stochastic) gradient descent is an important problem

for understanding the training dynamics and generalization capabilities of the model that

is learned, guiding important hyperparameter choices such as the learning rates used, the

amount of training to perform, or the mini-batch size.

We can develop theoretical insights into this problem by studying the dynamics of gradi-

ent descent for linear models, which provides a simple and tractable setting where many fas-

cinating empirical phenomena observed in more complex models can be reproduced. Suppose

that we are given n data points {(xi, yi)}ni=1, each drawn independently from an underlying

distribution D, where xi ∈ Rp is the feature vector and the yi ∈ R is the associated response

variable. We assume that there is an underlying vector of parameters β∗ ∈ Rp such that

yi = xTi β∗ + εi for some random noise εi. The learning problem is to compute an estimate

β̂ ∈ Rp using the training dataset that generalizes well: i.e., given an unseen feature vector

x, xTβ̂ is a good predictor of its associated response y.

We can estimate the parameters using least squares regression. Let X ∈ Rn×p denote

the matrix obtained from stacking the n feature vectors in the training dataset as rows, and

y ∈ Rn denote the vector of the corresponding response variables. Note that in a linear

model, we can write y = Xβ∗ + ε, where ε ∈ Rn denotes the vector of the noise terms.

Then, the goal is to solve

argmin
β∈Rp

L(β) where L(β) =
1

2n
∥Xβ − y∥22 =

1

2n

n∑
i=1

(xTi β − yi)
2.
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We can use gradient descent to solve this optimization problem by iterating

βk = βk−1 − ηk∇L(βk−1) = βk−1 −
ηk
n
XT(Xβk−1 − y),

where {ηk}k≥1 is a sequence of step sizes or learning rates. In stochastic gradient descent,

the gradient ∇L(βk−1) is replaced with an estimate ∇̂L(βk−1). For example, since the loss

function is a sum over the individual loss for each training data point, the simplest estimate

can be obtained by sampling one of the n data points (xj, yj) and using the gradient of its

associated loss: ∇̂L(βk−1) = (xTjβk−1 − yj) · xj. In this case, the iterations of SGD read

βk = βk−1 − ηk(x
T
jβk−1 − yj) · xj.

Note that the randomized Kaczmarz algorithm discussed in the previous section (with the

correspondence (A,b,x)↔ (X,y,β) in notation) can be cast as an instance of SGD where

the data point (xj, yj) is sampled with probability proportional to ∥xj∥22, and the specific

choice of step size ηk = 1/∥xj∥22 is used. Indeed, this correspondence, which was observed

by [NSW16], suggests that ideas and techniques can be transferred between separate bodies

of literature.

It is an interesting problem to study the dynamics of stochastic gradient descent even

though the underlying least squares optimization problem is fairly simple. An important

reason is that machine models are often highly overparameterized (i.e., p ≫ n), meaning

that the solution is not unique. In this case, the choice of algorithm—including all of its

hyperparameters—provides an important implicit bias towards the solution that is computed:

e.g., gradient descent, initialized at zero, converges to the min-norm solution of the least

squares problem. Moreover, since iterative algorithms are not run to convergence in practice,

discerning the properties of the model β̂ = βT that is returned at some stopping time T

requires a more delicate understanding of the dynamics.

22



In Chapter 4, we study a variant of SGD known as mini-batch gradient descent, where

a subset of the training data is used in each iteration. We assume that random reshuffling

is used, which means the dataset is partitioned into B mini-batches {(Xb,yb)}Bb=1, randomly

permuted, and iterated through. This form of SGD is commonly used in practice. However,

the introduction of dependencies between mini-batches due to sampling without replacement

significantly complicates the theoretical analysis of the dynamics, compared to schemes where

mini-batches are sampled independently in each iteration. Our goal is to contribute towards

a better understanding of mini-batch gradient descent with random reshuffling by studying

the dynamics of the mean iterate for least squares regression.

We show that the training and generalization errors depend on a sample cross-covariance

matrix Z = n−1X̃TX between the original features X and a set of new features X̃ in which

each feature is modified by the mini-batches that appear before it during the learning process

in an averaged way. Using this representation, we establish that the dynamics of mini-

batch and full-batch gradient descent agree up to leading order with respect to the step size

using the linear scaling rule. However, mini-batch gradient descent with random reshuffling

exhibits a subtle dependence on the step size that a gradient flow analysis cannot detect—

for example, it may converge to a limit that depends on the step size. By comparing Z, a

non-commutative polynomial of random matrices, with the sample covariance matrix of X

asymptotically, we demonstrate that batching affects the dynamics by resulting in a form of

shrinkage on the eigenvalue spectrum of the features matrix.

In Chapter 5, we study the effects of early stopping for (full-batch) gradient descent.

Since machine learning models are usually trained on noisy data, there is generally a trade-

off between fitting the signal (i.e., bias) and the noise (i.e., variance) as the number of

iterations increases. This raises fundamental questions related to the properties of early

stopped models and how to decide when to stop training. Heuristically, it is known that early

stopping induces a form of ℓ2 regularization, also known as ridge or Tikhonov regularization.

However, formalizing this intuition under minimal assumptions has proven to be challenging.
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By exactly characterizing the trajectory of the parameters and the expected generaliza-

tion error with arbitrary learning rates and data, we show that the early stopped solution

βT is equivalent to the minimum norm solution of a related generalized ridge regression

problem. We also establish that early stopping is beneficial for many common learning rate

schedules, but that it may not be advantageous for some others. We provide an estimate for

the optimal stopping time to minimize the generalization error and empirically demonstrate

the accuracy of our estimate.

1.1.3 Randomized iterative algorithms for eigenvalue problems

Solving eigenvalue problems Av = λv with A ∈ Cn×n and v ∈ Cn is another fundamental

computation in numerical linear algebra. For large-scale problems, iterative methods that

can exploit sparsity in the matrix A are crucial. The power method is perhaps the simplest

iterative algorithm for computing the leading eigenvector v1 associated with the largest-

magnitude eigenvalue λ1(A) of a matrix A, which has iterations

xt =
Axt−1

∥Axt−1∥
,

where ∥·∥ is some norm chosen for normalization in each iteration. It is well-known that if A

is normal and has a large spectral gap, i.e., |λ2(A)|/|λ1(A)| ≪ 1, where λ2(A) is the second

largest-magnitude eigenvalue of A, then the power iterations converge quickly.

However, the extremely large scale of the matrices increasingly encountered in modern

applications means that classical iterative approaches can be too expensive—for instance,

the solution vector x itself may be too large to be stored. Motivated by the need to mitigate

the computational and storage costs for such problems, randomized iterative algorithms

for “extreme-scale linear algebra” are receiving renewed interest to extend the boundary of

problems that can be solved.
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Motivated by the success of diffusion Monte Carlo algorithms that have been applied

to eigenvalue problems as large as 10108 × 10108 [She+12], a general approach called fast

randomized iteration, which is based on randomly imposing sparsity in between the updates

of an iterative method, was proposed by Lim and Weare [LW17]. The randomly sparsified

power method is a particular instantiation of this framework, which has iterations

yt =
Axt−1

∥Axt−1∥
, xt = φt(yt),

where φt is an independent realization of an unbiased random sparsification operator φ :

Cn → Cn that maintains a user-chosen sparsity level; i.e., Eφ(x) = x and ∥φ(x)∥0 ≤ m for

all x ∈ Cn (see Figure 1.4). Here, ∥x∥0 denotes the number of non-zero entries of a vector

x. More intricate versions of the randomly sparsified power method have been developed

and applied to large-scale eigenvalue problems in quantum chemistry [Gre+19; Gre+20;

Gre+22a; Gre+22b].

⋆
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⋆
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Figure 1.4: Representation of the sparsification operator φ with sparsification parameter m,
which is used to control computational and storage costs in an iterative scheme.

Note that if each column of A has at most q non-zero entries, then each power iteration

typically costs O(nq) operations since the iterate xt will rapidly become dense due to fill-in.

However, each randomly sparsified power iteration costs O(mq) operations, which can be

significantly lower if m≪ n. The hope is that a relatively small sparsification parameter m
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can be chosen—ideally independent of or growing sublinearly with the input dimension n—

to obtain a stable randomized iteration. Heuristically, this might be possible if the leading

eigenvector v1 is approximately sparse, in the sense that the magnitudes of its entries decay

rapidly. However, a complete mathematical analysis of the algorithm, which would rigorously

justify its applicability for certain classes of problems, remains elusive.

In Chapter 6, we provide an analysis of the randomly sparsified power method applied

to computing the leading eigenvector of a column-stochastic matrix A ∈ [0, 1]n×n. This

is equivalent to computing the stationary distribution v ∈ [0, 1]n of a Markov chain with

probability transition matrix A that solves Av = v. In this setting, each iteration of the

randomly sparsified power method reads

yt = Axt−1, xt = φt(yt),

where ℓ1 normalization is chosen so that the power iteration step is linear, and a particular

sparsification scheme based on pivotal sampling is applied in each iteration to sample m

entries without replacement. In the context of column-stochastic matrices, this procedure is

a generalization of the Markov chain Monte Carlo (MCMC) sampler.

We establish error bounds in the general case where A has a spectral gap, showing that

the randomly sparsified power method can achieve beyond-Monte Carlo convergence rates—

i.e., m−1/2 as a function of the sparsification parameter m—by exploiting the approximate

sparsity of the leading eigenvector v. Specifically, we prove that as long as m is sufficiently

large, based on the mixing time of the Markov chain associated with A, then the error of the

randomly sparsified power method scales like m−1/2 multiplied by the tail sum
∑n

i=m v↓(i),

where v↓ denotes any weakly decreasing rearrangement of v with v↓(1) ≥ . . . ≥ v↓(n).

Hence, the randomly sparsified power method can be used to produce a high-accuracy so-

lution of sparse eigenvalue problems with dimension-independent computational costs if the

entries of v rapidly decay. We also showed that a sparsified power iteration based on deter-
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ministic sparsification can only provide guaranteed accuracy control when A is a strict ℓ1

contraction and can fail for a class of hard problems, which identifies a theoretical separation

between randomized algorithms and their deterministic counterparts in this setting.
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Chapter 2

A subspace-constrained randomized

Kaczmarz method for structure or

external knowledge exploitation

This chapter is based on the following joint work with Elizaveta Rebrova:

J. Lok and E. Rebrova. “A subspace constrained randomized Kaczmarz method

for structure or external knowledge exploitation”. Linear Algebra and its Ap-

plications 698, 2024, pp. 220–260. arXiv: 2309.04889 [math.NA]. doi:

10.1016/j.laa.2024.06.010

2.1 Introduction

A ubiquitous problem across the sciences is solving large-scale systems of linear equations

Ax = b, for which scalable and efficient iterative methods are useful when it is too slow

or infeasible to solve the system directly. Instead of solving such problems obliviously, it

is natural to have insights into the structural properties of the linear system of interest,

such as being approximately low-rank. Moreover, external knowledge about trustworthy

observations in the presence of corrupted measurements could be available.
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Now, additional information about the structure of a linear system influences the choice

of the most suitable solver. In this work, we take an adaptive, problem-aware approach to

account for various types of auxiliary information by augmenting the iterations of a generic

iterative linear solver based on a distinguished subsystem of equations.

The generic solver that we consider is the Kaczmarz algorithm [Kac37], which is an

iterative, row-action method for solving large-scale, typically overdetermined systems of

linear equations. It is a special case of the alternating projection method that has low

computational cost and storage per iteration, and can be used in the streaming setting

where a single row (or block of rows) of the system can be accessed at a time. Besides

its traditional applications in areas such as image reconstruction [Nat01; Her09] and signal

processing [Cen+92], the Kaczmarz algorithm has recently been used as a building block for

more sophisticated methods to design linear solvers [DY24; Du+21], and to address problems

such as phase retrieval [TV19] and tensor recovery [CQ21].

In each iteration of the Kaczmarz algorithm, a row aj of the matrix A is selected, and

the current iterate xk is projected onto the hyperplane aTj x = bj by

xk+1 = xk +
bj − aTj x

k

∥aj∥
· aj
∥aj∥

. (2.1)

In their seminal paper, Strohmer and Vershynin [SV09] show that if the system of linear

equations is consistent and has unique solution x∗, then the randomized Kaczmarz (RK)

algorithm, which samples each row independently with probability ∥aj∥2/∥A∥2F at each iter-

ation, converges to x∗ in expectation with an exponential rate (i.e., linearly) that depends on

the geometric properties of A (or more precisely, its scaled condition number ∥A∥F/σmin(A)):

E∥xk − x∗∥2 ≤
(
1− σmin(A)2

∥A∥2F

)k
· ∥x0 − x∗∥. (2.2)

Subsequently, many variants of the randomized Kaczmarz method have been analyzed; we

defer a detailed discussion of related works to Section 2.2 after presenting our results.
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In this chapter, we propose two Kaczmarz-based algorithms that can exploit (a) ap-

proximately low-rank structure and geometric properties of the matrix in a system of linear

equations to accelerate convergence; and (b) external knowledge about corruption-free equa-

tions for linear systems with arbitrary sparse corruptions to enable convergence even in the

highly corrupted regime.

2.1.1 Setup and notation

We consider a consistent, overdetermined (i.e., tall) system of linear equations Ax = b, or

linear system for short, where the rows of A ∈ Rm×n are denoted by a1, a2, . . . , am ∈ Rn,

b ∈ Rm, and m ≥ n. We assume throughout that A has full rank, and denote the unique

solution of the linear system by x∗ ∈ Rn. We work in the real setting for simplicity, but

everything can be generalized to the complex setting.

Vectors, oriented as columns by default, and matrices are written in boldface. The vector

ℓ2-norm is denoted by ∥·∥, and the matrix spectral and Frobenius norms are denoted by ∥·∥

and ∥·∥F . The singular values of a matrix A ∈ Rm×n are denoted by σmax(A) = σ1(A) ≥

σ2(A) ≥ · · · ≥ σmin{m,n}(A) = σmin(A), and the smallest non-zero singular value is denoted

by σ+
min(A). The Moore-Penrose pseudoinverse of A is denoted by A†. We refer to the

row submatrix of A (resp. subvector of b) indexed by I ⊆ [m] := {1, 2, . . . ,m} by AI

(resp. bI). The solution space AIx = bI of a linear system refers to the affine subspace

{x ∈ Rn : AIx = bI}.

2.1.2 Methods and main results

The SC-RK method

Fix a subset I0 ⊂ [m] of indices of rows of A with m0 := |I0| < n, and denote the remaining

indices by I1 := [m] \ I0. We define a variant of the RK algorithm that confines the iterates

within the solution space AI0x = bI0 , which we will refer to as the subspace-constrained
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randomized Kaczmarz (SC-RK) method. Each update of the SC-RK algorithm consists of

a projection of the current iterate xk onto the solution space AI0∪{j}x = bI0∪{j}, where the

row corresponding to j ∈ I1 is sampled according to an input probability distribution, and

can be algebraically expressed by

xk+1 = xk +A†
I0∪{j}(bI0∪{j} −AI0∪{j}x

k). (2.3)

This is essentially a block Kaczmarz update [Elf80; NT14], but with I0 fixed throughout the

iterations so that the iterates are confined within the selected solution space AI0x = bI0 .

Reusing the same block allows for properties of the distinguished subsystem AI0x = bI0 to

be exploited, and also leads to a more efficient update formula: in Lemma 2.3.1, we prove

that as long as xk satisfies AI0x
k = bI0 and aj /∈ range(AT

I0
), (2.3) simplifies to

xk+1 = xk +
bj − aTj x

k

∥Paj∥
· Paj
∥Paj∥

, (2.4)

where P := I − A†
I0
AI0 is the orthogonal projector onto null(AI0) = range(AT

I0
)⊥. Unlike

the block update (2.3), this does not require a new pseudoinverse to be computed at every

iteration and thus can be performed faster. The SC-RK method, which leverages (2.4), is

summarized in Algorithm 2.1. For concreteness, we fix a particular sampling distribution

for the rows of AI1 that leads to an especially simple and interpretable analysis. By varying

the distribution, better convergence rates may be possible [GR15a; AWL14].

On a conceptual level, the SC-RK update (2.4) is reminiscent of the usual Kaczmarz

update (2.1), with the new direction Paj representing the “extra information” offered by aj

beyond that which is already known from being in the solution space AI0x = bI0 .

The following result, proved in Section 2.3.1, shows that the SC-RK method converges

linearly in expectation to the solution x∗ of Ax = b under minimal assumptions.

Theorem 2.1.1. Suppose that the rows of A are partitioned into two blocks AI0 and AI1

of sizes m0 and m−m0, respectively. Let P = I−A†
I0
AI0 be the orthogonal projector onto
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Algorithm 2.1 Subspace-constrained randomized Kaczmarz (SC-RK)
1: procedure SC-RK(A,b, I0, K)
2: P = I−A†

I0
AI0 ▷ Orthogonal projector onto null(AI0)

3: initialize x0 = A†
I0
bI0 ▷ Initial iterate x0 solves AI0x

0 = bI0
4: for k = 1, . . . , K do
5: sample j ∈ [m] \ I0 with prob. ∥Paj∥2/∥AI1P∥2F ▷ Sample row in AI1

6: xk = xk−1 +
bj−aTjx

k−1

∥Paj∥ · Paj

∥Paj∥ ▷ Project onto AI0∪{j}x = bI0∪{j}
7: end for
8: return xK

9: end procedure

null(AI0), and σ+
min(AI1P) be the smallest non-zero singular value of AI1P. Then the SC-RK

iterates xk from Algorithm 2.1 converge to the solution x∗ in expectation with

E∥xk − x∗∥2 ≤
(
1− σ+

min(AI1P)2

∥AI1P∥2F

)k
· ∥x0 − x∗∥2. (2.5)

In the special case that the row spaces of AI0 and AI1 are orthogonal (i.e., AI0A
T
I1
= 0),

the SC-RK updates (2.4) reduce to the usual Kaczmarz updates (2.1) since Paj = aj for all

j ∈ I1, and hence we immediately deduce the following:

Corollary 2.1.2. Consider the same setup as Theorem 2.1.1. If AI0A
T
I1
= 0, then

E∥xk − x∗∥2 ≤
(
1− σ+

min(AI1)
2

∥AI1∥2F

)k
· ∥x0 − x∗∥2. (2.6)

Noisy linear systems. In Section 2.3.2, we prove that for inconsistent systems of linear

equations where a noisy measurement vector b̂ ̸= b is observed, the SC-RK method converges

at the same rate up to an error horizon around the solution x∗ with a radius that depends on

the noise in I0 and I1, as well as the geometries of AI0 and AI1P (Theorem 2.3.4). This ex-

pands on a phenomenon that is known from previous analyses of Kaczmarz methods [Nee10;

NT14].
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The analysis of inconsistent linear systems requires developing technical results involving

a two-step decomposition of the block update (2.3), which provides a partial generalization

of the two-subspace Kaczmarz method in [NW13] (see Remark 2.3.9).

Remark 2.1.3 (Per-iteration complexity). Each SC-RK iteration can be computed in

O(m0n) flops, with calculating Paj = aj −A†
I0
AI0aj being the most expensive step. This

requires directly computing A†
I0

or an orthonormal basis for range(AT
I0
)1 only once, using

a method based on QR decomposition or SVD. This per-iteration cost is comparable to

the O(n) flops per iteration of RK if m0 is not too large. The overall complexity is then

determined by multiplying the per-iteration cost by the number of iterations required to

reach a desired error, which we will elaborate upon below.

Using SC-RK with a larger m0 may still be feasible if AI0 possesses special structure

(e.g., it admits a fast multiply or is sparse). For example, an inner iterative least-squares

solver (e.g., CGLS) can be used to apply A†
I0

using matrix-vector multiplies with AI0 and

AT
I0

, which avoids forming the pseudoinverse explicitly. We refer to [NT14] for more related

discussion on the implementation of the block Kaczmarz method.

Exploiting low-rank structure with the SC-RK method. The convergence rate

of the SC-RK algorithm depends on the geometric properties of A and P: Theorem 2.1.1

shows that kε := κ(AI1P)2 log (1/ε) iterations suffice to achieve the relative error guarantee

E∥xk − x∗∥2 ≤ ε∥x0 − x∗∥2, where κ(AI1P) := ∥AI1P∥F/σ+
min(AI1P) is a scaled condition

number of AI1P. For the same guarantee using RK, from (2.2), κ(A)2 log(1/ε) iterations

are required, where κ(A) := ∥A∥F/σmin(A).

Since κ(AI1P) ≤ κ(A), we see that the projector P acts as a right preconditioner for

A, improving the convergence rate of SC-RK compared to RK. In particular, we can expect

a significant per-iteration improvement (and hence overall advantage) if ∥AI1P∥F ≪ ∥A∥F
or σ+

min(AI1P) ≫ σmin(A). We examine the connection between the geometry of A and

1The projector A†
I0
AI0 can be written as QQT where Q ∈ Rn×m0 is a matrix whose columns

form an orthonormal basis of range(AT
I0
), which can be computed in O(m2

0n) flops.
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convergence rates in more detail in Section 2.3.3 to show that the SC-RK method is able

to exploit approximately low-rank structure and geometric properties of A to accelerate

convergence.

We also describe how a good subset I0 of rows, if not explicitly known, can actually be

efficiently found via a connection to low-rank matrix approximation in Section 2.3.3.

SC-RK on random data and dimension reduction. In a somewhat complementary

setting, we show that for “unstructured” matrices, the subspace constraint imposed by the

projector P acts as a form of dimension reduction that effectively increases the aspect ratio of

the system to reflect the dimensionality of the solution that remains unsolved in Section 2.3.4.

More precisely, we prove that when A ∈ Rm×n is drawn from a generic class of “Gaussian-like”

random matrices, the SC-RK method typically converges with a rate that is approximately

1 − 1/(n − m0) as long as the “effective aspect ratio” (m − m0)/(n − m0) of the system

is sufficiently large (Theorem 2.3.17). Note that 1 − 1/(n − m0) is the best possible rate

that can be achieved by the RK algorithm (with any sampling distribution) on a consistent

(m−m0)× (n−m0) linear system (see [GR15a]).

The QuantileSC-RK method

We also propose a modification of the SC-RK method for solving corrupted systems of

linear equations. This setting models applications where some measurements are corrupted

by arbitrarily large errors, which may occur during the data collection, transmission, and

storage process due to malfunctioning sensors or faulty components (for more examples,

see [Stu+12; HN19]). Unlike the noisy setting above, the error horizon is not very meaningful

since significant outliers can be introduced. Hence, the aim is to converge to the solution

x∗ exactly by identifying and avoiding corruptions, which may be possible if the number of

corruptions is relatively small and the system is highly overdetermined.

Our model for corrupted linear systems is defined as follows. Let C ⊆ [m] and bC ∈ Rn

be a sparse vector of arbitrary (possibly adversarial) corruptions supported on C. Moreover,
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suppose that we possess external knowledge in the form of a corruption-free subset I0 ⊂

[m] of size m0 such that (bC)I0 = 0; for example, this could reflect a set of trustworthy

measurements by a reliable source, or infallible equations arising from physical laws. The

goal is to reconstruct the solution x∗ of Ax = b given A, I0, and the corrupted measurements

b̃ := b+ bC.

To achieve convergence, we take inspiration from the QuantileRK method proposed

in [Had+22], which modifies the RK algorithm so that each projection is sampled from

a set of admissible rows whose residuals |bj − aTj x
k| are smaller than the qth quantile of

residual sizes at each iteration for some parameter q ∈ (0, 1]. This modification is based on

the heuristic that large residuals should be indicative of corrupted measurements, and small

residuals lead to small steps that cannot divert the iterate too far away from the solution.

We propose to exploit the auxiliary information by confining the iterates of QuantileRK

within the “trusted” solution space AI0x = bI0 . We will refer to this procedure, summarized

in Algorithm 2.2, as the QuantileSC-RK method.

Algorithm 2.2 Quantile subspace-constrained randomized Kaczmarz (QuantileSC-RK)

1: procedure QuantileSC-RK(A, b̃, I0, q,K)
2: P = I−A†

I0
AI0 ▷ Orthogonal projector onto null(AI0)

3: initialize x0 = A†
I0
b̃I0 ▷ Initial iterate x0 solves AI0x

0 = b̃I0
4: for k = 1, . . . , K do
5: γq = q-quantile

{
|̃bj − aTj x

k|, j ∈ [m] \ I0
}

▷ Threshold based on residuals

6: J =
{
j ∈ [m] \ I0 : |̃bj − aTj x

k| ≤ γq

}
▷ Set of admissible rows

7: sample j ∈ J with prob. proportional to ∥Paj∥2 ▷ Sample admissible row

8: xk = xk−1 +
b̃j−aTjx

k−1

∥Paj∥ · Paj

∥Paj∥ ▷ Project onto AI0∪{j}x = b̃I0∪{j}
9: end for

10: return xK

11: end procedure

We prove the following result for QuantileSC-RK, a simplified version of Theorem 2.4.1

that we defer the precise statement of to Section 2.4. It shows that for unstructured matrices

modelled by continuous “Gaussian-like” random matrices, the QuantileSC-RK method ro-
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bustly and efficiently converges, provided that there is enough external knowledge (in terms

of m0) to make the effective aspect ratio (m−m0)/(n−m0) large enough, and the proportion

of corrupted measurements, β := |C|/(m−m0), is not too large:

Theorem 2.1.4 (Simplified version of Theorem 2.4.1). Assuming that A is a continuous

“Gaussian-like” random matrix, there exist positive constants R ≥ 1, β0 < 1, c1 and c2, which

are independent of m and n, such that if (m − m0)/(n − m0) ≥ R and β ≤ β0, then with

probability at least 1− e−c1(m−m0) over the randomness in A, the QuantileSC-RK iterates xk

from Algorithm 2.2 converge to the solution x∗ with

E∥xk − x∗∥2 ≤
(
1− c2

n−m0

)k
· ∥x0 − x∗∥2. (2.7)

Since we are interested in large-scale systems with m,n≫ 1, the values of the constants

c1 and c2 are dominated by m and n (e.g., the probability guarantee is exponentially close to

one for large m). Note that this result applies to almost-square matrices with m = (1+o(1))n

rows provided m0 is big enough, which lies outside the scope of existing QuantileRK theory.

Experimentally, we found that the QuantileSC-RK method works well for more general data

models than described by the theory, such as when A is a structured sparse matrix in an

image reconstruction problem (see Section 2.5.6).

Remark 2.1.5. (i) (Rejection sampling). To avoid recomputing the normalizing con-

stant ZJ =
∑

j∈J∥Paj∥2 in every iteration of Algorithm 2.2 for sampling a row from

the admissible set J , which depends on xk, rejection sampling (as originally proposed

in [Had+22]) can be used: i.e., in each iteration, a row j ∈ I1 is sampled with proba-

bility ∥Paj∥/∥AI1P∥2F , and the projection is made if and only if |bj − aTj x
k| ≤ γq.

(ii) (Uniform sampling). It is computationally more efficient to sample rows aj uniformly

at random from I1, together with rejection sampling, in Algorithm 2.2. By using the

threshold γ̃q = q-quantile
{
|bj − aTj x

k|/∥Paj∥, j ∈ I1
}
, which has been modified to

capture the heterogeneity of the projected row norms, instead of γq, it can be shown
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that analogues of our results (e.g. Theorem 2.4.1 and Lemma 2.4.2) still hold, except

that the relevant spectral quantities come from the matrix DAI1P, where D is the

diagonal matrix with entries ∥Paj∥−1, j ∈ I1, instead of AI1P.

2.1.3 Organization

Section 2.2 discusses related works. Section 2.3 analyzes the SC-RK algorithm: we prove

the convergence result (Theorem 2.1.1) in Section 2.3.1 and generalize it to the noisy setting

in Section 2.3.2 (Theorem 2.3.4). We provide several results on using the SC-RK method

to exploit low-rank structure and geometric properties of A in Section 2.3.3. Furthermore,

we show that the subspace constraint acts as a form of dimension reduction when A is

a Gaussian-like random matrix in Section 2.3.4. Section 2.4 analyzes the QuantileSC-RK

algorithm for solving corrupted linear systems. We provide various numerical experiments

in Section 2.5 to complement our theoretical results, and conclude in Section 2.6.

2.2 Related works

Kaczmarz-type methods Kaczmarz-type algorithms are related to a variety of modern

algorithms in (randomized) numerical linear algebra and (stochastic) optimization. Random-

ized Kaczmarz (RK) can be viewed as an instance of the stochastic gradient descent (SGD)

algorithm with a particular step size, which, based on this connection, has led to new insights

into both methods, such as highlighting the role of weighted sampling for SGD [NSW16].

Furthermore, the RK method is one of the basic representatives of the sketch-and-project

method [GR15a], which provides a unified framework for iteratively solving linear systems—

including the randomized coordinate descent method, related block variants, and the ran-

domized Newton method—and can also be directly extended to non-linear optimization

problems [Gow+19a].
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Recently, methods based on the Kaczmarz algorithm have been used in the design of

more sophisticated linear solvers. A GMRES-type solver preconditioned by randomized

and greedy Kaczmarz inner-iterations is studied in [Du+21]. Within the sketch-and-project

framework, a randomized block Kaczmarz algorithm that uses the preconditioned conjugate

gradient method to perform an inexact projection in each iteration is analyzed in [DY24],

and the method is proven to be especially computationally efficient when the matrix A has a

flat-tailed spectrum. An iterative solver that further combines these ideas with momentum

and sparse sketching matrices is analyzed in [Der+25a]. In this chapter, we focus on the

randomized Kaczmarz algorithm for solving systems of linear equations.

Randomized Kaczmarz The analysis of the RK algorithm in [SV09] spurred many de-

velopments and variants, including randomized block Kaczmarz methods [NT14; Nec19]

and Kaczmarz-Motzkin methods that combine sampling and greedy row selection [DHN17;

HM21]. It is shown that the Kaczmarz method can be extended to solve least squares prob-

lems in [ZF13; NZZ15; MNR15], and systems of linear inequalities in [LL10; BN15]. The du-

ality between RK and randomized coordinate descent (also called randomized Gauss-Seidel)

has motivated a unified description of the two methods and their extended versions [MNR15].

By using ideas from optimization, RK methods with varying step sizes [NSW16], accelera-

tion [LW16], and that promote sparsity [Lor+14; SL19; Sch+22] have also been studied.

The SC-RK method resembles the block Kaczmarz method studied in [NT14]: the dif-

ference is that the blocks differ by one row between iterations and thus the update simplifies

so that computing new pseudoinverses is not required. Therefore, the SC-RK method can

offer a similar advantage from using blocks in an efficient manner if a “good” block AI0 can

be found (see Section 2.3.3 for a discussion of what a good block is, and how one might be

found). In [NW13; Wu22], a two-subspace Kaczmarz method that iteratively projects onto

the solution space associated with two rows is shown to significantly outperform the RK
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method when the system has correlated rows. The SC-RK method can be considered as an

extension of this idea to higher dimensional subspaces (see Remark 2.3.9).

The idea of constraining the iterates of the RK algorithm has also implicitly appeared in

the design of a fast solver for Laplacian systems in the theoretical computer science literature

in [Kel+13], where the row spaces of the blocks AI0 and AI1 are orthogonal by construction

and hence Corollary 2.1.2 applies. The SC-RK method offers a general framework for analyz-

ing convergence when AI0 and AI1 are not orthogonal. Randomized sketch descent methods

for solving optimization problems subject to linear constraints are also studied in [NT21],

where in each iteration the coordinate space (corresponding to x) is randomly sketched for

dimensionality reduction and (random) projection matrices, analogous to P, enforce the

linear constraints.

Corrupted linear systems The literature on solving linear systems with arbitrary sparse

corruptions is abundant: see, e.g., [AK95; ABH05; DT19; Can+06; Stu+12]. Such problems

are often tackled within the compressed sensing and robust statistics literature using methods

based on linear or SDP relaxations. The closest line of work to our approach is on iterative,

row-action, corruption-avoiding algorithms. The first Kaczmarz-type method was proposed

in [HN19], which introduced the idea that large residuals should be indicative of corrupted

equations, but makes strong restrictions on the number of corrupted measurements (scaling

sublinearly with m). The QuantileRK method, introduced in [Had+22], utilizes quantile-

based steps based on this residual heuristic. An important bottleneck of this method is

that the linear system generally needs to be sufficiently overdetermined (i.e., m ≥ Cn for a

large constant C) to guarantee convergence. We show that with enough external knowledge

(i.e., m0 large enough), the QuantileSC-RK method works even for almost-square systems.

Other works studying the QuantileRK method include [Ste23; JN21; Che+23]; in particular,

we adapt a deterministic sufficient condition for convergence from [Ste23] for QuantileSC-

RK (see Lemma 2.4.2). Another Kaczmarz-type method based on obtaining sparse least
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squares solutions is analyzed in [Sch+22] and demonstrated to be able to solve linear systems

corrupted by impulsive noise.

2.3 Analysis of subspace-constrained randomized Kacz-

marz (SC-RK)

In this section, we provide theoretical analysis of the SC-RK method (Algorithm 2.1). Recall

that P = I−A†
I0
AI0 is the orthogonal projector onto null(AI0), which is equal to range(AT

I0
)⊥,

the orthogonal complement of the row space of AI0 .

2.3.1 Simplified SC-RK update formula and proof of Theorem 2.1.1

First, we provide a proof of how the block update (2.3) simplifies to the more interpretable

and computationally efficient formula (2.4).

Lemma 2.3.1. Let xk+1 = xk + A†
I0∪{j}(bI0∪{j} − AI0∪{j}x

k) and P = I − A†
I0
AI0. If xk

solves AI0x
k = bI0 and Paj ̸= 0, then

xk+1 = xk +
bj − aTj x

k

∥Paj∥
· Paj
∥Paj∥

.

Proof. We may assume bj − aTj x
k ̸= 0, otherwise xk+1 = xk. Since xk+1 is the orthogonal

projection of xk onto the solution space AI0∪{j}x = bI0∪{j}, the increment z := xk+1 − xk is

the solution of the following optimization problem:

min
z∈Rn

1

2
∥z∥2 subject to AI0(x

k + z) = bI0 , a
T
j (x

k + z) = bj. (2.8)

This can be solved by introducing the Lagrange multipliers λ ∈ Rn and τ ∈ R for the two

constraints. Since AI0x
k = bI0 , the first constraint is equivalent to AI0z = 0, and thus z
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solves

z+AT
I0
λ+ τaj = 0 (2.9)

whilst satisfying AI0z = 0 and aTj z = bj − aTj x
k. Since P is the orthogonal projector

onto null(AI0), PAT
I0

= 0 and the first constraint is equivalent to Pz = z. Hence, pre-

multiplying (2.9) by P implies that z = −τPaj. Furthermore, pre-multiplying (2.9) by zT

and using the constraints implies that τ = −∥z∥2/(bj − aTj x
k) = −τ 2∥Paj∥2/(bj − aTj x

k).

Solving for τ yields τ = −(bj − aTj x
k)/∥Paj∥2, which completes the proof.

Remark 2.3.2. From the optimization formulation (2.8), it can also be shown that the unit

direction Paj/∥Paj∥ taken from xk to reach xk+1 maximizes |aTj z̃|2 over all unit vectors z̃ ∈

null(AI0). This provides a nice geometric interpretation of the SC-RK update: the direction

Paj taken to reach the solution space AI0∪{j}x = bI0∪{j} minimizes the angle from the optimal

direction aj for reaching the solution space aTj x = bj within the subspace null(AI0); see

Figure 2.1 for an illustration. For an alternative algebraic proof of a more general version of

Lemma 2.3.1, see Remark 2.3.9 later.

H{j} HI0

xk+1

xk+1
RK

xk

bj
−a

T
j
x
k

∥P
aj
∥
·
Pa

j

∥P
aj
∥

bj−aT
j xk

∥aj∥ · aj

∥aj∥

θ

Figure 2.1: SC-RK update from the current iterate xk for reaching the vector xk+1 in the
solution space H{j} = {x ∈ Rn : aTj x = bj} whilst remaining within HI0 = {x ∈ Rn : AI0x =

bI0}, compared to the RK update for reaching xk+1
RK alone.

We will now use the simplified update formula in Lemma 2.3.1 to prove Theorem 2.1.1.
41



Proof of Theorem 2.1.1. Consider the kth iterate xk. Suppose that aj is sampled in the

next iteration (with Paj ̸= 0). By subtracting x∗ from both sides of (2.4) and noting that

aTj (x
k − x∗) = aTjP(xk − x∗) for any j ∈ I1 since xk − x∗ ∈ null(AI0), we have

xk+1 − x∗ =
(
I− vvT

)
(xk − x∗) for v :=

Paj
∥Paj∥

.

Since vvT is an orthogonal projector, (xk+1 − x∗) ⊥ vvT(xk − x∗). Thus, by Pythagoras’

theorem,

∥xk+1 − x∗∥2 = ∥xk − x∗∥2 − ∥vvT(xk − x∗)∥2 = ∥xk − x∗∥2 −
∣∣vT(xk − x∗)

∣∣2 .
By taking expectation (where each row aj is sampled with probability ∥Paj∥2/∥AI1P∥2F ),

conditional on all the choices up to the kth iteration, we obtain

Ek∥xk+1 − x∗∥2 = ∥xk − x∗∥2 −
∑

j∈I1:Paj ̸=0

∥Paj∥2
∥AI1P∥2F

·
∣∣∣∣∣
(

Paj
∥Paj∥

)T

(xk − x∗)

∣∣∣∣∣
2

= ∥xk − x∗∥2 − 1

∥AI1P∥2F
∥AI1P(xk − x∗)∥2

=

(
1− θ2

∥AI1P∥2F

)
· ∥xk − x∗∥2, where θ :=

∥∥∥∥AI1P

(
xk − x∗

∥xk − x∗∥

)∥∥∥∥ .
The next step is to estimate θ from below, which requires more care than a similar

estimate used to prove convergence of the RK method [SV09] since AI1P has a nontrivial

nullspace. A similar case where the system matrix has a nontrivial nullspace was also treated

in [LRS18]. First, observe that null(AI1P) = null(P). Indeed, the nontrivial inclusion

null(AI1P) ⊆ null(P) follows from the observation that AI1Py = 0 implies that Py ∈

null(AI0) ∩ null(AI1) = null(A) = {0}, since A has full rank. Therefore, since xk − x∗ ∈

null(AI0) is orthogonal to null(P) = null(AI1P),

θ2 =

∥∥∥∥AI1P

(
xk − x∗

∥xk − x∗∥

)∥∥∥∥2 ≥ min
z∈null(AI0

)

∥z∥=1

∥AI1z∥2 = σ+
min(AI1P)2. (2.10)
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This implies the following bound for one step of the SC-RK method:

Ek∥xk+1 − x∗∥2 ≤
(
1− σ+

min(AI1P)2

∥AI1P∥2F

)
· ∥xk − x∗∥2.

By iterating and taking the full expectation, this concludes the proof of Theorem 2.1.1.

Remark 2.3.3. If vℓ is a right singular vector of AI1P corresponding to the ℓth largest

singular value σℓ(AI1P), it can be shown that

E
〈
xk − x∗,vℓ

〉
=

(
1− σℓ(AI1P)2

∥AI1P∥2F

)k
·
〈
x0 − x∗,vℓ

〉
.

This shows that the residual vector xk−x∗ decays fastest in the directions corresponding to

the largest singular values of AI1 restricted to null(AI0). This phenomenon was proved by

Steinerberger [Ste21] for the RK method.

2.3.2 SC-RK convergence on inconsistent linear systems

In the general case, the measurement vector b might not be known exactly, but only accessible

through a set of noisy observations b̂ := b+R, where R is an arbitrary error vector (which

is considered to be small). Similar to previous analyses of Kaczmarz methods [Nee10; NT14;

RN21], we prove that if the SC-RK method is used with the noisy measurements b̂, then

the iterates converge to the solution x∗ up to an error horizon:

Theorem 2.3.4. Suppose that the rows of A are partitioned into two blocks AI0 and AI1

of sizes m0 and m−m0, respectively, and assume that AI0 has full row rank. If x̂k denotes

the sequence of SC-RK iterates from Algorithm 2.1 where the noisy measurement vector

b̂ = b+R is used in place of b, and the initial iterate x̂0 solves AI0x̂
0 = b̂I0, then

E∥x̂k − x∗∥2 ≤
(
1− σ+

min(AI1P)2

∥AI1P∥2F

)k
· ∥x̂0 − x∗∥2 + γ0 + γ1,
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where γ0, γ1 ≥ 0 are given by

γ0 =
2∥RI0∥2

σmin(AI0)
2
− ∥A†

I0
RI0∥2 and γ1 =

∥RI1 −AI1A
†
I0
RI0∥2

σ+
min(AI1P)2

.

Remark 2.3.5 (Error horizon). Note that γ0 only depends on the noise in the measurements

corresponding to the fixed block I0. In particular, if RI0 = 0, then γ0 = 0 and γ1 only depends

on ∥RI1∥2. On the other hand, if RI1 = 0, then γ1 only depends on ∥AI1A
†
I0
RI0∥2 =∑

j∈I1 |aTjA
†
I0
RI0 |2. Note that |aTjA†

I0
RI0| corresponds to the angle between the row aj and

A†
I0
RI0 ; the vector A†

I0
RI0 accounts for how noise in the measurements corresponding to

the fixed block AI0 shifts the solution space (see Lemma 2.3.8a). Finally, if R = 0, then

γ0 = γ1 = 0 and we recover Theorem 2.1.1.

Remark 2.3.6 (Least squares). Given a set of noisy measurements b̂, our setup can easily

be translated to the problem of solving the inconsistent system of linear equations Ax ≈ b̂

in a least squares sense. In this setting, by defining x∗ to be the least squares solution (i.e.,

x∗ := argminx∈Rn∥Ax−b̂∥2 = A†b̂), and setting b := Ax∗ and R := b̂−Ax∗, Theorem 2.3.4

can be applied to deduce that the SC-RK iterates converge to the least squares solution up

to the same error horizon.

We develop some technical results before proving Theorem 2.3.4. Note that with noisy

measurements b̂, the relationship x̂k − x∗ ∈ null(AI0) does not necessarily hold anymore.

Thus, it will be more convenient to work directly with the block update (2.3) instead. First,

we present a decomposition of the pseudoinverse A†
I∪J in terms of AI and AJ .

Lemma 2.3.7. Let A ∈ Rm×n and I, J ⊆ [m] be two disjoint subsets of row indices. If AI∪J

has full row rank, then the pseudoinverse A†
I∪J admits the block representation

A†
I∪J =

(
A†
I − (AJP)†AJA

†
I (AJP)†

)
, (2.11)

where P = I−A†
IAI is the orthogonal projection operator onto null(AI).
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Proof of Lemma 2.3.7. First, we record the key algebraic property that will be used repeat-

edly:

X† = XT(XXT)−1 for X = AI∪J , AI , or AJP. (2.12)

This follows since all three matrices have full row rank: AI∪J by assumption, AI as its row

subset, and AJP from the observation that if its rows were linearly dependent then there

would exist some nonzero α ∈ R|J | such that
∑

j∈J αja
T
jP = 0, which would imply that∑

j∈J αjaj ∈ null(P) = range(AT
I ) and thus contradict the assumption that AI∪J has full

row rank. We have

AI∪JA
T
I∪J =

 AIA
T
I AIA

T
J

(AIA
T
J)

T AJA
T
J

 =:

 AII AIJ

AT
IJ AJJ

 .

Since AI has full row rank, AII is invertible and

A†
I∪J

(2.12)
= AT

I∪J
(
AI∪JA

T
I∪J
)−1

=

(
AT
I AT

J

) A−1
II +A−1

II AIJR
−1AT

IJA
−1
II −A−1

II AIJR
−1

−R−1AT
IJA

−1
II R−1

 ,
(2.13)

where R := AJJ − AT
IJA

−1
II AIJ is the Schur complement [HJ12] of the block AII . Recall

that P = I−A†
IAI , and so

R = AJA
T
J −AJA

T
I (AIA

T
I )

−1AIA
T
J

(2.12)
= AJ [I−A†

IAI ]A
T
J = AJPA

T
J ,

which implies that

PAT
JR

−1 = PAT
J(AJPA

T
J)

−1 = (AJP)T((AJP)(AJP)T)−1 (2.12)
= (AJP)†. (2.14)
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Next we compute expressions for the two blocks of A†
I∪J in (2.13). The first block, AT

I [A
−1
II +

A−1
II AIJR

−1AT
IJA

−1
II ] +AT

J [−R−1AT
IJA

−1
II ], simplifies to

A†
I − [−A†

IAI + I]AT
JR

−1AJA
†
I = A†

I −PAT
JR

−1AJA
†
I

(2.14)
= A†

I − (AJP)†AJA
†
I .

The second block, AT
I [−A−1

II AIJR
−1] +AT

J [R
−1], simplifies to

[−A†
IAI + I]AT

JR
−1 = PAT

JR
−1 (2.14)

= (AJP)†.

Combining the two preceding displayed equations completes the proof.

Next, we describe how the noise affects the geometry of the solution spaces.

Lemma 2.3.8. Denote the true and noisy solution spaces associated with I ⊂ [m] by

HI = {x ∈ Rn : AIx = bI} and ĤI = {x ∈ Rn : AIx = bI +RI}, (2.15)

respectively. If AI has full row rank, then HI and ĤI satisfy the following:

(a) ĤI = HI +A†
IRI .

(b) ĤI − x∗ = null(AI) +A†
IRI .

(c) The vector A†
IRI is orthogonal to null(AI).

Proof. (a): Since AI has full row rank, AIA
†
I = I. Therefore, for any x ∈ HI , we have

AI(x + A†
IRI) = bI + RI and so x + A†

IRI ∈ ĤI . Conversely, for any x̂ ∈ ĤI , we have

AI(x̂−A†
IRI) = bI . Thus, (x̂−A†

IRI) ∈ HI , and so

x̂ = (x̂−A†
IRI) +A†

IRI ∈ HI +A†
IRI .

(b): Since x∗ ∈ HI , we have HI − x∗ = null(AI). Together with part (a), this implies (b).

Finally, (c) follows from the fact range(A†
I) = range(AT

I ) = null(AI)
⊥.
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We will now prove Theorem 2.3.4 by using the expression for A†
I0∪{j} given in

Lemma 2.3.7, as well as the geometry of the shifted solution spaces described by Lemma 2.3.8.

Proof of Theorem 2.3.4. Consider the kth iterate x̂k. Suppose that aj is sampled in the next

iteration (with Paj ̸= 0 and hence AI0∪{j} has full row rank). Then one step of the SC-

RK algorithm with noisy measurements corresponds to the projection of x̂k onto the noisy

solution space ĤI0∪{j}, namely,

x̂k+1 = x̂k +A†
I0∪{j}(bI0∪{j} +RI0∪{j} −AI0∪{j}x̂

k).

We will compare x̂k+1 with the projection of x̂k onto the true solution space HI0∪{j}, denoted

by

xk+1 := x̂k +A†
I0∪{j}(bI0∪{j} −AI0∪{j}x̂

k).

Step 1. Exact computations. Note that

x̂k+1 − x∗ = (xk+1 − x∗) +A†
I0∪{j}RI0∪{j},

and A†
I0∪{j}RI0∪{j} ⊥ (xk+1 − x∗) ∈ null(AI0∪{j}) by Lemma 2.3.8c. By using Pythagoras’

theorem twice (and orthogonality of the true Kaczmarz projections), we have

∥x̂k+1 − x∗∥2 = ∥xk+1 − x∗∥2 + ∥A†
I0∪{j}RI0∪{j}∥2

= ∥x̂k − x∗∥2 − ∥A†
I0∪{j}AI0∪{j}(x̂

k − x∗)∥2 + ∥A†
I0∪{j}RI0∪{j}∥2. (2.16)

By using Lemma 2.3.7 with I = I0 and J = {j}, we can simplify the last two terms: firstly,

A†
I0∪{j}RI0∪{j} =

(
A†
I0
− Paja

T
jA

†
I0

∥Paj∥2
Paj

∥Paj∥2

) RI0

rj


= A†

I0
RI0 + (rj − aTjA

†
I0
RI0) ·

Paj
∥Paj∥2

. (2.17)
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Next, since x̂k − x∗ −A†
I0
RI0 ∈ null(AI0) (from Lemma 2.3.8b) is a fixed point for P,

A†
I0∪{j}AI0∪{j}(x̂

k − x∗) =

(
A†
I0
− Paja

T
jA

†
I0

∥Paj∥2
Paj

∥Paj∥2

) RI0

aTj (x̂
k − x∗)


= A†

I0
RI0 +

(Paj)
T(x̂k − x∗ −A†

I0
RI0)

∥Paj∥
· Paj
∥Paj∥

, (2.18)

Furthermore, by Lemma 2.3.8c, A†
I0
RI0 ⊥ Paj ∈ null(AI0), which implies that the two

summands in both (2.17) and (2.18) are orthogonal. Hence, we can further expand (2.16) to

show that ∥x̂k+1 − x∗∥2 is equal to

∥x̂k − x∗∥2 − ∥A†
I0
RI0∥2 −

∣∣∣∣∣(Paj)T(x̂k − x∗ −A†
I0
RI0)

∥Paj∥

∣∣∣∣∣
2

+ ∥A†
I0
RI0∥2 +

|rj − aTjA
†
I0
RI0|2

∥Paj∥2
.

By cancelling identical terms and taking the expectation, conditional on all the choices of

the algorithm up to the kth iteration (similar to the proof of Theorem 2.1.1), we obtain

Ek∥x̂k+1−x∗∥2 = ∥x̂k−x∗∥2− ∥AI1P(x̂k − x∗ −A†
I0
RI0)∥2

∥AI1P∥2F
+
∥RI1 −AI1A

†
I0
RI0∥2

∥AI1P∥2F
. (2.19)

Step 2. Spectral bounds. Recall that null(AI1P) = null(P) from the proof of Theo-

rem 2.1.1. Since x̂k−x∗−A†
I0
RI0 ∈ null(AI0), which is orthogonal to null(P) = null(AI1P),

arguing as in (2.10) shows that

∥AI1P(x̂k − x∗ −A†
I0
RI0)∥2 ≥ σ+

min(AI1P)2 · ∥x̂k − x∗ −A†
I0
RI0∥2

By expanding the square, ∥x̂k − x∗−A†
I0
RI0∥2 is equal to ∥x̂k − x∗∥2 + ∥A†

I0
RI0∥2− 2(x̂k −

x∗)TA†
I0
RI0 . Since A†

I0
= AT

I0
(AI0A

T
I0
)−1 and AI0(x̂

k − x∗) = RI0 ,

(x̂k − x∗)TA†
I0
RI0 = RT

I0
(AI0A

T
I0
)−1RI0 ≤

∥RI0∥2
σmin(AI0)

2
.
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Hence, we can bound the second term of (2.19) from below by

∥AI1P(x̂k − x∗ −A†
I0
RI0)∥2

∥AI1P∥2F
≥ σ+

min(AI1P)2

∥AI1P∥2F

(
∥x̂k − x∗∥2 + ∥A†

I0
RI0∥2 −

2∥RI0∥2
σmin(AI0)

2

)
.

By instating the definitions of γ0 and γ1, we have shown that

Ek∥x̂k+1 − x∗∥2 ≤
(
1− σ+

min(AI1P)2

∥AI1P∥2F

)
· ∥x̂k − x∗∥2 + σ+

min(AI1P)2

∥AI1P∥2F
(γ0 + γ1) . (2.20)

By iterating (2.20), we deduce that E∥x̂k − x∗∥2 is upper bounded by

(
1− σ+

min(AI1P)2

∥AI1P∥2F

)k
· ∥x̂0 − x∗∥2 +

k−1∑
i=0

(
1− σ+

min(AI1P)2

∥AI1P∥2F

)i
· σ

+
min(AI1P)2

∥AI1P∥2F
(γ1 + γ2).

We conclude by bounding the geometric series by ∥AI1P∥2F/σ+
min(AI1P)2.

Remark 2.3.9. A natural generalization of the SC-RK update (2.3) is to project onto the

solution space AI0∪Jx = bI0∪J , where J ⊆ [m] \ I0 is a block of row indices disjoint from I0

with |J | ≥ 1:

xk+1 = xk +A†
I0∪J(bI0∪J −AI0∪Jx

k). (2.21)

Assuming that AI0∪J has full row rank, Lemma 2.3.7 implies that (2.21) can be computed

by the following two-step procedure (which does not require xk to satisfy AI0x
k = bI0):

(1) Project xk onto the solution space AI0x = bI0 to obtain yk:

yk = xk +A†
I0
(bI0 −AI0x

k).

(2) Compute the new measurements βJ := bJ −AJA
†
I0
bI0 ∈ R|J |, then project yk onto the

solution space AJx = bJ whilst remaining in the solution space of AI0x = bI0 for xk+1:

xk+1 = yk + (AJP)†(βJ − (AJP)yk).
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In particular, by restricting to a single row J = {j} and imposing the condition AI0x
k = bI0 ,

we recover the simplified update formula (2.4), which provides an alternative algebraic proof

of Lemma 2.3.1.

By further restricting to the special case I = {i}, the two-step procedure above reduces

to an update of the two-subspace Kaczmarz method of [NW13]. Thus, the SC-RK method

can be seen as a partial generalization of the two-subspace Kaczmarz method, except that

the subset I0 is fixed throughout the iterations to exploit specific features of the block AI0 ,

and similar results concerning coherence with respect to more general subsets of equations

can be obtained (see Remark 2.3.13).

Finally, while all the convergence results in this work are stated for the case |J | = 1, we

believe that similar techniques can be extended to the case of |J | > 1.

2.3.3 Exploiting structure with the SC-RK method

In this section, we discuss how the SC-RK method can exploit approximately low-rank

structure and geometric properties of the data matrix A to accelerate convergence. For

simplicity, we will restrict our attention to the noiseless case. Our goal is to study the per-

iteration convergence rate (i.e., with k = 1). First, note that the SC-RK rate (2.5) is as

good as the RK rate (2.2). Indeed,

σ+
min(AI1P) = min

z∈null(AI0
)

∥z∥=1

∥AI1z∥ = min
z∈null(AI0

)

∥z∥=1

∥Az∥ ≥ min
z∈Rn

∥z∥=1

∥Az∥ = σmin(A), (2.22)

and ∥AI1P∥2F ≤ ∥P∥2∥AI1∥2F ≤ ∥A∥2F . Therefore,

1− σ+
min(AI1P)2

∥AI1P∥2F
≤ 1− σmin(A)2

∥A∥2F
. (2.23)

However, since each SC-RK iteration requires more computation (as discussed in Re-

mark 2.1.3), we would like to understand when the SC-RK method is advantageous to RK
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overall. In the following, we first examine what features of the matrices A and AI0 lead to

such an advantage in Section 2.3.3. Furthermore, we discuss how a good subset I0 of rows,

if not explicitly given, can actually be efficiently found when A has approximately low-rank

structure in Section 2.3.3.

Geometry of the matrix and convergence rates

As highlighted by (2.23), either ∥AI1P∥2F ≪ ∥A∥2F or σ+
min(AI1P)≫ σmin(A) leads to signif-

icant per-iteration advantage of SC-RK over RK. We describe two specific motivating exam-

ples of systems with such structure before generalizing our observations in Corollary 2.3.12

below. For these examples, consider an arbitrary (m −m0)-dimensional subspace U of Rn.

Let {u1, . . . ,um0} and {cm0+1, cm0+2, . . . , cn} be orthonormal bases for U and U⊥, respec-

tively, and ε ≈ 0 be a small positive constant.

Example 2.3.10 (σ+
min(AI1P)≫ σmin(A)). This can happen if the equations in the selected

block AI0 are almost collinear, but the system AI1P with projected rows is well-conditioned.

Let u := 1
m0

∑m0

i=1 ui, and A ∈ Rn×n be the matrix where the first m0 rows are given by

aj := (1− ε)u+ εui, j = 1, . . . ,m0, and the remaining rows are cm0+1, . . . , cn. Choose I0 =

[m0] so that P is the orthogonal projection onto U⊥. Then σ+
min(AI1P) = 1≫ ε ≥ σmin(A).

Indeed, if ei is the ith standard basis vector, then

σmin(A) = min
x∈Rn:∥x∥=1

∥ATx∥ ≤
∥∥∥∥AT (e1 − e2)√

2

∥∥∥∥ =
ε√
2
∥u1 − u2∥ = ε.

Furthermore, since the rows of AI1P form an orthonormal basis for U⊥, for any unit vector

x =
∑n

i=m0+1 αici in U⊥, we have ∥AI1x∥2 =
∑n

i=m0+1 α
2
i = 1, and hence σ+

min(AI1P) =

minx∈U⊥:∥x∥=1∥AI1x∥ = 1.

Example 2.3.11 (∥AI1P∥2F ≪ ∥A∥2F ). This can happen if the block AI0 is highly correlated

with the remaining rows (aj)j∈I1 . Let A ∈ Rn×n be the matrix where the first m0 rows are

u1, . . . ,um0 , and the remaining rows are aj := (1− ε)vj + εcj, where vj is any unit vector in
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U , for j = m0 +1, . . . , n. Choose I0 = [m0], so that range(AT
I0
) = U and P is the orthogonal

projection onto U⊥. Then Paj = εcj and ∥Paj∥ = ε ≪ 1 = ∥aj∥ for all j ∈ I1, and hence

∥AI1P∥2F =
∑

j∈I1∥Paj∥2 ≤ ε2
∑m

j=1∥aj∥2 = ε2∥A∥2F .

The calculations in the preceding example, together with Theorem 2.1.1 and (2.22),

generalize to the following result:

Corollary 2.3.12. Consider the same setup as Theorem 2.1.1, and assume that for some

δ ∈ [0, 1),
∥Paj∥2
∥aj∥2

≤ 1− δ2 for all j ∈ I1. (2.24)

Then the SC-RK iterates xk converge to x∗ in expectation with

E∥xk − x∗∥2 ≤
(
1− 1

1− δ2
· σmin(A)2

∥A∥2F

)k
· ∥x0 − x∗∥2. (2.25)

Remark 2.3.13. Since P is the orthogonal projection onto range(AT
I0
)⊥, ∥Paj∥2/∥aj∥2 =

sin2 θj where θj is the principal angle between the subspaces range(aj) and range(AT
I0
).

Therefore, the quantity δ in (2.24) measures the coherence between the row space of the

fixed block AI0 and each of the remaining rows (aj)j∈I1 . A value of δ close to one means that

the principal angles are uniformly small; i.e., all of the aj are close to the row space of AI0

and offer little new information by themselves. By projecting each row with P, the shared

information is effectively modded out, and thus each SC-RK iteration is able to make more

meaningful progress towards the solution.

In particular, if we take AI0 = aTi to be a single row and assume that ∥ai∥ = 1 = ∥aj∥,

then ∥Paj∥2 = 1 − |aTi aj|2, where |aTi aj| is the correlation between ai and aj. It is shown

in [NW13] that the two-subspace Kaczmarz method, which iteratively projects onto the

solution space associated with two random rows, significantly improves upon RK if A has

highly correlated rows. Thus, Corollary 2.3.12 quantifies a similar phenomenon for the SC-

RK method for higher dimensional subspaces.
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Sampling rows to find a good subspace

Previously, we showed that bounds of the form ∥AI1P∥2F ≪ ∥A∥2F using a specific choice of

rows I0 imply significant improvements in the convergence rate of the SC-RK method over

randomized Kaczmarz. However, what if we are not explicitly given a good set I0, even

though there is latent low-rank structure in A—in the sense that the matrix has r ≪ n

dominant singular values—that can be exploited? We begin by considering a motivating

hypothetical example where the row span of AI0 is able to align perfectly with the leading

right singular subspace.

Example 2.3.14 (∥AI1P∥2F ≪ ∥A∥2F ). Let A(r) := U(r)Σ(r)V
T
(r) be the best rank-r approx-

imation of A (with respect to ∥·∥F ), where Σ(r) = diag(σ1(A), . . . , σr(A)) is the diagonal

matrix of the top r singular values of A, and the columns of V(r) ∈ Rn×r and U(r) ∈ Rm×r

contain the corresponding right and left singular vectors. Suppose that the row span of AI0

equals range(V(r)). Then

∥AI1P∥2F = ∥AP∥2F = ∥PAT∥2F = ∥AT −P⊥AT∥2F = ∥AT −AT
(r)∥2F =

n∑
i=r+1

σi(A)2.

If the top r singular values of A are much larger than the rest, then ∥AI1P∥2F is much smaller

than ∥A∥2F =
∑n

i=1 σi(A)2.

Note that in general, such a subset of rows does not exist in A. This raises the following

question: can we efficiently find a small subset I0 of rows of A so that the row span of AI0 is

a good approximation of the top r-dimensional right singular subspace of A? This is known

as the problem of finding an approximate CX decomposition in the randomized numerical

linear algebra literature. Algorithms have been proposed that sample rows of A according

to their Euclidean norms [DKM06b] or their leverage scores (ℓj)j∈[m] [DMM08], where ℓj is

the squared ℓ2 norm of the jth row of U(r), using the same notation as the example above

(for more details, see [Mah11]). The following summarizes guarantees for these two sampling

schemes proved in [DMM08; BMD09] and [DKM06b]:
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Theorem 2.3.15 (Theorem 1 [DMM08] and [BMD09]; Theorem 4 [DKM06b]). Suppose that

c rows of A are independently sampled, where row j is selected with probability pj in each

trial. Let I0 be the set of indices of the sampled rows, and P be the orthogonal projection

onto null(AI0).

(i) If pj = ℓj/r and c = O(r log r/ε2), then with probability at least 0.9,

∥AP∥2F ≤ (1 + ε)∥A−A(r)∥2F = (1 + ε)
n∑

i=r+1

σi(A)2. (2.26)

(ii) If pj = ∥aj∥2/∥A∥2F and c = O(r/ε2), then with probability at least 0.9,

∥AP∥2F ≤ ∥A−A(r)∥2F + ε∥A∥2F = (1 + ε)
n∑

i=r+1

σi(A)2 + ε
r∑
i=1

σi(A)2. (2.27)

Theorem 2.3.15 implies that sampling c ≈ r log r rows of A produces a subspace

that tames the leading r singular values of A with high probability. In practice, it has

been observed that a modest oversampling factor (i.e., c is a small constant times r)

usually suffices [DMM08]. The relative-error bound (2.26) is better than the additive-error

bound (2.27); however it is more costly because it requires the estimation of the leverage

scores (see, e.g., [Dri+12; HMT11]). By combining Theorem 2.3.15 and (2.22) with the

SC-RK convergence result (Theorem 2.1.1), we deduce the following:

Corollary 2.3.16. Suppose that I0 ⊂ [m] contains m0 = O(r log r/ε2) rows of A, randomly

sampled according to the leverage scores of A relative to its best rank-r approximation as

described in Theorem 2.3.15, and partition A into blocks AI0 and AI1 with I1 = [m] \ I0.

Then with probability at least 0.9 over the sampling of I0, the SC-RK iterates xk satisfy

E∥xk − x∗∥2 ≤
(
1− σn(A)2

(1 + ε)
∑n

i=r+1 σi(A)2

)k
· ∥x0 − x∗∥2.
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Thus, if the rank of A is effectively less than r (in the sense
∑n

i=r+1 σi(A)2 ≪ ∥A∥2F ),

then the SC-RK method with iterates constrained to the solution space corresponding to

m0 = O(r log r) randomly sampled rows significantly improves upon RK. Note that similar

results are known for the sketch-and-project method [DR24]. Moreover, the effective rank

of a large-scale matrix A can be estimated in a data-driven manner by sketching [MN24].

2.3.4 SC-RK on random data and dimension reduction

Previously, we discussed how the SC-RK method accelerates the iterative solver when the

matrix A has approximately low-rank structure. In this section, we consider a somewhat

complementary setting to study the effect of the subspace constraint when A is unstructured

and homogeneous : namely, when A is drawn from a class of generic random matrices (pre-

cisely defined below) whose rows behave like independent standard Gaussian vectors. Such

a matrix is typically well-conditioned as long as its aspect ratio m/n is large enough, and

hence the corresponding linear system is easily solved using randomized Kaczmarz. However,

for almost-square systems with an aspect ratio close to one, the convergence rate is far from

optimal.

First, we review some definitions from probability theory (we refer to [Ver18] for more

details). If a ∈ Rn is a random vector, we say that a is mean-zero if E [a] = 0, and a is

isotropic if E
[
aaT
]
= I. We say that a scalar random variable X is K-subgaussian if its

subgaussian norm ∥X∥ψ2
:= inft>0{E [exp(X2/t2) ≤ 2]} is bounded by K > 0; informally,

this means that X concentrates around its mean with a light, exponentially decaying tail.

Furthermore, a random vector a is K-subgaussian if all of its one-dimensional marginals are

K-subgaussian: ∥a∥ψ2
:= supz∈Rn:∥z∥=1∥⟨z, a⟩∥ψ2 ≤ K.

As before, we will continue to assume that A has full rank (almost surely). For our

model, we will allow AI0 ∈ Rm0×n to be arbitrary, and we assume that AI1 ∈ R(m−m0)×n is

a random matrix that satisfies the following:

55



A1. The rows of AI1 are independent, mean-zero, isotropic, and K-subgaussian random

vectors.

The canonical example for our model is a standard Gaussian matrix AI1 whose entries

are independent standard normal random variables. In this special case, exact computations

are often possible (e.g., if AI1 is a standard Gaussian matrix, then we can choose K =√
8/3 ≈ 1.633). More generically, Assumption A1 models unstructured matrices containing

homogeneous data (that is centered and isotropic) with light tails.

Our main result in this section shows that for such matrices, the subspace constraint

imposed by P acts as a form of dimension reduction, typically resulting in a near-optimal

convergence rate of approximately 1 − 1/(n − m0) as long as the “effective aspect ratio”

(m−m0)/(n−m0), which may be much larger than m/n, is large enough.

Theorem 2.3.17. Suppose that the rows of A are partitioned into two blocks AI0 and AI1

of sizes m0 and m − m0, respectively, where AI0 is arbitrary and AI1 is a random matrix

that satisfies Assumption A1. There exist constants c, R > 0 (only depending on K) such

that if

r :=
m−m0

n−m0

≥ R,

then for any ε ∈ (0, 1), with probability at least 1− 3 exp
{
−cε2

(
1−

√
R
r

)
(m−m0)

}
over

the randomness in AI1, the SC-RK iterates xk satisfy

E∥xk − x∗∥2 ≤

1− (1− ε)2

1 + ε

(
1−

√
R

r

)2

· 1

n−m0

k

· ∥x0 − x∗∥2. (2.28)

In the special case where AI1 is standard Gaussian, this result holds with R = 1.

The values of R and c depend on the precise distributional properties of the random

matrix, and are, importantly, independent of m and n. Note that for tall, large-scale systems

with m,n≫ 1 and r ≫ 1, the requirement r ≥ R is not difficult to meet, and taking ε ≈ 0
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shows that the convergence rate is approximately 1−1/(n−m0) with a probability guarantee

that is exponentially close to one.

Proof of Theorem 2.3.17

To study the typical convergence rate with a random matrix, we will obtain tail bounds

for σ+
min(AI1P) and ∥AI1P∥2F . The first lemma is deterministic, and shows that instead of

studying the non-zero singular values of the (m −m0) × n matrix AI1P, we can study the

singular values of a thinner (m−m0)× (n−m0) matrix after rotating.

Lemma 2.3.18. Let X ∈ Rm×n be a matrix, and P ∈ Rn×n be an orthogonal projection onto

a d-dimensional subspace of Rn. Suppose that the columns of Q̄ ∈ Rn×d form an orthonormal

basis for range(P). Then the non-zero singular values of XP ∈ Rm×n and XQ̄ ∈ Rm×d are

the same.

Proof. Note that P = Q̄Q̄T. Let XQ̄ = UΣVT be a compact singular value decomposition

of XQ̄, which means that Σ is a square diagonal matrix containing the rank(X) non-zero

singular values of XQ̄, and U,V are rectangular matrices with orthonormal columns. Ob-

serve that XP = UΣ(V′)T where V′ := Q̄V also has orthonormal columns. This allows us

to conclude the desired result since the non-zero singular values of XP are presented in the

same matrix Σ.

Remark 2.3.19 (Gaussian distribution). Suppose that the rows aj of AI1 are independent

standard Gaussian vectors in Rn. Note that the matrix Q̄ can be represented as Q̄ = QRT

where Q ∈ Rn×n is an orthogonal matrix and R : Rn → Rn−m0 is the restriction operator

R =

(
In−m0 0

)
. The distribution of each row aj is rotation invariant and so AI1

d
= AI1Q.

Hence, by Lemma 2.3.18,

(
σ1(AI1P), σ2(AI1P), . . . , σn−m0(AI1P)

) d
=
(
σ1(AI1R

T), σ2(AI1R
T), . . . , σn−m0(AI1R

T)
)
.

Note that the rows of AI1R
T ∈ R(m−m0)×(n−m0) are independent Gaussian vectors in Rn−m0 .
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The upcoming probabilistic results show that the same intuition extends to more generic

matrices with Gaussian-like tails. First, the following result shows that the smallest non-zero

singular value of AI1P can be lower bounded with very high probability.

Lemma 2.3.20. Let P be an orthogonal projection onto a fixed (n−m0)-dimensional sub-

space. Suppose that the random matrix AI1 ∈ R(m−m0)×n satisfies Assumption A1. Then

there exists an absolute constant C > 0 such that for all s > 0, with probability at least

1− 2e−s
2(m−m0), the smallest and largest non-zero singular values of AI1P satisfy

σ+
min(AI1P) ≥ √m−m0 − CK2(

√
n−m0 + s

√
m−m0) and

σmax(AI1P) ≤ √m−m0 + CK2(
√
n−m0 + s

√
m−m0).

In the case where AI1 is Gaussian, the inequalities hold with CK2 replaced by one.

Proof. Let Q̄ ∈ R(m−m0)×(n−m0) be a matrix whose columns form an orthonormal basis for

range(P). By Lemma 2.3.18, the smallest and largest non-zero singular values of AI1P ∈

R(m−m0)×n and B := AI1Q̄ ∈ R(m−m0)×(n−m0) are equal. It can be directly checked that

the rows of B are also independent, mean-zero, isotropic, K-subgaussian random vectors

in Rn−m0 . Hence, using a standard tail bound for the extremal singular values σmin(B)

and σmax(B) of the random matrix B (see [Ver18, Theorem 4.6.1]) implies the claimed

inequalities. In the Gaussian case, the precise constants can be computed using Gaussian

concentration tools (see [Ver18, Corollary 7.3.3, Exercise 7.3.4]).

Remark 2.3.21. The minimum restricted singular value of random matrices has also been

studied in the context of universality laws for randomized dimension reduction in [OT18]. If

the entries of AI1 are independent random variables satisfying some mild regularity condi-

tions, then [OT18, Theorem II] establishes that σ+
min(AI1P) ≈ √m−m0 − C

√
n−m0 with

high probability since range(P) is a (n−m0)-dimensional subspace in Rn. Thus, σ+
min(AI1P)

is of comparable order for a wide class of distributions. However, the maximum restricted

singular value is not necessarily universal.
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Next, our goal is to obtain tail bounds for ∥AI1P∥2F =
∑

j∈I1∥Paj∥2. In the setting where

the rows aj of AI1 are mean-zero, K-subgaussian random vectors, it is proved in [Jin+19]

that the Euclidean norms ∥aj∥ are O(K
√
n)-subgaussian. The next lemma states that the

norms of the projected vectors ∥Paj∥ are O(K
√
n−m0)-subgaussian.

Lemma 2.3.22. Let a be a mean-zero, K-subgaussian random vector in Rn, and P be an

orthogonal projection onto a fixed d-dimensional subspace. Then the subgaussian norm of

∥Pa∥ is bounded by CK
√
d for some absolute constant C > 0.

The proof uses the following geometric observation about unit spheres of subspaces, which

we record for later reference. We say that N is an ε-net of a set S ⊆ Rn if N ⊆ S and

every point in S is within distance ε of some point in N . It is known that there exists an

ε-net of the d-dimensional unit sphere Sd−1 := {x ∈ Rd : ∥x∥ = 1} with cardinality bounded

by (1 + 2/ε)d for any d (see, e.g., [Ver18, Corollary 4.2.13]). Thus, if U is a d-dimensional

subspace of Rn, then by identifying U ∼= Rd (using the fact that rotations are isometries)

and obtaining a net of Sd−1, we deduce the following:

Lemma 2.3.23. Let U be a d-dimensional subspace of Rn. Then for any ε > 0, there exists

an ε-net N of U ∩ Sn−1 with cardinality |N | ≤ (1 + 2/ε)d.

Proof of Lemma 2.3.22. The proof is similar to the proof of [Jin+19, Lemma 1]; we provide

it for completeness. First, it can be checked that Pa is also a mean-zero K-subgaussian

random vector. Next, by Lemma 2.3.23, we can fix a 1/2-net N of range(P) ∩ Sn−1 with

cardinality |N | ≤ 5n−m0 . By using these observations, we will show that

P (∥Pa∥ ≥ t) ≤ 2e−t
2/(10K2(n−m0)) for all t ≥ 0. (2.29)

Indeed, for any realization of Pa, there exists v ∈ N such that
∥∥∥ Pa
∥Pa∥ − v

∥∥∥ ≤ 1/2, and we

can write

∥Pa∥ = ⟨v,Pa⟩+
〈

Pa

∥Pa∥ − v,Pa

〉
≤ ⟨v,Pa⟩+

∥∥∥∥ Pa

∥Pa∥ − v

∥∥∥∥ · ∥Pa∥ ≤ ⟨v,Pa⟩+ ∥Pa∥2
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to deduce that ∥Pa∥ ≤ 2 ⟨v,Pa⟩. Therefore, because ⟨v,Pa⟩ is a mean-zero, K-subgaussian

random variable, a union bound implies that for all t ≥ 0,

P (∥Pa∥ ≥ t) ≤ P
(
∃v ∈ N : ⟨v,Pa⟩ ≥ t

2

)
≤ 5n−m0 · e−t2/(4K2).

We claim that this implies (2.29). If t2 ≤ 4 log(5)K2(n − m0), then (2.29) trivially holds.

Otherwise, if t2 = 4 log(5)K2(n−m0) + s for s > 0, then

5n−m0 · e−t2/(4K2) = e−s/(4K
2) ≤ e−s/(6 log(5)K

2(n−m0)) ≤ 2e−t
2/(10K2(n−m0)).

Thus, the tail bound (2.29) holds for all t ≥ 0, which implies that (by, e.g., [Ver18, Proposi-

tion 2.5.2]), ∥Pa∥ has subgaussian norm bounded by CK
√
n−m0 for some absolute constant

C > 0.

Lemma 2.3.24. Consider the same setup as Lemma 2.3.20. Then there exists an absolute

constant c > 0 such that for all ε > 0, with probability at least 1− e−cmin{ε,ε2}(m−m0)/K4,

∥AI1P∥2F ≤ (1 + ε)(m−m0)(n−m0). (2.30)

Proof. Since P is an orthogonal projection onto an (n−m0)-dimensional subspace and aj is

isotropic, using the cyclic property of trace implies that for all j ∈ I1,

E∥Paj∥2 = E
[
tr(aTjPaj)

]
= tr(E

[
aja

T
j

]
P) = tr(P) = n−m0.

Therefore,

E∥AI1P∥2F = E

[∑
j∈I1

∥Paj∥2
]
= |I1| · E∥Pa1∥2 = (m−m0)(n−m0).

Now, the random variables ∥Paj∥ are independent and, by Lemma 2.3.22, O(K
√
n−m0)-

subgaussian. Hence, by centering and Bernstein’s inequality [Ver18, Theorem 2.8.1], there
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exists an absolute constant c > 0 such that

P
(
∥AI1P∥2F − (m−m0)(n−m0) ≥ t

)
≤ exp

(
− c

K4
min

{
t2

(m−m0)(n−m0)2
,

t

n−m0

})

for all t ≥ 0. By choosing t = ε(m−m0)(n−m0), we obtain (2.30).

The main result of this section now easily follows from the tail bounds for AI1P.

Proof of Theorem 2.3.17. Suppose that the random matrix AI1P satisfies the events in

Lemma 2.3.20, using s = ε
(
1− CK2

√
r

)
1

CK2 and relabelling C2K4 by R, and Lemma 2.3.24.

If this occurs, which holds with the claimed probability after simplifying, the convergence

result (2.28) then directly follows from the SC-RK convergence result, Theorem 2.1.1.

2.4 Analysis of the QuantileSC-RK algorithm

In this section, we consider the QuantileSC-RK method for solving corrupted linear systems

(Algorithm 2.2). Recall that in our model, we are given a corrupted measurement vector

b̃ := b + bC, where bC is a sparse vector of arbitrary corruptions supported on C ⊆ [m], as

well as a corruption-free subset I0 ⊆ [m] of size m0 such that (bC)I0 = 0. Our goal is to

reconstruct the solution x∗ of the linear system Ax = b.

Our main result in this section is Theorem 2.4.1, which shows that the QuantileSC-RK

method is able to converge robustly and efficiently when A is an unstructured random matrix

as long as the effective aspect ratio (m − m0)/(n − m0) is tall enough and the proportion

of corrupted measurements |C|/(m−m0) is not too large. Specifically, we consider the class

of “Gaussian-like” random matrices previously considered in Section 2.3.4, and assume that

AI1 is a random matrix that satisfies Assumption A1 in addition to the following continuity

assumption:
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A2. Each row of AI1 either has a log-concave distribution2 or has independent entries with

bounded probability densities.3

The class of log-concave distributions is a generalization of the standard Gaussian distribu-

tion that allows for some dependence between the entries of a random vector; for example,

the uniform distribution over any convex body in Rn is log-concave. For more details and

examples, we refer to [SW14].

Assumption A2 is essentially needed for technical reasons for our proof of Theorem 2.4.1.

Empirically, convergence is observed even if A has random discrete entries [Had+22], or if

A is a structured, sparse matrix in an imaging problem (see Section 2.5.6). The assump-

tion of having independent coordinates with bounded densities in each row was previously

considered in [Had+22], and we extend the model by allowing for log-concave distributions.

We can now state our main result:

Theorem 2.4.1. Suppose that the rows of A are partitioned into blocks AI0 and AI1 of

sizes m0 and m−m0, respectively, where AI0 is arbitrary and AI1 is a random matrix that

satisfies Assumptions A1 and A2. Suppose that the corrupted measurement vector b̃ = b+bC

is observed, (bC)I0 = 0, and a quantile parameter q ∈ (0, 1) is fixed. There exist constants

β0 ∈ (0, 1) and R ≥ 1 (only depending on q and K) such that if

m−m0

n−m0

≥ R and β :=
|C|

m−m0

≤ β0, (2.31)

then for some constants c1, c2 > 0 (only depending on q, β, and K), with probability at

least 1 − 6e−c1(m−m0) over the randomness in AI1, the QuantileSC-RK iterates xk from Al-

gorithm 2.2 converge to the solution x∗ in expectation with

E∥xk − x∗∥2 ≤
(
1− c2

n−m0

)k
· ∥x0 − x∗∥2. (2.32)

2A log-concave distribution in Rn has a probability density f that satisfies f(λx+ (1− λ)y) ≥
f(x)λf(y)1−λ for all λ ∈ [0, 1] and x,y ∈ Rn.

3By scaling, we may assume without loss of generality that the densities are bounded by one.
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As mentioned previously, the values of the constants c1 and c2 are dominated in large-

scale systems with m,n ≫ 1, and the requirement (m −m0)/(n −m0) ≥ R is not difficult

to meet if the system is tall and there is enough external knowledge (i.e., m≫ n, m0 ≫ 1).

In addition, we believe that it should be possible to obtain sharper theoretical estimates for

β0 and R.

The strategy to prove Theorem 2.4.1 is to combine a deterministic sufficient condition

for the convergence of QuantileSC-RK, adapting a result for QuantileRK proved by [Ste23],

with probabilistic results for the spectra of the projected random matrix AI1P. First, we

define some spectral quantities that will be needed. For α ∈ (0, 1], define

σ+
α,min(AI1P) := inf

T⊆I1
|T |=α(m−m0)

σ+
min((AI1P)T ). (2.33)

For simplicity, we will assume throughout that α(m − m0) is an integer. This quantity,

which represents the uniform minimum singular value over all row submatrices of AI1P with

α(m−m0) rows, has appeared in previous analyses of the QuantileRK algorithm [Had+22;

Ste23], and quantifies whether there are any poorly-conditioned row submatrices that are

particularly susceptible to corruptions. Similarly, define

Zα := sup
T⊆I1

|T |=α(m−m0)

∥(AI1P)T∥2F . (2.34)

Together, (2.33) and (2.34) provide a uniform upper bound for the scaled condition numbers

of all row submatrices of AI1P possibly containing the uncorrupted, admissible rows (i.e.,

whose residuals are smaller than the quantile threshold). This is the key step which guar-

antees that the expected improvement from moving in an uncorrupted direction offsets the

expected deterioration caused by a corruption.
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2.4.1 A deterministic condition for convergence

The following lemma provides a deterministic condition that guarantees the convergence of

the QuantileSC-RK algorithm for any arbitrary sparse corruption vector bC, which may be

of independent interest. This is adapted from a similar condition for convergence of the

QuantileRK algorithm that was proved by Steinerberger [Ste23]. It is a very strong, albeit

restrictive, deterministic result that holds for all arbitrary corruptions that affect at most

a β proportion of the rows in I1, and depends on the spectral properties of the projected

matrix AI1P.

Lemma 2.4.2. Recall that C ⊆ I1 are the indices of the corrupted measurements, and

β = |C|/(m−m0). Suppose that β < q < 1− β. Define

Cq,β :=
1

Zq−β

{
σ+
q−β,min(AI1P)2 − σmax(AI1P)2

(
β

1− q
+ 2

√
β

1− q

)}
, (2.35)

where σ+
q−β,min(AI1P) is defined in (2.33), and Zq−β in (2.34). If Cq,β > 0, or equivalently,

σ+
q−β,min(AI1P)2

σmax(AI1P)2
>

β

1− q
+ 2

√
β

1− q
, (2.36)

then the QuantileSC-RK iterates xk from Algorithm 2.2 converge to the solution x∗ in ex-

pectation with

E∥xk − x∗∥2 ≤ (1− Cq,β)
k · ∥x0 − x∗∥2. (2.37)

The proof of Lemma 2.4.2 follows the same strategy as [Ste23] with a minor improvement

in the condition (2.36) for convergence. For completeness, we provide the full details.

Proof. Consider the iterate xk. Recall that J = J(q, k) is the set of indices of the admissible

rows that satisfy |bj − aTj x
k| ≤ γq = q-quantile

{
|bj − aTj x

k| : j ∈ I1
}
, with |J | = q(m−m0).

Let S := C ∩ J be the indices of the corrupted yet admissible rows, which satisfies 0 ≤ |S| ≤

β(m −m0). Recall that the row j is sampled from J with probability equal to ∥Paj∥2/ZJ ,
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where ZJ :=
∑

j∈J∥Paj∥2 is the normalizing constant. Conditional on all the choices up to

the kth iteration, we have

Ek∥xk+1 − x∗∥2 =
[
1−

∑
j∈S∥Paj∥2

ZJ

]
E{j∈J\S}∥xk+1 − x∗∥2 (2.38)

+

∑
j∈S∥Paj∥2

ZJ
E{j∈S}∥xk+1 − x∗∥2, (2.39)

where E{j∈S} denotes the expectation further conditional on j ∈ S, and similarly for E{j∈J\S}.

We proceed to estimate the two summands (2.38) and (2.39) individually.

Step 1: Lower bounding the improvement from selecting an uncorrupted

equation. Conditional on sampling an admissible, uncorrupted equation j ∈ J \ S, the

improvement is given by one step of the SC-RK method applied to the row submatrix

(AI1P)J\S. Thus, by Theorem 2.1.1,

E{j∈J\S}∥xk+1 − x∗∥2 ≤
(
1− σ+

min((AI1P)J\S)
2∑

j∈J\S∥Paj∥2

)
· ∥xk − x∗∥2.

Since |J \S| ≥ (q− β)(m−m0), by using the definition of σ+
q−β,min(AI1P) in (2.33) together

with the fact that adding rows to a matrix can only increase its minimum singular value, we

obtain the following upper bound for the first term (2.38):

(
1−

∑
j∈S∥Paj∥2

ZJ

)
· ∥xk − x∗∥2 −

σ+
q−β,min(AI1P)2

ZJ
· ∥xk − x∗∥2. (2.40)

Step 2: Upper bounding the deterioration from selecting a corrupted equa-

tion. The second term (2.39) represents the possible deterioration from selecting a corrupted

yet admissible row that may take xk further away from the solution x∗. By expanding the
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square, it is equal to

∑
j∈S∥Paj∥2

ZJ

∑
j∈S

∥Paj∥2∑
i∈S∥Pai∥2

∥∥∥∥∥xk − x∗ +
bj − aTj x

k

∥Paj∥2
Paj

∥∥∥∥∥
2

=

∑
j∈S∥Paj∥2

ZJ
∥xk − x∗∥2 + 1

ZJ

∑
j∈S

|bj − aTj x
k|2 + 2

ZJ

∑
j∈S

(bj − aTj x
k)(Paj)

T(xk − x∗)

≤
∑

j∈S∥Paj∥2
ZJ

∥xk − x∗∥2 + 1

ZJ
|S|γ2

q +
2

ZJ
γq
√
|S| ∥(AI1P)C(x

k − x∗)∥, (2.41)

where the definition of the quantile γq and Cauchy-Schwarz is used for the inequality.

Step 3: Bounding the q-quantile of a sample. Since any uncorrupted row aj with

j ∈ I1 \ C satisfies aTj x
∗ = bj, we have

bj − aTj x
k = aTj (x

∗ − xk) = (Paj)
T(x∗ − xk),

recalling that x∗−xk ∈ null(AI0). Since there are at least (1−q)(m−m0)−(β(m−m0)−|S|) =

(1− q − β)(m−m0) + |S| uncorrupted equations in I1 whose residual is larger than γq, we

have

((1− q − β)(m−m0) + |S|)γ2
q ≤

∑
j∈I1\C

|bj − aTj x
k|2 ≤

∑
j∈I1

∣∣(Paj)T(x∗ − xk)
∣∣2

= ∥AI1P(xk − x∗)∥2 ≤ σmax(AI1P)2 · ∥xk − x∗∥2.

Therefore, the q-quantile of the sizes of the residuals can be bounded by

γq ≤
σmax(AI1P)√

(m−m0)(1− q − β) + |S|
· ∥xk − x∗∥. (2.42)
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Step 4: Conclude. Combining (2.40) and (2.41) with the bound on γq shows that the

expected relative improvement Ek∥xk+1 − x∗∥2/∥xk − x∗∥2 is upper bounded by

1− 1

ZJ

(
σ+
q−β,min(AI1P)2 − |S|γ2

q

∥xk − x∗∥2 −
2γq
√
|S| ∥(AI1P)C(x

k − x∗)∥
∥xk − x∗∥2

)

≤ 1− 1

ZJ

(
σ+
q−β,min(AI1P)2 −

[
|S| · σmax(AI1P)2

θ + |S| +
2
√
|S| · σmax(AI1P)2√

θ + |S|

])
, (2.43)

where θ := (m−m0)(1− q − β). Now, we can upper bound ZJ by Zq−β from (2.34). Next,

consider the function f(x) = x
θ+x

+ 2
√
x√

θ+x
, and observe that f(|S|) appears in the upper

bound (2.43). Since f ′(x) > 0 for all x > 0, the upper bound is increasing in |S|. Because

|S| ≤ β(m −m0), we conclude that the most pessimistic bound, independent of |S| and J

(and hence k), is obtained by setting |S| = β(m−m0), which implies that

Ek∥xk+1 − x∗∥2 ≤ (1− Cq,β) · ∥xk − x∗∥2, where Cq,β is defined in (2.35).

To ensure that the mean squared error contracts after each step, it suffices for Cq,β to be

positive: this is exactly secured by the condition (2.36). By iterating, we obtain (2.37).

Note that Lemma 2.4.2 only provides a sufficient condition for convergence in the worst

case (see [Ste23] for further discussion). Empirically, convergence is observed for larger values

of β because the corruptions are quickly detected and trapped beyond the threshold. The

dependence on |S| in (2.43) shows that if the number of admissible, corrupted equations is

small, then far less is demanded of the spectral quantities of AI1P for the mean squared

error to contract. For similar reasons, the QuantileRK method also empirically outperforms

currently available theoretical convergence guarantees [Had+22; Che+23].

2.4.2 Proof of Theorem 2.4.1

To prove Theorem 2.4.1, our strategy will be to show that the ratio of σmax(AI1P) and

σ+
q−β,min(AI1P) is of the same order with high probability. Together with the condition (2.36)
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for convergence in Lemma 2.4.2, this implies that the QuantileSC-RK method will efficiently

converge if the proportion of corruptions is small enough.

First, we show that σ+
q−β,min(AI1P) can be lower bounded with high probability as long

as the effective aspect ratio (m−m0)/(n−m0) is tall enough. This is proved using a similar

technique as [Had+22, Proposition 3.4].

Lemma 2.4.3. Let P be an orthogonal projection onto a fixed (n−m0)-dimensional subspace,

α ∈ (0, 1], and AI1 ∈ R(m−m0)×n be a random matrix that satisfies Assumptions A1 and A2.

Then there exist absolute constants C, θ > 0 such that if

m−m0

n−m0

≥ 24

α
log

(
36θ(1 + CK2)

α3/2

)
, (2.44)

then with probability at least 1− 3e−α(m−m0)/24,

inf
T⊆I1

|T |=α(m−m0)

σ+
min((AI1P)T ) ≥

α3/2

32

√
m−m0. (2.45)

In the case where AI1 is Gaussian, this result holds with CK2 replaced by one and θ = 2
√
2.

Proof. Recall that Sn−1 = {x ∈ Rn : ∥x∥ = 1} denotes the unit sphere. By Lemma 2.3.23,

we can fix an ε-net N of range(P)∩Sn−1 with cardinality |N | ≤ (3/ε)n−m0 for some ε ∈ (0, 1]

to be chosen later. Fix any T ⊆ I1 with |T | = α(m −m0). Since for any z ∈ range(P) ∩

Sn−1, there exists x ∈ N such that ∥z − x∥ ≤ ε, using the reverse triangle inequality and

∥(AI1P)T∥ ≤ ∥AI1P∥ implies that

σ+
min((AI1P)T ) ≥ inf

z∈range(P)∩Sn−1
∥(AI1P)T )z∥ ≥ inf

x∈N
∥(AI1P)Tz∥ − ε∥AI1P∥. (2.46)

Firstly, by Lemma 2.3.20 (with s = 1), we have that with probability at least 1− 2e−(m−m0),

∥AI1P∥ ≤ (1 + CK2)
√
m−m0. (2.47)

68



Next, our goal is to define an event E on which a good bound for infx∈N∥(AI1P)T )z∥ that is

independent of T holds. More precisely, for every j ∈ I1 and x ∈ N , define the “bad” event

Exj := {| ⟨aj,x⟩ | ≤ α/(4θ)} ,

where θ is some constant to be specified later. Let Ex be the “good” event where less than

α(m − m0)/2 of the events (Exj )j∈I1 occur, and E :=
⋂

x∈N Ex. Observe that ⟨Paj,x⟩ =

⟨aj,Px⟩ = ⟨aj,x⟩ since x ∈ range(P). Therefore, on E , at least half of the rows of (AI1P)T

have nontrivial correlation with any x ∈ N , which implies that

inf
x∈N
∥(AI1P)Tx∥ = inf

x∈N

√∑
j∈T

| ⟨Paj,x⟩ |2 ≥
√

α(m−m0)

2
· α2

16θ2
≥ α3/2

6θ

√
m−m0. (2.48)

To balance (2.47) and (2.48), we choose ε = α3/2/(12θ(1 +CK2)). Therefore, if both events

E and (2.47) hold, then (2.46) implies that the desired bound (2.45) holds.

It remains to bound the probability of the event E , for which we will combine an anti-

concentration result with a Chernoff bound. By using either [RV15, Theorem 1.2] if the row

aj has independent entries with bounded densities (with θ ≥ 2
√
2), or [CW01, Theorem 8] if

aj has a log-concave distribution (increasing the value of θ based on the absolute constant in

this result), we deduce that P
(
Exj
)
≤ α/4 for all j ∈ I1. Hence, a standard Chernoff bound

implies that P (Ex) ≥ 1− e−α(m−m0)/12 for all x ∈ N , and a union bound shows that E fails

to hold with probability less than

|N | · exp
(−α(m−m0)

12

)
≤ exp

(
(n−m0) log

(
3

ε

)
− α(m−m0)

12

)
≤ e−α(m−m0)/24,

where the condition (2.44) is used for the final inequality. Combining this with the probability

bound for (2.47) to hold completes the proof.
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Next, the following lemma bounds Zq−β from above with high probability. Note that for

any fixed T ⊆ I1 with |T | = α(m−m0), the expected value of ∥(AI1P)T∥2F =
∑

j∈T∥Paj∥2

is α(m−m0)(n−m0).

Lemma 2.4.4. Let P be an orthogonal projection onto a fixed (n − m0)-dimensional sub-

space, α ∈ (0, 1], and AI1 ∈ R(m−m0)×n be a random matrix that satisfies Assumptions A1

and A2. Then there exists an absolute constant c > 0 such that with probability at least

1− e−cα(m−m0)/K4,

sup
T⊆I1

|T |=α(m−m0)

∥(AI1P)T∥2F ≤
(
2 +

K4

c
log
( e
α

))
α(m−m0)(n−m0). (2.49)

Proof. For all fixed T ⊆ I1 with |T | = α(m−m0), Lemma 2.3.24 applied to the submatrix

(AI1P)T implies that there exists an absolute constant c > 0 such that for all ε > 0,

P
(
∥(AI1P)T∥2F ≥ (1 + ε)α(m−m0)(n−m0)

)
≤ e−cmin{ε2,ε}α(m−m0)/K4

.

Hence, by a union bound over all
(

m−m0

α(m−m0)

)
< eα(m−m0) log(e/α) such subsets T , we

deduce that the probability that the event (2.49) does not hold is not greater than

exp
{
−α(m−m0)

(
cε
K4 − log

(
e
α

))}
for ε ≥ 1. In particular, choosing ε = 1 + K4

c
log
(
e
α

)
leads to the claimed probability guarantee.

By combining our tail bounds for σmax(AI1P) and σ+
q−β,min(AI1P) as well as Zq−β, we

can now prove Theorem 2.4.1.

Proof of Theorem 2.4.1. In this proof, the various constants of the form c1, C1, . . . that ap-

pear only depend on K. By Lemma 2.3.20, σmax(AI1P) ≤ C1

√
m−m0 with probability at

least 1− 2e−c1(m−m0). By Lemma 2.4.3, σ+
q−β,min(AI1P) ≥ C2(q − β)3/2

√
m−m0 with prob-

ability at least 1− 3e−c2(q−β)(m−m0), given that the condition (2.31) is satisfied. Therefore, if
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both of these events hold, then

σ+
q−β,min(AI1P)2

σmax(AI1P)2
≥
(
C2

C1

)2

(q − β)3.

Hence, by Lemma 2.4.2 we deduce that the QuantileSC-RK algorithm converges if

(
C2

C1

)2

(q − β)3 >
β

1− q
+ 2

√
β

1− q
.

Since q is fixed and the right-hand side can be made arbitrarily small by decreasing β, it

follows that this condition is satisfied as long as β is sufficiently small. Finally, Lemma 2.4.4

implies that Zq−β ≤ Cq,β(m−m0)(n−m0) with probability at least 1− e−c3(q−β)(m−m0) for

some constant Cq,β > 0 that only depends on q, β, and K. If all of these events hold, then

Lemma 2.4.2 implies that QuantileSC-RK converges with the claimed rate (2.32). The proof

is completed after simplifying the probability bound.

2.5 Numerical experiments

In this section, we present numerical experiments that demonstrate various features of the

SC-RK method (Algorithm 2.1) and the QuantileSC-RK method (Algorithm 2.2). For the

plots with random, simulated data that follow, the lines represent the median over 200 trials,

and the shaded regions indicate the 0.1- and 0.9-quantiles around the corresponding medians.

The log relative error refers to the quantity log(∥xk−x∗∥/∥x0−x∗∥). The experiments were

performed on a MacBook Air M1 with 8GB RAM using Python 3.11.

2.5.1 SC-RK method for systems with correlated rows

In Figure 2.2, we compare the performance of the SC-RK method on a system with highly

correlated rows for various sizes m0 of I0. It is known that RK performs poorly in this

setting [NT14; NW13]. The entries of A ∈ R2,000×1,000 are independently and uniformly
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distributed on [0.9, 1.1], and the solution x∗ ∈ R1,000 is a standard Gaussian vector. The

same initial iterate starting in the solution space corresponding to the biggest block (i.e.,

m0 = 200) is used for each variation.

Figure 2.2: Performance of SC-RK on a system with highly correlated rows for various sizes
m0 of AI0 . (Left) Log relative error at each iteration. (Right) Log relative error against
time elapsed, including the initial cost of precomputing A†

I0
for each m0. The time taken to

reach a log relative error of less than −8 is reported in brackets (N/A indicates that this was
not reached in 30 seconds).

As predicted by Corollary 2.3.12, the SC-RK method with I0 as the first m0 rows of

A outperforms RK for any m0 ≥ 1 since the pairwise row correlations of A are bounded

from below. Moreover, increasing m0 increases the rate of convergence (see Theorem 2.3.17).

However, since increasing m0 leads to heavier iterations and a higher initial cost from com-

puting A†
I0

(see Remark 2.1.3), the optimal block size for a given target error and time

budget is not necessarily the largest as highlighted by Figure 2.2 (right).

2.5.2 SC-RK method for systems with low-rank structure

In Figure 2.3, we consider the performance of the SC-RK method on a structured matrix

A ∈ R2,000×1,000, constructed as in Example 2.3.11. The first r = 20 rows of A are normalized

standard Gaussian vectors. The remaining m−r rows (aj)j>r are equal to aj := (1−ε)a′
j+εcj,

where ε = 0.1, a′
j is sampled from {a1, . . . , ar}, and cj is sampled from span({a1, . . . , ar})⊥
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and normalized; i.e., aj mainly consists of a row from the special top block plus some noise

in the orthogonal direction. The solution x∗ ∈ R1,000 is a standard Gaussian vector.

Figure 2.3: Performance of SC-RK on a coherent system with low-rank structure using a
“perfect” block (with m0 = 20) and a randomly sampled block (with m0 = 100) as described
in the main text. The two-subspace Kaczmarz method [NW13] and randomized block Kacz-
marz method [NT14] (with two block sizes) are also included. (Left) Log relative error at
each iteration. (Right) Log relative error against time elapsed, not including the initial
costs of precomputing pseudoinverses for SC-RK and block Kaczmarz. The time taken to
reach a log relative error of less than −8 is reported in the brackets (N/A indicates that this
was not reached in 30 seconds).

The SC-RK algorithm is run with two choices of I0: the first uses the “perfect” block

of size m0 = 20 with the rows {a1, . . . , ar} that generate the coherence structure. The

second variant uses a block of m0 = 5r = 100 rows of A sampled (without replacement)

uniformly at random. This represents the case where the source of coherence is unknown,

but sampling the effective rank of A (with an appropriate oversampling factor) should find a

good block AI0 as predicted by Theorem 2.3.15. Indeed, Figure 2.3 shows that both choices

of I0 converge effectively: the dramatic improvement in the per-iteration convergence rate of

SC-RK over RK shown by the left plot is explained by the (inverse) scaled condition number

σ+
min(AI1P)/∥AI1P∥F = 9.33 × 10−3 of AI1P with m0 = 20 (and similarly 9.56 × 10−3

with m0 = 100) being significantly larger than the corresponding quantity σmin(A)/∥A∥F =

3.29× 10−5 for A (see Section 2.3.3).
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The two-subspace Kaczmarz method [NW13] and randomized block Kaczmarz method

[NT14] (using equally-sized blocks of size 20 and 40 chosen uniformly at random, and pre-

computed pseudoinverses) are also included. The same initial iterate as SC-RK with m0 = 20

is used. It is known that these algorithms perform well in systems with highly correlated

rows, such as the one previously considered in Figure 2.2. However, Figure 2.3 shows that

the effectiveness of two-subspace Kaczmarz and block Kaczmarz with blocks of size 20 that

are “too small” is impeded by the coherence structure of A.

On the other hand, block Kaczmarz with blocks of size 40 that are “large enough” (relative

to r = 20 for this problem) converges effectively. While Figure 2.3 (left) shows that it

converges with a greater per-iteration rate than SC-RK (since it effectively uses 40 new rows

in each iteration instead of just one), Figure 2.3 (right) shows that the lighter iterations of

the SC-RK method actually makes it more efficient on a time basis.

2.5.3 SC-RK method for noisy systems

In Figure 2.4, we consider the performance of the SC-RK algorithm on a noisy system

to demonstrate the validity of the error horizon predicted by Theorem 2.3.4. The rows of

A ∈ R300×100 are independent normalized standard Gaussian vectors, the solution x∗ ∈ R100

is a standard Gaussian vector, and the entries of the noise vector R are independently and

uniformly distributed on [−0.01, 0.01].

2.5.4 QuantileSC-RK algorithm

In Figure 2.5, we compare the performance of the QuantileSC-RK and Quantil-

eRK [Had+22] methods on Gaussian systems A with different aspect ratios, where

the measurements are corrupted by a sparse vector with c non-zero entries independently

and uniformly distributed on [−1, 1]. The rows of A are independent normalized standard

Gaussian vectors, and the solution x∗ is a standard Gaussian vector.
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Figure 2.4: Convergence paths for the SC-RK (with I0 equal to the first m0 = 25 rows)
and RK methods on a noisy system. The dashed/dotted lines indicate the predicted error
horizons γ0 + γ1 from Theorem 2.3.4 and γ = ∥R∥2/σmin(A)2 from [Nee10], respectively.

Tall systems are considered in Figure 2.5a, where 100/500 = 20% (resp. 100/480 ≈

20.8%) of the rows of A (resp. AI1) correspond to corrupted measurements. These plots

replicate the finding that the QuantileRK method converges effectively for tall, Gaussian-like

matrices even in the presence of numerous corruptions [Had+22], and also show that ex-

ploiting information about corruption-free measurements using the QuantileSC-RK method

accelerates convergence (see Theorem 2.4.1).

Almost-square systems are considered in Figure 2.5b, where 10/130 ≈ 7.7% (resp.

10/55 ≈ 18.2%) of the rows of A (resp. AI1) correspond to corrupted measurements. It is

clear that the QuantileRK method is unable to make any progress in this setting. On the

other hand, the QuantileSC-RK method converges for q around 0.8, which demonstrates that

exploiting external knowledge in the form of a large block AI0 corresponding to corruption-

free measurements can enable convergence in such challenging settings.
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(a) Tall system A500×50 with c = 100, m0 = 20, k = 4, 000, and qRK = qSCRK = 0.75.

(b) Almost-square systems A130×100 with c = 10, m0 = 75, k = 10, 000, qRK = 0.9, qSCRK = 0.8.

Figure 2.5: Performance of the QuantileSC-RK method, given a corruption-free block of
size m0, compared to the QuantileRK method [Had+22] on Gaussian systems with different
aspect ratios and c corrupted measurements. (Left) Log relative error after k iterations
for various values of the quantile parameter q. (Right) Convergence paths using the best
quantile parameters qRK and qSCRK.

2.5.5 Systems of differential equations with inconsistent initial con-

ditions

We consider the problem of numerically solving a system of differential equations given com-

peting data for the initial conditions as another application of the QuantileSC-RK method.

After discretization via a finite difference scheme, two types of equations arise: the first

describe the underlying law and can be considered to be known exactly, and the second type

encode the initial conditions, which can be obtained from real data with potentially faulty
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measurements. Thus, the problem can be viewed as one about detecting and disregarding the

“corrupted” equations coming from inconsistent initial conditions, given that the majority of

the equations of the first type can be “trusted”.

In Figure 2.6, we consider the linear system obtained from discretizing the differential

equation y′′ = 0 for a line illustrate this idea. The top 98 × 100 block is a Toeplitz matrix

with entries 1,−2, 1 along the diagonal before normalization, which we take to be AI0 . We

consider two sets of initial conditions corresponding to two lines: Line 1 being y = x with

10 initial conditions, and Line 2 being y = 25− x/2 with 5 initial conditions.

0 20 40 60 80 100
50

25

0

25

50

75

100

125 Least squares
QuantileRK
QuantileSCRK samples (q=0.65)
Line 1 (38 / 50)
Line 2 (0 / 50)

0 20 40 60 80 100
50

25

0

25

50

75

100

125 Least squares
QuantileRK
QuantileSCRK samples (q=0.3)
Line 1 (5 / 50)
Line 2 (45 / 50)

Figure 2.6: Solving a discretized differential equation for a line in the plane given two sets
of inconsistent initial conditions as described in the main text. (Left) 50 outputs after
10,000 iterations of QuantileSC-RK with q = 0.65 (translucent gray lines); 38 out of the 50
converged to Line 1 (in the sense ∥ALine 1x

k − bLine 1∥2 < 10−3). (Right) 50 outputs after
10,000 iterations of the QuantileSC-RK algorithm with q = 0.3 (translucent orange lines);
45 out of the 50 converged to Line 2.

The plots show that solving this system using least squares or QuantileRK produces poor

solutions. However, using QuantileSC-RK with a careful choice of the quantile parameter

enables convergence to one line or the other as the algorithm is able to find a set of consistent

initial conditions: when q = 0.65, QuantileSC-RK converges to Line 1 a majority of the

time (left), and when q = 0.3, QuantileSC-RK converges to Line 2 instead (right). We

also observed that the initial iterate x0 has a significant biasing effect on which solution is

preferred for convergence. Our initialization—a random Gaussian vector projected onto the
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solution space of AI0—intuitively corresponds to a random line centered on the x-axis on

average, which is closer to Line 2.

2.5.6 CT image reconstruction

Finally, we investigate the performance of QuantileSC-RK on a realistic dataset. We consider

the Shepp–Logan phantom [SL74], generated using the Air Tools II package [HJ18] with

parameters N = 50 (the image is N × N), θ = {0, 2, 4, . . . , 178} (angles used), and ρ = 50

(number of parallel rays). The image is encoded by the measurement matrix A ∈ R4,500×2,500

and measurements b ∈ R4,500. A subset I0 of m0 = 500 rows of A was randomly chosen to

be corruption-free (e.g., corresponding to trustworthy measurements), and a random set of

c = 1, 125 of the remaining measurements were corrupted by quantities uniformly distributed

in [2, 6] to produce the corrupted measurements b̃.

In Figure 2.7, we show various reconstructions given A and the corrupted measurements

b̃. It is clear that the least squares solution is very poor. The QuantileRK method, initialized

from zero, achieves a noisy reconstruction that does not recover the fine details. Using

QuantileSC-RK with the corruption-free block AI0 achieves the best reconstruction, even

though a significant proportion (25%) of the measurements have been corrupted.

Underlying phantom Least squares QuantileRK QuantileSCRK

Figure 2.7: Reconstructions of the Shepp–Logan phantom from A ∈ R4,500×2,500 and b̃ ∈
R4,500 with c = 1, 125 corruptions as described in the main text. The QuantileSC-RK method,
given a corruption-free block AI0 of size m0 = 500, and the QuantileRK method were both
run using q = 0.7 for 60m = 270, 000 iterations, obtaining a final ℓ2 error ∥xk − x∥2 of 3.47
and 6.85, respectively.
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2.6 Concluding remarks

In this chapter, we introduced the subspace-constrained randomized Kaczmarz (SC-RK)

method for solving consistent, overdetermined systems of linear equations Ax = b, which

provides a framework for studying the dynamics of the randomized Kaczmarz algorithm

when the iterates are confined to a selected solution space AI0x = bI0 . We described the

convergence rate of the SC-RK method in terms of the spectral properties of the matrix

AI1P, where P is the orthogonal projector onto null(AI0). We also demonstrated, both

theoretically and empirically, how the SC-RK method can exploit approximately low-rank

structure to accelerate convergence.

We also proposed the QuantileSC-RK method for solving corrupted linear systems, which

is able to exploit external knowledge about corruption-free subsystems. In addition to the-

oretical convergence analysis, we demonstrated numerically that it is able to converge for

almost-square corrupted linear systems, where existing iterative methods are ineffective, and

that it can be useful for solving differential equations with inconsistent initial conditions and

image reconstruction from significantly corrupted measurements.

The framework of subspace-constrained iterations raises many possible future directions.

For example, since our analysis showed that the SC-RK updates simplify to a version of

the usual Kaczmarz updates with skewed step directions and the projector P acts as a

right preconditioner for A to improve the convergence rate, it seems plausible that similar

ideas could be applied to related solvers such as the sketch-and-project algorithm [GR15a]

or iterative projection methods for solving systems of linear inequalities [LL10; BN15]. It

would also be interesting to develop and analyze a QuantileSC-RK method in which the

trusted solution space is built up adaptively in a data-driven way, based on the information

accumulated during the iteration process, which could lead to an effective way for solving

corrupted linear systems even in the absence of external knowledge.
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Chapter 3

Subspace-constrained randomized

coordinate descent for linear systems

with good low-rank matrix

approximations

This chapter is based on the following joint work with Elizaveta Rebrova:

J. Lok and E. Rebrova. “Subspace-constrained randomized coordinate descent

for linear systems with good low-rank matrix approximations”. SIAM Journal

on Matrix Analysis and Applications, 2026. To appear. arXiv: 2506.09394

[math.NA]

3.1 Introduction

The problem of solving large-scale systems of linear equations Ax = b is ubiquitous in ma-

chine learning and scientific computing. The growing size of datasets presents new challenges

and demands on the algorithms used. For instance, the entire matrix A may not fit into
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memory, which means that memory-efficient iterative methods are practically advantageous

or even necessary. Furthermore, if evaluating entries of the matrix A is associated with a

nontrivial cost, then it may also be desirable to seek algorithms that are based on accessing

small parts of the matrix or are more easily parallelizable, compared to algorithms based on

other primitives such as matrix–vector products.

A key motivation for this work is the development of an efficient solver for dense, positive

semidefinite (psd) linear systems that requires a limited number of entry accesses at a time.

As a primary example, consider the problem of kernel ridge regression (KRR) [SS02]. Given

n data points, this is a method for nonparametric regression that is equivalent to solving a

linear system (K + λI)x = y, where K ∈ Rn×n is a positive definite kernel matrix, which

has entries measuring the similarity between each pair of input feature vectors, and λ ≥ 0

is a chosen regularization parameter. The matrix K is typically dense, and the regularized

system K + λI can be very poorly conditioned for small values of λ. Loading the entire

kernel matrix in memory requires storing O(n2) entries, and solving the linear system using

a standard direct method requires O(n3) arithmetic operations; for large n, both can be

infeasible.

Good low-rank matrix approximations. Fortunately, matrices arising from many real-

life datasets often possess fast spectral decay [UT19], and so can be well-approximated by

much smaller low-rank matrices. A particularly effective method for computing a good

low-rank approximation of a psd n × n matrix A is the randomly pivoted Cholesky (RP-

Cholesky) algorithm, recently proposed and analyzed by Chen et al. [Che+25]. Given an

approximation rank parameter d ≥ 0, RPCholesky efficiently finds a near-optimal low-rank

approximation of A using only O(d2n) arithmetic operations, O(dn) entry evaluations, and

O(dn) storage. It can also be practically accelerated using block computations and rejection

sampling [ETW24].
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Briefly, the RPCholesky algorithm selects a random set of d pivots S ⊆ [n] := {1, 2, . . . , n}

using adaptive diagonal sampling, and outputs a (column) Nyström approximation

A⟨S⟩ = FFT

of A in factorized form, where F ∈ Rn×d is a lower-triangular matrix after permuting the

rows to bring the pivots S to the top, and the residual matrix A − A⟨S⟩ has trace-norm

error comparable with the best rank-r approximation of A (from truncated SVD) for some

r ≈ d. More precisely, the approximation quality is described by

Theorem 3.1.1 ([Che+25, Theorem 5.1]). Let A ∈ Rn×n be a psd matrix with eigenvalues

λ1(A) ≥ . . . ≥ λn(A) ≥ 0, and denote log+(t) = max{log t, 0} for t > 0. Suppose that for

some fixed integer r ≥ 0 and real δ > 0, the approximation rank parameter d satisfies

d ≥ r

δ
+min

{
r log

(
1

δηr

)
, r + r log+

(
2r

δ

)}
, where ηr :=

∑
i>r λi(A)∑n
i=1 λi(A)

.

Then, the rank-d Nyström approximation A⟨S⟩ output by RPCholesky satisfies

E[tr(A−A⟨S⟩)] ≤ (1 + δ) ·
∑
i>r

λi(A).

Among other applications, matrix approximation techniques based on RPCholesky have

recently been used to build efficient preconditioners for conjugate gradient-based linear

solvers for KRR [Día+24].

Randomized block coordinate descent. A convenient and widely-used optimization

approach that requires a limited number of local entry accesses is the coordinate descent

method [LL10; Nes12]. For solving the psd system Ax = b, the algorithm has basic iterations

of the form

xk+1 = xk − (A:,j)
Txk − bj
Aj,j

ej, (3.1)
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where ej ∈ Rn denotes the jth standard basis vector in Rn. Observe that the updates (3.1)

are very lightweight, requiring only access to a single column of A and O(n) arithmetic

operations. Leventhal and Lewis [LL10] showed that if the coordinate j ∈ [n] is sampled

with probability Aj,j/ tr(A), then the corresponding randomized coordinate descent (RCD)

method converges linearly with a rate that depends on the spectrum of A. More precisely,

if x∗ is any solution of Ax = b and λ+
min(A) is the smallest non-zero eigenvalue of A, then

E∥xk − x∗∥2A ≤
(
1− λ+

min(A)

tr(A)

)k
· ∥x0 − x∗∥2A, (3.2)

where ∥z∥A =
√
zTAz is the norm induced by A. The iteration (3.1) readily generalizes to

the block coordinate descent update

xk+1 = xk − eJ (AJ ,J )
†((A:,J )

Txk − bJ
)
, (3.3)

where eJ ∈ Rn×|J | denotes the matrix whose columns are the standard basis vectors in Rn

corresponding to a subset J ⊆ [n] (i.e., only the coordinates in J are updated). However,

with block size ℓ = |J | > 1, bounds on the convergence rate have only been obtained in

special cases: e.g., if given a well-conditioned partitioning of the columns [NT14; WN18], or

if the blocks J are sampled with a special distribution (which is not easy to compute) [RK20;

MDK20].

The convergence rate bound (3.2) implies that if the matrix A is very well-conditioned,

in the sense that λ+
min(A) is of the same order as the maximum eigenvalue and so

λ+
min(A)/ tr(A) = O(n), then O(n log(1/ε)) iterations and O(n2 log(1/ε)) arithmetic opera-

tions suffice to compute an approximate solution with relative error in ∥·∥A bounded by ε.

However, if A is not so well-conditioned, then the bound rapidly deteriorates and RCD can

easily be demonstrated to converge very slowly. Recent works such as [Der+25a; Der+25b]

show that properly designed block generalizations of RCD can produce competitive linear

solvers with implicit preconditioning properties for systems with large spectral outliers.

83



Key question. Motivated by these observations, we focus on the following question: Can

we use an efficiently-computable low-rank approximation to improve the rate of convergence

for solving a psd system Ax = b with a lightweight, memory-efficient iterative algorithm such

as randomized block coordinate descent, especially when A exhibits rapid spectral decay?

3.1.1 Notation

We write vectors and matrices in boldface. We denote the identity matrix by I, and the

Moore–Penrose pseudoinverse of a matrix A by A†. Given a subset J ⊆ [n] := {1, 2, . . . , n},

we denote the column submatrix of A ∈ Rn×n indexed by J by A:,J . Similarly, we indicate

the row and principal submatrix indexed by J by AJ ,: and AJ ,J , respectively. Furthermore,

we write eJ ∈ Rn×|J | to denote the matrix whose columns are the standard basis vectors in

Rn corresponding to the coordinates in J . We denote the eigenvalues of a symmetric matrix

A ∈ Rn×n in non-increasing order by λ1(A) ≥ . . . ≥ λn(A) = λmin(A), and the smallest

non-zero eigenvalue by λ+
min(A). We use the Loewner order A ⪯ B for symmetric matrices

A, B to mean that B − A is positive semidefinite (psd). Given a psd matrix A ⪰ 0, the

A-(semi)norm is defined by ∥z∥A =
√
zTAz.

3.1.2 Main results

In this section, we will describe an efficient algorithm based on randomized block coordinate

descent that provides a solution to our key question. We will also describe a more general

subspace-constrained framework that we developed to obtain our theoretical results.

I. Subspace-constrained randomized coordinate descent (SC-RCD). We show that

a column Nyström approximation A⟨S⟩ := A:,S(AS,S)
†AS,: of the psd matrix A ∈ Rn×n can

be combined with randomized block coordinate descent by constraining the iterates xk of
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RCD within the following affine subspace, parameterized by the pivot set S ⊆ [n]:

xk ∈ {x ∈ Rn : AS,:x = bS} for all k ≥ 0.

We show that when the blocks J ⊆ [n] in each iteration consist of ℓ coordinates indepen-

dently sampled with probability proportional to the diagonal of the residual matrix

A◦ := A−A⟨S⟩, (3.4)

then the convergence rate depends on the spectrum of A◦ instead of A. That is, the re-

striction of the dynamics to the subspace corresponding to a given low-rank approximation

effectively preconditions the system, and a significant improvement in the convergence rate

can be achieved when a good low-rank matrix approximation is efficiently computable, using

an algorithm such as RPCholesky to select S.

The SC-RCD method. Given an approximation rank parameter d ≥ 0 and block size pa-

rameter ℓ ≥ 1, the resulting algorithm, which we refer to as subspace-constrained randomized

coordinate descent (SC-RCD)1, can be described as follows:

• A rank-d Nyström approximation A⟨S⟩ = FFT with corresponding pivots S is efficiently

computed using an algorithm such as RPCholesky, and an initial iterate x0 is obtained

by solving AS,:x
0 = bS . Let C := (AS,S)

†AS,: ∈ Rd×n.

• In the (k + 1)st iteration, given the iterate xk and corresponding residual vector rk =

Axk−b, we form a random subset J = {j1, . . . , jℓ} ⊆ [n]\S of ℓ coordinates, each sam-

pled independently with probability proportional to the corresponding diagonal entry
1If the block size ℓ > 1, then the updates of the algorithm are more accurately described as

randomized block coordinate descent, but we will use the same acronym SC-RCD for brevity.
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of the residual matrix A◦ = A−A⟨S⟩. Then, we compute

αk = (A◦
J ,J )

†rkJ ∈ Rℓ and βk = C:,Jα
k ∈ Rd,

and use these vectors to update the coordinates of xk in J and S:

xk+1
J = xkJ −αk, xk+1

S = xkS + βk. (3.5)

The other coordinates of xk remain unchanged. Furthermore, the residual vector is

updated by

rk+1 = rk −A◦
:,Jα

k. (3.6)

Remark 3.1.2. If we denote a solution of the system Ax = b by x∗, then it can be shown

that given xk, the next iterate xk+1 produced by the update (3.5) satisfies

xk+1 = argmin
x∈Rn

∥x− x∗∥A such that x = xk + eJα+ eSβ, (3.7)

where only α ∈ Rℓ and β ∈ Rd are free to vary, i.e., we minimize the A-norm error with

respect to the coordinates in J and S. Without the subspace constraint, we would only

optimize over the coordinates in the sampled subset J , which corresponds to the usual block

coordinate descent update (3.3). With the additional subspace constraint, the coordinates

in S must also be modified to ensure that the iterates continue to satisfy AS,:x = bS . What

distinguishes the iteration-dependent subset J from the fixed subset S is that we know that

xk satisfies AS,:x
k = bS a priori, which allows for the update for S to be computed more

efficiently using the update for J .

See Algorithm 3.1 for pseudocode for an implementation of SC-RCD. The comments

provide pointers to parts of Section 3.3.2, where more details on efficient implementation
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Algorithm 3.1 Subspace-constrained randomized coordinate descent (SC-RCD)

Require: Psd matrix A ∈ Rn×n, vector b ∈ Rn, approximation rank d, block size ℓ
Ensure: Approximate solution x ∈ Rn of Ax = b, residual vector r = Ax− b ∈ Rn

1: Compute pivot set S ⊆ [n] and partial pivoted Cholesky factor F ∈ Rn×d defining the
Nyström approximation A⟨S⟩ = FFT ▷ E.g., RPCholesky [Che+25; ETW24]

2: Compute β ← (FS,:)
−T(FS,:)

−1bS ∈ Rd ▷ Triangular solves with F
3: Set x← 0n×1, xS ← β, and r← A:,Sβ − b ∈ Rn ▷ Initial iterate (i)
4: Compute C← (FS,:)

−TFT ∈ Rd×n ▷ Triangular solves with F (ii)
5: Set p← 0n×1, compute pj ← Aj,j−∥Fj,:∥22 for j ∈ [n]\S, and normalize: p← p/

∑
j pj

6: for k = 1, 2, . . . do
7: Sample J = {j1, . . . , jℓ} with j1, . . . , jℓ ∼ p i.i.d. ▷ Possibly without replacement

(iii)
8: Solve

(
AJ ,J − FJ ,:(FJ ,:)

T
)
α = rJ for α ∈ Rℓ ▷ Possibly inexactly (iv)

9: β ← C:,Jα ∈ Rd

10: xJ ← xJ −α, xS ← xS + β ▷ Update coordinates of iterate in J and S
11: r← r−

(
A:,Jα− F((FJ ,:)

Tα)
)

▷ Update residual vector
12: end for

(such as taking advantage of the lower triangular structure of FS,:) and computational costs

are discussed.

While the updates in (3.5) have been described in terms of the residual matrix A◦, we

emphasize that neither A nor A◦ actually need to be stored in memory. We only assume that

the auxiliary matrix C ∈ Rd×n is precomputed and stored, which is feasible if d≪ n. Each

iteration of SC-RCD only needs to access the entries A:,J ∈ Rn×ℓ in the ℓ columns indexed

by the sampled subset J . Furthermore, each iteration can be performed in O((ℓ + d)n)

arithmetic operations, provided that the block size ℓ is at most O(
√
n).

SC-RCD convergence analysis. Conditional on the quality of the low-rank approxima-

tion output by the RPCholesky algorithm, we show that the SC-RCD method converges

linearly in expectation with a rate that depends on the eigenvalues of A without the largest

spectral outliers:

Theorem 3.1.3. Let Ax = b be a consistent linear system with psd A ∈ Rn×n and solution

x∗. Let the eigenvalues of A be λ1(A) ≥ · · · ≥ λn(A) ≥ 0 with smallest non-zero eigenvalue

λ+
min(A). Let A⟨S⟩ be a rank-d Nyström approximation computed using the RPCholesky
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algorithm, and {xk}k≥0 denote the corresponding sequence of SC-RCD iterates with block

size ℓ ≥ 1. Fix an integer r ≥ 0 and real δ > 0, ρ ∈ (0, 1). If the approximation rank d

satisfies

d ≥ r

δ
+ r log

(
1

δηr

)
, where ηr :=

∑
i>r λi(A)∑n
i=1 λi(A)

, (3.8)

then, with probability at least 1− ρ, the residual matrix A◦ = A−A⟨S⟩ satisfies

tr(A◦) ≤ ρ−1(1 + δ)
∑
i>r

λi(A). (3.9)

Furthermore, conditional on the event that (3.9) holds, denoted by E , the expected relative

error in the A-norm satisfies

E
[
∥xk − x∗∥2A | E

]
≤
(
1− λ+

min(A)

ρ−1(1 + δ)
∑

i>r λi(A)

)kℓ
· ∥x0 − x∗∥2A. (3.10)

The proof of Theorem 3.1.3 is given in Section 3.3. More generally, we show that if the

subspace constraint is defined by an arbitrary Nyström approximation A⟨S⟩, not necessarily

computed using RPCholesky, then the SC-RCD algorithm converges linearly with a rate that

depends on the spectrum of the residual matrix A◦ = A−A⟨S⟩ (see Theorem 3.3.2).

Remark 3.1.4 (Randomized low-rank approximation). The probability of the event E

in (3.9), which ensures the quality of the randomized low-rank approximation for the it-

erative phase, can be boosted by the standard trick of running RPCholesky T ≥ 1 times and

choosing the best approximation with the smallest trace-norm. Then, by applying (3.9) to

each run with probability parameter ρ = 1/2, say, we conclude that the best approximation

fails to satisfy the same bound in E with probability at most 2−T . Note that this procedure

is very easy to run in parallel.

Remark 3.1.5 (Approximation rank). A technical caveat is the dependence of the approxi-

mation rank d on ηr, the relative trace-norm error of the best rank-r approximation, in (3.8).

Theoretically, it is possible to compute a randomized rank-d Nyström approximation Â such
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that

E[tr(A− Â)] ≤ (1 + δ)
∑
i>r

λi(A) as long as d ≥ r

δ
+ r − 1,

instead of (3.8), by using a more computationally expensive method for sampling the pivots

S known as determinantal point process (DPP) sampling (see [Che+25, Table 2] and the

references therein). Using Markov’s inequality to define the event E in (3.9), the same

convergence rate (3.10) holds with such an approximation.

Remark 3.1.6 (Block size and sampling). Choosing a larger block size ℓ for the SC-RCD

method means that a heavier ℓ×ℓ inner linear system has to be solved (directly or iteratively)

in each iteration. This increased cost may be offset by two benefits. The first is that

modern computational architectures can realize computational benefits from using block

computations due to parallelism, caching, etc. (e.g., see [ETW24, App. A]). The second is

that larger blocks results in more progress to be made with each projection; this is reflected

by the bound in Theorem 3.1.3, which shows that the iteration complexity improves at least

linearly in the block size ℓ. Later, we also show that the entries in each block can be sampled

without replacement to obtain a guarantee that is at least as good (see Remark 3.3.5).

However, we expect (and empirically observe) the actual improvement from projections

onto bigger blocks to be even better due to the implicit “low-rank approximation effect”:

e.g., rigorous results showing more precise rates depending on the entire spectrum are

known for blocks obtained using DPP sampling [MDK20; RK20; XXZ25] or subgaussian

sketches [DR24]. Proving tighter bounds with computationally cheap schemes is more chal-

lenging. In a recent line of work, it has been shown that DPP sampling can be approxi-

mated by uniform sampling if the input matrix satisfies some incoherence properties [DY24;

Der+25a; Der+25b]. When the entries in each block are uniformly sampled in SC-RCD, an

analogous result as Theorem 3.1.3 also holds (see Proposition 3.3.3).

SC-RCD complexity. Theorem 3.1.3 shows that the convergence of SC-RCD depends on

the approximation rank d, the block size ℓ, and on the normalized tail condition number of
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A, defined as

κ̄r(A) :=
1

n− r

∑
i>r λi(A)

λ+
min(A)

, for r < rank(A). (3.11)

Note that κ̄r(A) lower bounds the classical condition number of A − Ar, where Ar is the

best rank-r approximation of A in the Frobenius norm; i.e., λr+1(A)/λ+
min(A). When im-

plemented as Algorithm 3.1, the SC-RCD method satisfies the following complexity result

in terms of the size of the system n and the parameters d, ℓ, and κ̄r(A), which is proved in

Section 3.3.2.

Theorem 3.1.7. Let Ax = b be a consistent linear system with psd A ∈ Rn×n and solution

x∗. The SC-RCD method (Algorithm 3.1) with approximation rank d ≥ 0 and block size ℓ ≥

1, combined with the boosting procedure described in Remark 3.1.4, computes an approximate

solution xk that satisfies E∥xk − x∗∥2A ≤ ε · ∥x0 − x∗∥2A after k = ⌈4(n/ℓ)κ̄r(A) log(2/ε)⌉

iterations. In total,

O
(
nd2 log(1/ε)

)
+O

((
n2(d+ ℓ)

ℓ
+ nℓ2 + nℓd

)
· κ̄r(A) log(1/ε)

)
operations (3.12)

are required, where r is the largest integer satisfying d ≥ r + r log (1/ηr) with ηr defined

as in (3.8). Moreover, O(nd log(1/ε)) + O(n2 · κ̄r(A) log(1/ε)) entry evaluations of A, and

O(n(d+ ℓ)) storage are required. Here, big O notation is used to hide absolute constants.

In particular, if we choose ℓ = d, then (3.12) simplifies to

O
(
(n2 + nd2) · κ̄r(A) log(1/ε)

)
operations. (3.13)

We see that the SC-RCD method takes advantage of the flat-tailed structure of the spec-

trum of A (i.e., when κ̄r(A) is well-bounded), which can appear in practice due to explicit

regularization or the effects of noise in the data.

Remark 3.1.8. To illustrate the claim of Theorem 3.1.7, let us suppose that A is not

extremely ill-conditioned. Specifically, suppose that there exists an absolute constant τ > 0
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such that ∑n
i=1 λi(A)

λ+
min(A)

≤ O(nτ ). (3.14)

Then, r can be taken as large as r = O(d/ log n) in the complexity bounds in Theorem 3.1.7.

An important setting in which (3.14) is often satisfied is kernel ridge regression, where

A = K+λI, the kernel matrix K has unit diagonals (Kii = 1 for all i), and the regularization

parameter λ is not too small (i.e., λ ≥ Cn−τ ). In addition, if K also exhibits rapid spectral

decay, then A would be expected to have a well-bounded normalized tail condition number

(governed by λ). In particular, if we assume that κ̄r(A) = O(1) for some r = O(
√
n/ log n),

then, Theorem 3.1.7 implies that SC-RCD with d = O(
√
n) and ℓ = O(

√
n) can solve the

KRR problem to ε-relative error using O(n2 log(1/ε)) arithmetic operations. Note that this

is optimal in terms of n for solving a dense n× n linear system.

II. A subspace-constrained sketch-and-project framework. To analyze the SC-RCD

method, we consider the algorithm as an instance of a more general subspace-constrained

sketch-and-project framework, which we develop in Section 3.2 and may be of independent

interest. The sketch-and-project method [GR15a] encompasses a class of iterative algorithms

for solving linear systems Ax = b with A ∈ Rm×n (not necessarily psd), including the

randomized Kaczmarz [SV09], randomized coordinate descent [LL10], and randomized New-

ton [Gow+19a] methods.

In each iteration of the standard sketch-and-project algorithm, a sketching matrix S ∈

Rℓ×m is drawn independently from an input distribution D, and the current iterate xk ∈ Rn

is projected onto the sketched linear system SAx = Sb with respect to the norm ∥x∥B =
√
xTBx induced by a positive definite matrix parameter B ∈ Rn×n:

xk+1 = argmin
x∈Rn

∥x− xk∥B such that SAx = Sb. (3.15)
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We propose to constrain the dynamics of the iterates from (3.15) within a particular

(affine) subspace parameterized by a matrix parameter Q ∈ Rd×m:

xk ∈ {x ∈ Rn : QAx = Qb} for all k ≥ 0.

In Section 3.2, we show that the theory for the subspace-constrained sketch-and-project

method parallels the standard sketch-and-project method. The main difference is the emer-

gence of a projector PB onto the subspace null(QA) that acts to constrain the iterates.

We prove that the convergence rate depends on a projected version of the original matrix,

APB, instead of A, which shows that the subspace constraint effectively acts as a precon-

ditioner and can speed up the convergence in various general cases (see Theorem 3.2.4 and

Remark 3.2.6).

If the matrix A ∈ Rn×n is positive definite, then the SC-RCD method can be derived as

a special case of this framework by choosing B = A; extremely sparse sketching matrices

of the form S = eTJ , defined as in (3.3); and a subspace constraint defined by the matrix

Q = eTS , which can be identified with the set of pivots S ⊆ [n] corresponding to a Nyström

approximation A⟨S⟩ of A.

III. Randomized block Kaczmarz convergence rate. As a part of our analysis of the

sketch-and-project framework—which is not specific to the subspace-constrained version—

we show that the iteration complexity improves at least linearly in the block size ℓ when the

sketching matrices S ∈ Rℓ×m consist of ℓ independent and identically distributed rows (in

Proposition 3.2.9).

Previously, bounds for block sketch-and-project methods have only been obtained for

more special sketching matrices that are dense [Der+20; DR24] or based on more computa-

tionally expensive DPP sampling schemes [MDK20; Der+25a]. With more randomness, the

rates obtained are generally sharper. However, Proposition 3.2.9 applies more generically,

such as when standard coordinate basis vectors are sampled using a simple scheme.
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Concretely, this result applies to the randomized block Kaczmarz method [Elf80; NT14]

when the blocks consist of i.i.d. rows of A, sampled with probability proportional to the

squared row norms, which is a direct block generalization of the classical randomized Kacz-

marz method [SV09].

Proposition 3.1.9. Consider solving the consistent linear system Ax = b with A ∈ Rm×n

and solution x∗. Let {xk}k≥0 be the iterates of the randomized block Kaczmarz method,

defined by

xk+1 = xk − (AJ ,:)
†(AJ ,:x

k − bJ ),

where the block J = {j1, . . . , jℓ} in each iteration consists of ℓ rows of A, independently

sampled from the distribution {∥Aj,:∥22/∥A∥2F}mj=1. If σ+
min(A) denotes the smallest non-zero

singular value of A, then

E∥xk − x∗∥22 ≤
(
1− σ+

min(A)2

∥A∥2F

)ℓk
· ∥x0 − x∗∥22.

Proposition 3.1.9 is a special case of Corollary 3.2.11 for the subspace-constrained ran-

domized block Kaczmarz method, which appears later in Section 3.2. To the best of our

knowledge, this bound, which describes the explicit dependence of the rate on the block size,

is new even for the standard randomized block Kaczmarz method.

In prior work [NT14], a randomized block Kaczmarz method, which additionally requires

A to be row-normalized, was analyzed based on sampling non-intersecting blocks that par-

tition the rows of the matrix. The sampling strategy in Proposition 3.1.9 is more general

and slightly differs: in particular, it can result in repeated rows in the blocks. However, the

convergence rate can only improve if the blocks are sampled without replacement instead,

and we refer to Remark 3.3.5, which appears later in Section 3.3.2, for more details.
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3.1.3 Related works

Coordinate descent and sketch-and-project. Important instances of the sketch-and-

project framework [GR15a; RT20; Gow+18; Gow+21] for solving linear systems include the

randomized coordinate descent (RCD) [LL10; Nes12]—also known as randomized Gauss–

Seidel—and the closely-related randomized Kaczmarz (RK) [SV09] methods. The RK and

RCD methods and their variants have been extensively studied, including [MNR15; HNR17;

NSW16; NT14; SL19; Had+22; EGW26; Rat+25a]. Notably, the subspace-constrained

sketch-and-project framework developed in this work generalizes a subspace-constrained RK

method analyzed in [LR24]. Note that coordinate descent algorithms for more general ob-

jective functions have also been extensively studied in the optimization literature: e.g.,

see [RT14; RT16; QR16; TY10].

An accelerated sketch-and-project method with Nesterov momentum was analyzed

in [Gow+18], building on earlier works on accelerated RK [LW16] and RCD [Nes12; LS13;

NS17; Tu+17]. The accelerated method requires additional tuning parameters: theoretically,

with a specific choice of values (which are not easily computable), the accelerated method

leads to an improved convergence rate bound. In particular, [Tu+17] presents experiments

showing that accelerated RCD can outperform RCD and the conjugate gradient method for

large-scale KRR problems in machine learning.

A closely related line of works [DY24; Der+25a; Der+25b] analyzes randomized solvers

based on sketch-and-project that are also especially effective for solving approximately low-

rank systems, building on the insight that sketch-and-project can exploit rapid spectral

decay [DR24]. Most recently, Dereziński et al. [Der+25b] showed that an algorithm based

on accelerated RCD called CD++ can exploit large spectral outliers. Specifically, they prove

that for any Õ(1) ≤ r ≤ n (where Õ hides polylog factors in n), a solution of the psd system

Ax = b with ε-relative error in ∥·∥A can be computed using

Õ(nr2) + Õ(n2
√
κ̄r(A) log(1/ε)) operations ([Der+25b, §5]). (3.16)
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The CD++ algorithm achieves (3.16) through the use and analysis of techniques such as

adaptive acceleration, approximate regularized projections, randomized Hadamard precon-

ditioning, and block memoization. One of the main takeaways is that the rate of CD++

cannot be outperformed by any solver based on matrix-vector products, such as Krylov

subspace-based solvers ([Der+25a, Theorem 3]).

The SC-RCD method with d = O(r log n), ℓ = d, and 1 ≤ r ≤ O(
√
n/ log n) has

a similar complexity bound as (3.16) for flat-tailed systems with κ̄r(A) = O(1) satisfying

condition (3.14). Otherwise, CD++ has a better dependence on the normalized tail condition

number due to the incorporation of Nesterov’s momentum in the algorithm, which could be

integrated into SC-RCD as a part of future work. At the same time, SC-RCD does not

require storing the entire input matrix, while the CD++ guarantee (3.16) assumes that

O(n2) memory is available for storing a preprocessed version of the matrix. Algorithmically,

the main difference is that CD++ implicitly captures the leading part of the spectrum of

A, whereas it is explicitly learned in SC-RCD by constraining the dynamics of RCD. The

SC-RCD method is based on the combination of two fundamental ideas: low-rank matrix

approximation and a simple iterative solver. We believe that this allows for flexibility: e.g.,

the aforementioned innovations in CD++ can be combined with the subspace constraint

idea.

Conjugate gradient method. Another popular class of iterative solvers is based on

Krylov subspaces [NT24], which includes the conjugate gradient method (CG) [Saa03] for

solving psd systems. In practice, preconditioning is often crucial for these methods to be

effective. For kernel ridge regression (KRR) specifically, a preconditioned conjugate gradient

(PCG) method for solving (K+λI)x = y using a low-rank Nyström approximation K̂ = FFT

of K computed with RPCholesky was analyzed by Díaz et al. [Día+24]. We note that there

many other methods, based on dimension reduction, have been proposed to solve large-scale
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KRR problems: e.g., we refer to [Rat+25b; Día+24; ACW17; Mea+20; RCR00; RR07;

SB00; WS00] and the references therein.

To give a brief overview of the PCG method of [Día+24], a preconditioner M = K̂+ λI

is constructed from an SVD of F, and the spectrum of M−1/2(K+λI)M−1/2 determines the

resulting rate of convergence. It is shown that if the approximation rank d is larger than the

λ-tail rank of K, which is defined as the smallest integer r such that
∑

i>r λi(K) ≤ λ, then

the preconditioned matrix has constant condition number, meaning that O(n2 log(1/ε)) op-

erations suffices to compute a solution with ε-relative error in ∥·∥A ([Día+24, Theorem 2.2]).

This is a similar result as Theorem 3.1.7 for SC-RCD: however, we note that SC-RCD can

be applied to general psd systems.

Low-rank approximation. Low-rank matrix approximation is a fundamental idea in nu-

merical linear algebra [MT20]. The most relevant forms for SC-RCD are based on (column)

Nyström approximation or interpolative decomposition [Che+25; Don+25; ETW24]. These

are aligned with the standard coordinate basis, which means that the corresponding sub-

space constraint can be enforced by updating a fixed subset of coordinates. These algorithms

use random, adaptive pivoting, and are accompanied by provable guarantees of quality that

are comparable to the best low-rank approximation. Other simple strategies such as uni-

form sampling and greedy pivoting may work well in practice, but do not have good error

bounds in general. DPP sampling [DM21], which is based on sampling blocks weighted by

their squared volumes, offers the best known near-optimal bounds, but are not easily com-

putable. Recently, a greedy deterministic method based on maximization of a trace-norm is

also analyzed in [FL24].

More generally, the subspace constraint for sketch-and-project can be defined using low-

rank approximations from random embeddings of A, which mix across all the coordinates to

perform dimension reduction (e.g., multiplying by a Gaussian matrix). These methods are

often more robust and lead to a better approximation than those based on sampling. We refer

96



to the survey [TW23, §5.4] for a comprehensive discussion of Nyström-based adaptations of

matrix approximation algorithms such as randomized SVD [HMT11], as well as extensions

based on block Krylov iteration, which are more accurate for matrices with slow spectral

decay.

3.1.4 Organization

The rest of the chapter is structured as follows. Section 3.2 describes a more abstract

subspace-constrained sketch-and-project framework for solving general linear systems. In

Section 3.3, the analysis is specialized to the SC-RCD method for solving psd linear systems.

Section 3.4 presents numerical experiments demonstrating the performance of SC-RCD for

solving psd systems, generated synthetically and coming from kernel ridge regression prob-

lems using real-life datasets. Finally, some concluding remarks are given in Section 3.5.

The remaining sections contain additional technical details. Section 3.6 describes some

omitted proofs, Section 3.7 outlines an extension of the SC-RCD method for solving least

squares problems, and Section 3.8 presents additional numerical experiments for SC-RCD.

Section 3.9 describes an accelerated subspace-constrained sketch-and-project method, and

Section 3.10 discusses an accelerated SC-RCD variant.

3.2 A general framework for subspace-constrained sketch-

and-project

Consider the goal of solving a consistent system of linear equations Ax = b, where A ∈

Rm×n. Since the matrix A may not necessarily be square or have full rank in this generality,

we aim to find the min-norm solution

x∗ := argmin
x∈Rn

∥x− x0∥B such that Ax = b, (3.17)
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where x0 ∈ Rn represents any initial approximate solution and the norm is induced by a psd

matrix parameter B ∈ Rn×n. Observe that x∗ is the projection of x0 onto Ax = b with

respect to the B-norm, so equivalently,

x∗ = x0 −B−1AT(AB−1AT)†(Ax0 − b). (3.18)

Overview of the standard sketch-and-project method. In each iteration of the

vanilla sketch-and-project framework [GR15a], a sketching matrix S ≡ Sk is drawn inde-

pendently from an input distribution D, and the current iterate xk ∈ Rn is projected onto

the sketched linear system SAx = Sb with respect to the B-norm as in (3.15). As shown

in [GR15a], this update can be written in closed form as

xk+1 = xk −B−1ATST(SAB−1ATST)†S(Axk − b), (3.19)

or expressed as a fixed point iteration in terms of the solution x∗ from (3.17) as

xk+1 − x∗ = (I− Z̃)(xk − x∗), (3.20)

where Z̃ is the orthogonal projector onto range(B−1/2ATST): that is,

Z̃ := B−1/2ATST(SAB−1ATST)†SAB−1/2. (3.21)

The convergence rate of the sketch-and-project algorithm depends on the eigenvalue spec-

trum of the expected projection matrix E[Z̃], where the expectation is taken over the random

sketching matrix S ∼ D ([GR15a, Theorem 4.6]). For a wide class of sketching matrices (in-

cluding S with independent subgaussian entries as well as sparse counterparts), it has been

shown that the convergence rate of sketch-and-project precisely depends on the entire sin-

gular value spectrum of A [Der+20; DR24].
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3.2.1 The subspace-constrained sketch-and-project framework

Let Q ∈ Rd×m with d < m be an arbitrary matrix parameter defining the (affine) subspace

{x ∈ Rn : QAx = Qb}. We formulate the subspace-constrained sketch-and-project method

as the process starting from an initial iterate x0 ∈ Rn solving QAx0 = Qb, and with

subsequent iterates given by

xk+1 = argmin
x∈Rn

∥x− xk∥B such that SAx = Sb, QAx = Qb, (3.22)

where the sketching matrices S ≡ Sk in each iteration are drawn independently from an

input distribution D. This is equivalent to the sketch-and-project method with the iterates

xk confined within the subspace {x ∈ Rn : QAx = Qb}.

The matrix Q could be chosen deterministically and consist of a selection of d rows of

the system of linear equations. It could also be a random embedding of the linear system.

Informally, constraining the iterates to a subspace parametrized by Q is computationally

beneficial when

1. we can efficiently solve the smaller system QAx = Qb to obtain an initial iterate x0;

and

2. we can efficiently project onto the nullspace of QAB−1/2 in each iteration.

In the rest of this section, our goal is to develop general theory for the subspace-

constrained sketch-and-project method (3.22). Specifically, we will derive closed-form ex-

pressions for the iterations and estimates for the convergence rate, and demonstrate the

theoretical advantage of having a subspace constraint.
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3.2.2 Update rule and comparison with unconstrained sketch-and-

project

Our first goal is to show that the iterations of subspace-constrained sketch-and-project admit

the following closed-form expressions, analogous to (3.19) and (3.20) for the unconstrained

method.

Lemma 3.2.1 (Closed-form updates). Let P and Z be the orthogonal projection matrices

onto null(QAB−1/2) and range(PB−1/2ATST), respectively; that is,

P := I− (QAB−1/2)†QAB−1/2,

Z := PB−1/2ATST(SAB−1/2PB−1/2ATST)†SAB−1/2P. (3.23)

If x0 is any vector satisfying QAx0 = Qb, then the subspace-constrained sketch-and-project

iterates {xk}k≥0 from (3.22) satisfy the following:

xk+1 = xk −B−1/2PB−1/2ATST(SAB−1/2PB−1/2ATST)†S(Axk − b). (3.24)

Furthermore, if x∗ is the min-norm solution as in (3.17), then

B1/2(xk+1 − x∗) = (I− Z)B1/2(xk − x∗). (3.25)

The proof of Lemma 3.2.1, which is technical, can be found in Section 3.6. As a quick

sanity check, observe that with Q = 0 and P = I in Lemma 3.2.1, which corresponds to

having no subspace constraint, we recover the sketch-and-project updates (3.19) and (3.20).

A consequence of the closed form update formulas is the following auxiliary lemma, whose

proof can also be found in Section 3.6.
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Lemma 3.2.2 (Invariant subspace property). Let x∗ be the min-norm solution to Ax = b

defined in (3.17) and xk be the kth iterate from the subspace-constrained sketch-and-project

method (3.22). Then for all k ≥ 0, B1/2(xk − x∗) ∈ range(PB−1/2AT).

The next result gives a formula for the decrease in error for each iteration of subspace-

constrained sketch-and-project, and justifies that it is always at least as large as the error

decrease from the corresponding unconstrained update.

Lemma 3.2.3 (Error decrease). With the same notation as in Lemma 3.2.1, the decrease

in error in each iteration of subspace-constrained sketch-and-project is given by

∥B1/2(xk+1 − x∗)∥22 = ∥B1/2(xk − x∗)∥22 − ∥ZB1/2(xk − x∗)∥22. (3.26)

Furthermore, if Z̃ is the corresponding projection matrix for the unconstrained sketch-and-

project method from (3.21) with the same sketching matrix S, then the error decrease with

the subspace constraint is not smaller than the error decrease in the unconstrained case:

∥ZB1/2(xk − x∗)∥2 ≥ ∥Z̃B1/2(xk − x∗)∥2. (3.27)

Proof. Since Z is an orthogonal projector, the per-iteration error decrease (3.26) in terms

of the Euclidean norm follows from the fixed point equation (3.25) in Lemma 3.2.1 and

Pythagoras’ theorem.

Next, observe that showing (3.27) is equivalent to showing

ξT(SAB−1/2PB−1/2ATST)†ξ ≥ ξT(SAB−1ATST)†ξ (3.28)

for all ξ = SA(xk−x∗) = SAB−1/2PB1/2(xk−x∗), recalling that B1/2(xk−x∗) ∈ range(P)

by Lemma 3.2.2. Since P ⪯ I in the psd order, we immediately have that

SAB−1/2PB−1/2ATST ⪯ SAB−1ATST. (3.29)
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Now, let L := null(PB−1/2ATST). Observe that ξ ∈ range(SAB−1/2P) = L⊥ and

null(SAB−1ATST) = null(B−1/2ATST) ⊆ L = null(SAB−1/2PB−1/2ATST),

and so
(
SAB−1/2PB−1/2ATST

∣∣
L⊥

)† ⪰ (SAB−1ATST
∣∣
L⊥

)†
, which implies (3.28).

We will now prove that the subspace-constrained sketch-and-project method converges

(in mean squared error and the B-norm) with a rate that depends on the eigenvalue spectrum

of the expected projection matrix E[Z], where Z is defined in (3.23) and the expectation is

taken over the distribution of the random sketching matrix S.

Theorem 3.2.4. Suppose that the same notation as Lemma 3.2.1 is used. Assume that the

following exactness condition holds:

null(E[Z]) = null(AB−1/2P). (3.30)

Then the subspace-constrained sketch-and-project iterates {xk}k≥0 satisfy

E∥xk − x∗∥2B ≤
(
1− λ+

min(E[Z])
)k · ∥x0 − x∗∥2B,

where

λ+
min(E[Z]) = min

x∈range(PB−1/2AT)
∥x∥2=1

xT(E[Z])x.

Proof of Theorem 3.2.4. By considering the decrease in error in the (k + 1)st iteration from

Lemma 3.2.3, taking the expectation conditional on all the randomness up to the kth itera-

tion, which we denote by Ek, and using the linearity of expectation, we obtain

Ek∥xk+1 − x∗∥2B = ∥xk − x∗∥2B − (xk − x∗)TB1/2(E[Z])B1/2(xk − x∗).
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By Lemma 3.2.2, the vectors B1/2(xk − x∗) ∈ range(PB−1/2AT) = null(AB−1/2P)⊥ for all

k ≥ 0. Since null(E[Z]) = null(AB−1/2P) under the assumption (3.30), we may expand

B1/2(xk − x∗) in the orthonormal basis of eigenvectors of E[Z] corresponding to positive

eigenvalues only, and so

(xk − x∗)TB1/2(E[Z])B1/2(xk − x∗) ≥ λ+
min(E[Z]) · ∥B1/2(xk − x∗)∥22.

Hence, the decrease in error in the (k + 1)st iteration can be bounded by

Ek∥xk+1 − x∗∥2B ≤
(
1− λ+

min(E[Z])
)
· ∥xk − x∗∥2B.

We conclude by iterating and using the tower rule for conditional expectations.

Remark 3.2.5 (Exactness condition). The assumption (3.30) is a technical condition to

ensure that the convergence rate is (strictly) positive. It is similar to an exactness condi-

tion from the sketch-and-project literature [RT20; Gow+21; GR15b], which relaxes stronger

requirements such as A having full column rank, and holds for most practical sketching

techniques. Intuitively, the exactness condition fails to hold if the distribution of sketching

matrices S ∼ D does not cover the entire space. For example, if the updates are sampled

from the same low-rank subspace, then x0− x∗ may have components that are unable to be

resolved.

Remark 3.2.6 (B-inner product geometry and oblique projections). The natural geometry

of the sketch-and-project method is defined by the B-inner product ⟨x,y⟩B := xTBy cor-

responding to the positive definite B ∈ Rn×n. By expressing the projectors P and Z from

Lemma 3.2.1 in terms of this geometry via a similarity transformation, the update formu-

las for the subspace-constrained sketch-and-project method admit the following equivalent,

more natural expressions. Specifically, let

PB := B−1/2PB1/2 and ZB := B−1/2ZB1/2 (3.31)
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be the oblique projection matrices onto null(QA) and range(B−1PT
BA

TST) with respect to

the B-norm, respectively.2 Note that PBB
−1PT

B = PBB
−1 = B−1PT

B and PB(x
k − x∗) =

xk − x∗. Then (3.24) and (3.25) in Lemma 3.2.1 can be written as

xk+1 = xk −B−1PT
BA

TST(SAPBB
−1PT

BA
TST)†S(Axk − b), (3.32)

xk+1 − x∗ = (I− ZB)(x
k − x∗). (3.33)

These expressions are almost the same as (3.19) and (3.20) for the unconstrained sketch-and-

project method using a “new matrix” APB in place of A, and the same sketched residuals

S(Axk − b). Similarly, the error decrease in Lemma 3.2.3 can be written in terms of the

B-norm as

∥xk+1 − x∗∥2B = ∥xk − x∗∥2B − ∥ZB(x
k − x∗)∥2B.

Remark 3.2.7 (Connections with the nullspace method). Observe that to solve Ax = b,

we can first solve QAx0 = Qb for x0. Then, given x0, we can (approximately) solve

APBw ≈ b − Ax0 for w ∈ range(PB) = null(QA). The overall solution can then be

constructed as x1 = x0 +w, which continues to satisfy the constraints QAx1 = Qb. In our

setting, we form x1 by solving the sketched system SAPBw = S(b−Ax0), and iterate this

procedure to obtain the iterates {xk}k≥0.

This setup resembles the nullspace approach for solving least squares problems with

linear equality constraints (e.g., see [ST22]), and illuminates the observation in Remark 3.2.6

that the subspace-constrained updates parallel the unconstrained updates using a projected

version of the matrix, APB, in place of A. In our context, the main difference is that the

subspace constraint QAx = Qb is not specified by the problem a priori, but generated

algorithmically from the data. For our purposes, the subspace constraint effectively acts as

a preconditioner : ideally, the properties of APB should improve the downstream iterative

2Note that if Π is the orthogonal projector onto some subspaceM, then ΠB = B−1/2ΠB1/2 is
the orthogonal projector ontoM with respect to the B-norm (i.e., ΠBx = argminy∈M∥x− y∥B).
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process in a suitable way. For instance, for the SC-RCD method, we will seek Q such that

APB is a good low-rank approximation of A in trace-norm.

Remark 3.2.8 (Deflated Krylov subspace methods). The subspace constraint framework

also resembles the deflation technique used to inject spectral information into Krylov sub-

space solvers [SS07]. The explicit deflation procedure for the conjugate gradient method

studied in [Nic87; Saa+00] is most closely related to our approach, especially for solving

positive semidefinite linear systems. These works establish that after obtaining an initial

iterate in an approximate eigenspace, the conjugate gradient method can also be precon-

ditioned by restricting onto the remaining subspace, and the resulting algorithm enjoys

similar recurrences. The main difference of these methods, compared with the subspace-

constrained sketch-and-project algorithm that we analyze, is in the underlying projection

mechanism (i.e., projection onto a Krylov subspace vs. projection onto a sketched linear

system SAx = Sb with respect to ∥·∥B). Later, for the SC-RCD method, we also focus on

the computational aspects of learning a good subspace from the data via a connection to

low-rank matrix approximation.

3.2.3 Convergence rate and block size

In many cases, E[Z] is difficult to compute or even estimate. However, the expected projec-

tion matrix E[Z1] corresponding to the sketching matrix S1 with a single row is often exactly

computable.

In this section, we consider the special class of sketching matrices where S ∈ Rℓ×m consists

of ℓ independent and identically distributed rows s1, . . . , sℓ ∈ Rm. This encompasses a range

of practical sketching schemes, including block versions of the randomized Kaczmarz [SV09;

NT14] and coordinate descent [LL10] methods. The following result shows that in this

setting, the iteration complexity improves at least linearly in the block size ℓ compared to

the single-row case; i.e., if using S1 = sT1 requires τ iterations to reach a desired tolerance in

mean squared error, then using S requires at most τ/ℓ iterations.
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Proposition 3.2.9. Suppose that Sℓ ∈ Rℓ×m is a matrix with i.i.d. random rows

s1, . . . , sℓ ∈ Rm, and let Z1 = (sT1AB−1/2P)†sT1AB−1/2P be the orthogonal projector

onto range(PB−1/2ATST
1). Assume that null(E[Z1]) = null(AB−1/2P). If {xk}k≥1 are the

subspace-constrained sketch-and-project iterates with sketching matrix Sℓ, then

E∥xk − x∗∥2B ≤
(
1− λ+

min(E[Z1])
)ℓk · ∥x0 − x∗∥2B. (3.34)

The key technical ingredient behind Proposition 3.2.9 is the following rank-one update

formula for orthogonal projection matrices from [Der+20], which is derived using a rank-one

update formula for the Moore–Penrose pseudoinverse ([Mey73, Theorem 1]).

Lemma 3.2.10 ([Der+20, Lemma 1]). Let X ∈ Rt×n and X−t ∈ R(t−1)×n be the matrix X

without its last row xt ∈ Rn. Suppose that Π = X†X and Π−t = X†
−tX−t are the orthogonal

projectors onto the ranges of XT and XT
−t, respectively. If xTt (I−Π−t)xt ̸= 0, then

Π−Π−t =
(I−Π−t)xtx

T
t (I−Π−t)

xTt (I−Π−t)xt
.

Otherwise, if xTt (I−Π−t)xt = 0, then xt ∈ range(XT
−t) and Π = Π−t, so the decomposition

above also holds provided that the right hand side is interpreted as zero.

We can now prove Proposition 3.2.9 using Lemma 3.2.10 to decompose the orthogonal

projector Z into a sum of rank-one projections onto a growing sequence of subspaces.

Proof of Proposition 3.2.9. It will be useful to define the sketching matrices for all interme-

diate block sizes. For 1 ≤ t ≤ ℓ, let St ∈ Rt×m be the matrix with rows s1, . . . , st, and

Xt := StAB−1/2P ∈ Rt×n be the matrix with rows x1, . . . ,xt, where xi := sTiAB−1/2P. Fur-

thermore, let Zt = X†
tXt be the orthogonal projector onto the range of XT

t (with Z0 := 0).

In particular, we get the following representation

X†
1X1 =

PB−1/2As1s
T
1AB−1/2P

sT1AB−1/2PB−1/2As1
. (3.35)
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Next, observe that the exactness condition null(E[Zt]) = null(AB−1/2P) holds for all Zt.

Indeed, Zt ⪰ Z1 and by the exactness assumption on Z1,

null(E[Zt]) ⊆ null(E[Z1]) = null(AB−1/2P) ⊆ null(E[Zt]).

Hence, all the inclusions are equalities.

We claim that for all 1 ≤ t ≤ ℓ and unit vectors y ∈ range(PB−1/2AT),

yTE[Zt]y ≥ 1−
(
1− λ+

min(E[Z1])
)t
. (3.36)

We will prove (3.36) by induction on t. When t = 1, the base case yTE[Z1]y ≥ λ+
min(E[Z1])

follows because y ∈ range(E[Z1]). Assuming that (3.36) holds for t−1 < ℓ, we want to prove

that (3.36) holds for t. Using Lemma 3.2.10, we have the following decomposition of Zt:

Zt = Zt−1 + (Zt − Zt−1) = Zt−1 +
(I− Zt−1)PB−1/2Asts

T
tAB−1/2P(I− Zt−1)

sTtAB−1/2P(I− Zt−1)PB−1/2Ast
. (3.37)

Observe that sTtAB−1/2P(I − Zt−1)PB−1/2Ast ≤ sTtAB−1/2PB−1/2Ast. Hence, by taking

expectation over the randomness in st only, conditional on s1, . . . , st−1, and using linearity

of expectation, we obtain

yTEst|s1,...,st−1 [Zt]y

≥ yTZt−1y + yT(I− Zt−1)Est|s1,...,st−1

[
PB−1/2Asts

T
tAB−1/2P

sTtAB−1/2PB−1/2Ast

]
(I− Zt−1)y

= yTZt−1y + yT(I− Zt−1)E[Z1](I− Zt−1)y.

The last equality follows from comparing the random matrix inside the inner expectation

to (3.35) and using the fact that st has the same distribution as s1. Therefore, since (I −

Zt−1)y ∈ range(PB−1/2AT) by definition of Zt, and Zt−1 is an orthogonal projector, this
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implies that

yTEst|s1,...,st−1 [Zt]y ≥ yTZt−1y + λ+
min(E[Z1]) · yT(I− Zt−1)y.

By taking the full expectation and using the induction hypothesis, we deduce that

yTE[Zt]y ≥ λ+
min(E[Z1]) +

(
1− λ+

min(E[Z1])
)
· yTE[Zt−1]y

≥ λ+
min(E[Z1]) +

(
1− λ+

min(E[Z1])
)
·
(
1−

(
1− λ+

min(E[Z1])
)t−1)

= 1−
(
1− λ+

min(E[Z1])
)t
,

and so, 1 − λ+
min(E[Zℓ]) ≤

(
1 − λ+

min(E[Z1])
)ℓ. Employing Theorem 3.2.4 completes the

proof.

3.2.4 Example: randomized block Kaczmarz

The subspace-constrained sketch-and-project method generalizes the subspace-constrained

randomized Kaczmarz (SC-RK) method analyzed in [LR24], which can be described as fol-

lows. Let B = I and Q ∈ Rd×m be a matrix parameter so that the iterates are confined

within the solution space of the sketched system QAx = Qb, and P = I− (QA)†QA be the

orthogonal projector onto null(QA). From Lemma 3.2.1, the updates of the SC-RK method

are given by

xk+1 = xk − aTj x
k − bj

∥Paj∥22
Paj.

Suppose that each row aTj = Aj,: of the matrix A is independently sampled with probability

∥Paj∥22/∥AP∥2F in each iteration. Since Z = Paja
T
jP/∥Paj∥22 if row j is sampled, it follows

that E[Z] = PATAP/∥AP∥2F . Note that the exactness condition (3.30) holds trivially

because null(PATAP) = null(AP).

The SC-RK method studied in [LR24] uses a subspace constraint parameter Q = eTS

aligned with the standard coordinate basis for some set of coordinates S ⊆ [m]. Thus, the
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initial iterate is required to satisfy the subsystem AS,:x = bS , and P = I − (AS,:)
†AS,: is

the orthogonal projector onto null(AS,:).

More generally, if a block J ⊆ [m] of ℓ ≥ 1 rows are sampled independently as above,

then the block update

xk+1 = xk − (AJ ,:P)†(AJ ,:x
k − bJ ). (3.38)

describes a subspace-constrained block randomized Kaczmarz method. From Proposi-

tion 3.2.9, the following convergence rate bound holds:

Corollary 3.2.11. Let {xk}k≥0 be the iterates defined by (3.38), where x0 solves QAx = Qb

and the block J = {j1, . . . , jℓ} in each iteration consists of ℓ rows independently sampled from

the distribution {∥Paj∥22/∥AP∥2F}mj=1. Then

E∥xk − x∗∥22 ≤
(
1− σ+

min(AP)2

∥AP∥2F

)ℓk
· ∥x0 − x∗∥22,

where σ+
min(AP)2 = λ+

min(PA
TAP) is the smallest non-zero squared singular value of AP.

By taking Q = 0 and thus P = I (i.e., no subspace constraint), Corollary 3.2.11 implies

Proposition 3.1.9 for the convergence rate of the randomized block Kaczmarz method.

Randomized rangefinder. Besides allowing for a block generalization of the SC-RK

method from [LR24], the formulation of the subspace constraint QAx = Qb allows for a ma-

trix parameter Q that is not aligned with the standard coordinate basis. This arrangement

allows for the subspace to be learned using more general low-rank approximation techniques

beyond row selection, which was explored in [LR24] using leverage score sampling. The

desirability of this additional flexibility is motivated by the observation that using a random

embedding that mixes different rows often produces a higher quality approximation than

one based purely on coordinate sampling [MT20, §9.6].

A particularly noteworthy example that we will discuss is the randomized rangefinder

procedure, which underlies the celebrated randomized SVD algorithm introduced by Halko,
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Martinsson and Tropp [HMT11]. A prototype algorithm of the randomized rangefinder for

computing an approximate basis of the row space of A ∈ Rm×n can be described as follows:

1. Draw a random Gaussian matrix Ω ∈ Rd×m with i.i.d. N(0, 1) entries.

2. Compute the matrix ΩA ∈ Rd×n

3. Construct a matrix U ∈ Rn×d whose columns form an orthonormal basis for the row

space of ΩA, e.g., by computing a QR decomposition of its transpose (ΩA)T = UR.

The prototype randomized rangefinder algorithm can be implemented in O(dmn+ d2n)

arithmetic operations, which is typically dominated by the dense matrix multiplication step.

When Ω ∈ Rd×m is Gaussian, techniques from random matrix theory can be used to prove

that the procedure produces a near-optimal rank-r approximation for some r ≈ d. More

precisely, [HMT11] proved the following result (after some simplifications for interpretability)

on the approximation quality in terms of the Frobenius norm, both in expectation and with

very high probability:

Theorem 3.2.12 ([HMT11, Theorems 10.5 and 10.7]). Let σ1(A) ≥ σ2(A) ≥ . . . be the

singular values of A ∈ Rm×n. Given a target rank r ∈ N and a sketch size d ∈ N with

d ≥ r + 4, let Ω ∈ Rd×m be a random Gaussian matrix and U ∈ Rn×d be a matrix whose

columns contain an orthonormal basis of (ΩA)T. Then

E∥A−AUUT∥2F ≤
(
1 +

r

d− r − 1

)
·
∑
i>r

σi(A)2.

Furthermore, the following event holds with probability at least 1− 7e−(d−r):

∥A−AUUT∥F ≤
(
1 + e

√
12

√
r

d− r

)
·
(∑

i>r

σi(A)2

)1/2

+ e2
√
2

√
d

d− r + 1
· σr+1(A).

For example, if we oversample by a multiplicative factor of two, i.e., choose a sketch

size d = 2r for a target rank r ≥ 2, then Theorem 3.2.12 implies that E∥A −AUUT∥2F ≤
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3
∑

i>r σi(A)2. Moreover, since σr+1 ≤
(∑

i>r σi(A)2
)1/2, it implies that with probability at

least 1−7e−r, ∥A−AUUT∥2F ≤ 635
∑

i>r σi(A)2. (Note that we did not attempt to optimize

the constants as the goal is only to highlight the comparison with the best rank-r error.)

In practice, oversampling by a small constant amount (e.g., d = r + 10) is often enough to

obtain an excellent approximation. Furthermore, for matrices with slow spectral decay, the

randomized rangefinder can be combined with power iteration to significantly improve the

approximation quality [HMT11; TW23]

Currently, using a dense Gaussian sketch Ω is viewed to be the gold standard in terms of

the approximation quality, and allows for rigorous a priori error control (Theorem 3.2.12).

In practice, more practical sketching matrices Ω can be used with very similar performance,

including fast transforms (e.g., the subsampled randomized Hadamard transform) [AC06;

Woo+08] or sparse embeddings [AM07; Cam+25]. For a more thorough discussion of related

computational aspects (e.g., a posteriori error estimation, and variations of the algorithm

for different environments), we refer to the excellent survey [MT20].

Once we have generated the random embedding Ω, computed ΩA (which we may assume

to be full rank for simplicity), and constructed a basis U for its row space, the idea is that we

can run the SC-RK algorithm confined within the affine subspace ΩAx = Ωb. This directly

fits into the subspace-constrained sketch-and-project framework with Q = Ω. Recall that

P = I− (ΩA)†ΩA = I−UUTA is the orthogonal projector onto null(ΩA) = range(ATΩT).

Thus, each (block) SC-RK update (3.38) can be implemented as

xk+1 = xk − (AJ ,: −AJ ,:UUT)†(AJ ,:x
k − bJ ). (3.39)

Compared to randomized bock Kaczmarz, each iteration (3.39) costs an additional O(ℓnd)

arithmetic operations to compute the projection of the block AJ ,:.

By combining Corollary 3.2.11 with the high probability control of ∥AP∥2F from Theo-

rem 3.2.12, we can formulate the following bound on the convergence rate of the (block) SC-
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RK method with a rank-d subspace constraint computed using the randomized rangefinder.

Compared with Proposition 3.1.9, this result shows that the denominator in the convergence

rate improves from ∥A∥2F =
∑

i≥1 σi(A)2 to a constant multiple of
∑

i>⌊d/2⌋ σi(A)2. If A is

approximately low-rank, then the latter can be much smaller for some d≪ n, which implies

a significant improvement in the convergence rate with a relatively small increase in the

per-iteration computational cost.

Proposition 3.2.13. Let Ω ∈ Rd×m be a random Gaussian matrix with d ≥ 10, and U ∈

Rn×d be a matrix whose columns contain an orthonormal basis of (ΩA)T. Let {xk}k≥0 be the

iterates defined by (3.39), where x0 solves ΩAx = Ωb and the block J = {j1, . . . , jℓ} in each

iteration consists of ℓ rows independently sampled from the distribution {∥aj−UUTaj∥22/∥A−

AUUT∥2F}mj=1. Then, conditional on an event E that occurs with probability at least 1 −

7e−⌊d/2⌋,

E[∥xk − x∗∥22 | E ] ≤
(
1− σ+

min(A)2

635
∑

i>⌊d/2⌋ σi(A)2

)ℓk

· ∥x0 − x∗∥22,

where σ+
min(A) is the smallest non-zero singular value of A.

Proof. Let E be the event that ∥AP∥2F = ∥A − AUUT∥2F ≤ 635
∑

i>d/2 σi(A)2, which

occurs with probability at least 1− 7e−⌊d/2⌋ by Theorem 3.2.12 with r = ⌊d/2⌋. Next, note

that the smallest non-zero singular value of AP is always as large as the smallest non-zero

singular value of A. This can be shown by the variational principle, using the fact that

null(AP)⊥ = range(PAT) ⊆ range(P) and range(PAT) ⊆ range(AT):

σ+
min(AP) = min

x∈range(PAT)

∥APx∥2
∥x∥2

= min
x∈range(PAT)

∥Ax∥2
∥x∥2

≥ min
x∈range(AT)

∥Ax∥2
∥x∥2

= σ+
min(A).

Therefore, conditional on the event E , we can apply the upper and lower bounds on ∥AP∥2F
and σ+

min(AP)2 from above to the bound on the SC-RK error from Corollary 3.2.11, which

shows that the claimed inequality holds.
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3.3 Analysis of subspace-constrained randomized coordi-

nate descent (SC-RCD)

In this section, we analyze the subspace-constrained randomized coordinate descent (SC-

RCD) method for solving the linear system Ax = b, where A ∈ Rn×n is a positive semidef-

inite matrix.

3.3.1 Convergence rate of SC-RCD

Update formulas. In the case when A is also positive definite, the SC-RCD method is an

instance of the subspace-constrained sketch-and-project method with geometry parameter

B = A and sparse sketching matrices aligned with the standard coordinate basis of the

form S = eTJ , defined as in (3.3), for randomly chosen subsets J ⊆ [n]. Furthermore, the

subspace constraint is defined by the matrix Q = eTS ∈ Rd×n, parameterized by a (small)

subset S ⊆ [n] of d≪ n coordinates representing d salient data points or landmarks, which

we propose to efficiently choose using an algorithm such as RPCholesky.

Recall that x0 ∈ Rn is any initial iterate satisfying AS,:x
0 = bS . By Lemma 3.2.1, the

update formula of the SC-RCD method is given by

xk+1 = xk −A−1/2PA1/2eJ(e
T
JA

1/2PA1/2eJ)
†(AJ,:x

k − bJ), (3.40)

where P = I−A1/2eS(e
T
SAeS)

†eTSA
1/2 is the orthogonal projector onto null(eTSA

1/2).

Note that the rank-d Nyström approximation of A with respect to the coordinates indexed

by S (e.g., see [MT20, §19.2], [Che+25, §2.1]) can be written as

A⟨S⟩ = A:,S(AS,S)
†AS,:. (3.41)
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Using this expression, we can make the key observation that the residual matrix satisfies

A◦ = A−A⟨S⟩ = A1/2PA1/2. (3.42)

Thus, the update formula (3.40) can be written as

xk+1 = xk − (eJ − eS(AS,S)
†AS,:eJ )(A

◦
J ,J )

†(AJ ,:x
k − bJ )

= xk − eJα
k + eSβ

k, (3.43)

where, with the corresponding residual vector denoted by rk = Axk − b,

αk := (A◦
J ,J )

†rkJ , βk := C:,Jα
k, and C := (AS,S)

†AS,:.

Note that the formula (3.43) remains well-defined even if A is rank deficient. Hence, the

SC-RCD method can be defined directly through the update formula (3.43), and remains

well-defined in the general positive semidefinite case.

With the update (3.43) for the iterate xk, the following update for the residual vector

rk+1 = Axk+1 − b can be derived:

rk+1 = (Axk − b)−A◦
:,J (A

◦
J ,J )

†(AJ ,:x
k − bJ )

= rk −A◦
:,J (A

◦
J ,J )

†rkJ

= rk −A◦
:,Jα

k. (3.44)

Finally, using (3.42), the orthogonal projector Z onto range(PA1/2eJ ) can be written

Z = PA1/2eJ (e
T
JA

1/2PA1/2eJ )
†eTJA

1/2P

= PA1/2eJ (A
◦
J ,J )

†eTJA
1/2P. (3.45)
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Remark 3.3.1 (Properties of the Nyström approximation). The residual matrix A◦ =

A − A⟨S⟩ is the (generalized) Schur complement of A with respect to the coordinates

S ⊆ [n] (e.g., see [HZ05]). From this observation, the following well-known properties of

the Nyström approximation A⟨S⟩ can be derived. (i) A◦ ⪰ 0, so A ⪰ A⟨S⟩ ⪰ 0. (ii) The

columns indexed by S in A⟨S⟩ and A are equal: (A⟨S⟩):,S = A:,S . (iii) The range of A⟨S⟩

coincides with the span of the columns S in A: range(A⟨S⟩) = range(A:,S). (iv) If the

d × d block (A⟨S⟩)S,S is invertible, then rank(A◦) = rank(A) − d ([HZ05, Theorem 1.6]),

and the eigenvalues of A◦ interlace those of A: λi(A) ≥ λi(A
◦) ≥ λi+d(A) for 1 ≤ i ≤ n− d

([Liu05, Theorem 2.1]).3 (v) Finally, if A⟨S⟩ is computed using RPCholesky, then (A⟨S⟩)S,S
is invertible by virtue of the adaptive diagonal sampling process for the pivots.

Convergence rate. In the positive definite case, if the block J ⊆ [n] is formed by the

simple scheme of sampling ℓ coordinates independently from the same distribution, the

convergence rate of the SC-RCD method can be deduced from the general theory for the

subspace-constrained sketch-and-project method (Theorem 3.2.4 and Proposition 3.2.9). The

following result obtains the resulting rate when the coordinates are sampled proportionally

to the diagonal of the residual matrix A◦:

Theorem 3.3.2 (Diagonal sampling). Let A ∈ Rn×n be a positive semidefinite matrix and

x∗ be any solution of Ax = b. Suppose that {xk}k≥0 are the iterates defined by (3.43) with a

fixed subset S ⊆ [n], and the block J = {j1, . . . , jℓ} in each iteration consists of ℓ coordinates

independently sampled according to the distribution diag(A◦)/ tr(A◦). Then

E∥xk − x∗∥2A ≤
(
1− λ+

min(A
◦)

tr(A◦)

)kℓ
· ∥x0 − x∗∥2A.

Proof. First, suppose that A is positive definite. Since the blocks consist of i.i.d. samples, the

SC-RCD method fits into the framework of Proposition 3.2.9. Hence, it suffices to analyze
3If (A⟨S⟩)S,S is not invertible, these properties still hold and can be proved using the same

arguments using the generalized Aitken block-diagonalization formula ([PS05, Eq. (6.0.20)]) instead.
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E[Z1], where Z1 is the orthogonal projector onto range(PA1/2ej) from (3.45) with j ∈ [n]

and block size ℓ = 1.

The key idea is that the expectation E[Z1] admits a nice formula in terms of the residual

matrix when the coordinate j ∈ [n] is sampled with probability A◦
j,j/ tr(A

◦) in each iteration:

E[Z1] =
∑

j:A◦
j,j>0

A◦
j,j

tr(A◦)
· 1

A◦
j,j

PA1/2eje
T
jA

1/2P

=
1

tr(A◦)
PA1/2

I−
∑

j:A◦
j,j=0

eje
T
j

A1/2P =
1

tr(A◦)
PAP. (3.46)

Here we use the fact that
∑n

j=1 eje
T
j = I, and A◦

j,j = 0 implies PA1/2eje
T
jA

1/2P = 0, since

this is a rank one, psd matrix with zero trace. Note that the exactness condition is trivially

satisfied because

null(E[Z1]) = null((A1/2P)TA1/2P) = null(A1/2P).

Thus, by Proposition 3.2.9, SC-RCD with block size ℓ results in the expected error

E∥xk − x∗∥2A ≤
(
1− λ+

min(PAP)

tr(A◦)

)kℓ
· ∥x0 − x∗∥2A.

To conclude, we observe that the eigenvalues of PAP and A1/2PA1/2 = A◦ coincide.

Finally, we claim that the same result holds if A is positive semidefinite but not invertible.

In this case, the solution x∗ is not unique since it can be shifted by any vector in null(A).

However, we only need to track ∥xk − x∗∥2A, which is constant for any choice of solution

x∗.4 Although we cannot directly use the results from the subspace-constrained sketch-and-

project framework, it can be shown by direct calculation that if we define the orthogonal

projector Z by (3.45), then the fixed point equation A1/2(xk+1−x∗) = (I−Z)A1/2(xk−x∗)

4For example, we can write ∥xk − x∗∥2A = f(xk)− f(x∗), where f : x 7→ xTAx− 2bTx ([LL10,
Eq. (8)]). Since ∇f(x) = 2(Ax− b), any solution x∗ of Ax = b with psd A is a minimizer of the
convex quadratic f .
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still holds. Hence, the same arguments in Theorem 3.2.4 and Proposition 3.2.9 can be used

to reach the same conclusions.

If the blocks are sampled uniformly at random instead, then we can obtain a similar

result, except that the rate depends on the spectrum of the diagonal-normalized residual

matrix. The proof is similar and will be omitted.

Proposition 3.3.3 (Uniform sampling). Consider the same setup as in Theorem 3.3.2. If

instead, the block J consists of ℓ coordinates independently sampled from {j ∈ [n] : A◦
j,j > 0}

uniformly at random in each iteration, then with D ∈ Rn×n the diagonal matrix with entries

Dj,j = A◦
j,j,

E∥xk − x∗∥2A ≤
(
1− λ+

min(D
†/2A◦D†/2)

n− d

)kℓ
· ∥x0 − x∗∥2A.

Note that when ℓ = 1, the convergence rate in Theorem 3.3.2 is analogous to the

bound (3.2) proved for randomized coordinate descent, which depends on λ+
min(A)/ tr(A)

and is tight in general. By using the fact that the eigenvalues of the residual matrix A◦

interlace those of A (Remark 3.3.1), or directly applying the variational principle, the nu-

merator of the rate is guaranteed to be no smaller: λ+
min(A

◦) ≥ λ+
min(A). However, a signifi-

cant improvement can be realized if the denominator is much smaller; i.e., tr(A◦)≪ tr(A).

This depends on the quality of the low-rank approximation in trace-norm and relates to

how the pivots S are selected. When S is selected using RPCholesky, we are able to use its

approximation guarantees to prove Theorem 3.1.3.

Proof of Theorem 3.1.3. Let A⟨S⟩ be the Nyström approximation of A output by RPC-

holesky with randomly sampled pivot set S. For a given S, Theorem 3.3.2 implies that the

error of the SC-RCD method satisfies

E
[
∥xk − x∗∥2A | S

]
≤
(
1− λ+

min(A−A⟨S⟩)
tr(A−A⟨S⟩)

)kℓ
· ∥x0 − x∗∥2A.
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Note that λ+
min(A − A⟨S⟩) ≥ λ+

min(A). By using Theorem 3.1.1 and Markov’s inequality,

the event E where tr(A − A⟨S⟩) ≤ ρ−1(1 + δ)
∑

i>r λi(A) occurs with probability at least

1− ρ. Conditional on this event, substituting this bound into the displayed equation above

completes the proof.

3.3.2 Implementation and complexity of SC-RCD

A practical implementation of the updates (3.43) and (3.44) of the SC-RCD method is

summarized in the pseudocode in Algorithm 3.1, presented in Section 3.1.2. Its efficiency,

as well as its complexity estimates used in Theorem 3.1.7, relies on several computational

considerations discussed below.

(i) The partial pivoted Cholesky factor F ∈ Rn×d output by RPCholesky can be used

to efficiently compute an initial iterate x0 solving AS,:x
0 = bS (line 3). From Re-

mark 3.3.1, observe that AS,S = (A⟨S⟩)S,S = FS,:(FS,:)
T, where FS,: ∈ Rd×d is an

invertible, lower triangular matrix, and so (AS,S)
−1 = (FS,:)

−T(FS,:)
−1. Hence, given

any vector x ∈ Rn, we can compute

x0 = x− eS(AS,S)
−1(AS,:x− bS)

by only modifying the coordinates of x in S: first, we solve FS,:w = AS,:x − bS for

w ∈ Rd using forward substitution, and then solve (FS,:)
Tβ = w for β ∈ Rd using

back substitution. Finally, we set x0 ← x and x0
S ← x0

S − β. In total, this requires

O(d2) flops, which represents a substantial improvement over the O(d2n) flops from

solving AS,:x = bS naively.

Given any vector x and r = Ax− b (e.g., x = 0 and r = −b), the residual vector r0

associated with x0 can also be computed by r0 ← r−A:,Sβ, which costs O(dn) flops,

instead of O(n2) flops from computing r0 = Ax0 − b directly.
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(ii) Similarly, the columns of the auxiliary matrix C = (AS,S)
†AS,: = (FS,:)

−TFT ∈ Rd×n

(line 4) can be computed by solving a sequence of upper triangular linear systems with

back substitution (each requiring O(d2) flops). Specifically, for each j ∈ [n]\S, the jth

column C:,j is the solution of (FS,:)
TC:,j = (Fj,:)

T. (The submatrix C:,S is the identity,

but it is not used.) In total, computing C with this procedure requires O(d2(n − d))

flops.

(iii) The block J ⊆ [n] of ℓ coordinates can also be sampled without replacement (line 7)

with probabilities proportional to diag(A◦), which will always result in a larger error

decrease in each iteration (see the upcoming Remark 3.3.5). Another even simpler

alternative is to sample the block J of ℓ coordinates uniformly at random (with or

without replacement), which will be especially effective if A◦ has incoherence properties

(e.g., see [Der+25a, Lemma 10]).

(iv) Line 8 computes αk−1 = (A◦
J ,J )

†rk−1
J by finding the min-norm solution of the ℓ × ℓ

linear system A◦
J ,Jα = rk−1

J .5 For small block sizes ℓ, α can be solved directly using

a method based on QR or SVD using O(ℓ3) flops. For larger block sizes, α can be

computed inexactly using an iterative method such as CG, noting that A◦
J ,J is psd

(see the upcoming Remark 3.3.4).

Complexity estimates. Based on the considerations above, the computational costs of

SC-RCD (Algorithm 3.1) can be analyzed in two stages:

• Initialization: learning the rank-d Nyström approximation A⟨S⟩ = FFT using RPC-

holesky requires O(d2n) arithmetic operations, O(dn) entry evaluations of A, and O(dn)

storage [Che+25; ETW24]. Note that the normalized diagonal of the residual matrix

A◦ can be read off the output of RPCholesky to obtain the sampling probabilities p

5The linear system has a solution since rkJ ∈ range(A◦
J ,J ). This follows from using the fact that

PA1/2(xk − x∗) = A1/2(xk − x∗) to write rkJ = eTJA
1/2A1/2(xk − x∗) = eTJA

1/2PA1/2(xk − x∗) =

A◦
J ,:(x

k − x∗). Finally, we conclude by noting that range(A◦
J ,:) ⊆ range(A◦

J ,J ) since A◦ is psd
([HZ05, Theorem 1.20]).
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without any additional cost. Next, the initial iterate x and auxiliary matrix C can be

computed with O(d2) and O(d2n) operations, respectively, and dn entries of C have to

be stored in memory.

• Iterations: in each iteration, the residual submatrix A◦
J ,J = AJ ,J − FJ ,:(FJ ,:)

T is

needed for the projection step. If A◦ cannot be stored in memory, this requires accessing

and storing ℓn entries of A in A:,J (since the entire columns are also needed to update the

residual vector r) and O(ℓ2d) arithmetic operations. Then, solving for α requires O(ℓ3)

operations (possibly fewer if solved inexactly), computing β requires O(ℓd) operations,

and updating the iterate x and residual vector r requires ℓ+ d and O(ℓn) +O(ℓd+ dn)

operations, respectively. In summary, each iteration requires O(dn + ℓn + ℓ3 + ℓ2d)

operations. If ℓ = O(
√
n), then this simplifies to O((ℓ+ d)n) operations per iteration.

Combining Theorem 3.1.3 with the analysis of the computational costs of the SC-RCD

method allows us to prove Theorem 3.1.7 on the overall complexity of SC-RCD.

Proof of Theorem 3.1.7. If RPCholesky is independently run T = ⌈log2(2/ε)⌉ times and the

output S with the smallest residual trace-norm is chosen as in Remark 3.1.4, then the event E

where tr(A−A⟨S⟩) ≤ 2(1+1)
∑

i>r λi(A) occurs with probability at least 1−2−T ≥ 1−ε/2.

Applying Theorem 3.1.3 with δ = 1 implies that conditional on the event E , the expected

relative error after k = ⌈4(n/ℓ)κ̄r(A) log(2/ε)⌉ iterations satisfies

E
[
∥xk − x∗∥2A | E

]
≤ exp

(
−4nκ̄r(A) log(2/ε) · λ+

min(A)

2(1 + 1)
∑

i>r λi(A)

)
· ∥x0 − x∗∥2A

≤ (ε/2) · ∥x0 − x∗∥2A,

where we used the elementary inequality 1 − t ≤ e−t for the first inequality. By using the

monotonicity property ∥xk −x∗∥2A ≤ ∥x0−x∗∥2A in the event that E does not hold, denoted
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by Ec, the overall expectation can be bounded by

E∥xk − x∗∥2A = E
[
∥xk − x∗∥2A | E

]
· P (E) + E

[
∥xk − x∗∥2A | Ec

]
· P (Ec)

≤ (ε/2) · ∥x0 − x∗∥2A + (ε/2) · ∥x0 − x∗∥2A = ε · ∥x0 − x∗∥2A,

as desired. It remains to compute the computational costs. Running RPCholesky

T = O(log(1/ε)) times and initializing requires O(d2n log(1/ε)) arithmetic operations,

O(dn log(1/ε)) entry evaluations, and O(dn) storage. Subsequently, each SC-RCD iteration

requires accessing ℓn entries of A and O(dn+ℓn+ℓ3+ℓ2d) arithmetic operations, so in total

O(n2 · κ̄r(A) log(1/ε)) entry evaluations and O((n2(d + ℓ)/ℓ + ℓ2n + ℓdn) · κ̄r(A) log(1/ε))

arithmetic operations are required.

Remark 3.3.4 (Inexact projections). Note that each update (3.24) requires finding

the min-norm solution z of the linear system SAB−1/2Pz = S(Axk − b) to compute

(SAB−1/2PB−1/2ATST)†S(Axk − b). For practical efficiency, it is possible for an approxi-

mate solution to be computed; e.g., using an inner iterative method such as preconditioned

CG. See [DY24, §4.3], [Der+25a, §6], or [TRG16] for results along these lines, where similar

theoretical bounds as in Theorem 3.2.4 can be derived with the loss of a small multiplicative

factor in the rate.

Remark 3.3.5 (Sampling without replacement). If the coordinates in the blocks are sampled

without replacement in Theorem 3.3.2 or Proposition 3.3.3, then the same bounds hold

because the convergence rate can only improve. To see this, suppose that J and J ′ consists

of ℓ coordinates sampled with and without replacement, respectively, and let Z ≡ Z(J )

and Z′ ≡ Z′(J ′) denote the corresponding orthogonal projectors onto range(PA1/2eJ ) and

range(PA1/2eJ ′) from (3.45). The key observation is that J and J ′ can be coupled such that

J ⊆ J ′ by rejection sampling (e.g., J ′ can be formed by proposing the same indices sampled

for J and resampling any duplicates), and hence Z′ ⪰ Z. Combined with Lemma 3.2.3, this

implies that the error decrease in each iteration with Z′ is always at least as large as with Z.
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3.4 Numerical experiments

In this section, we present some numerical experiments demonstrating various features of

the SC-RCD method. The experiments were performed using Python 3.12.7 on a 2.6 GHz

Intel Skylake CPU with 32GB RAM. The code is available at https://github.com/

jackielok/subspace-constrained-rcd.

3.4.1 Synthetic psd system

In the first experiment, we demonstrate the effectiveness of the SC-RCD method (Algo-

rithm 3.1) for solving approximately low-rank systems. We simulate a n × n psd linear

system with n = 8, 192 = 213, where the first r = 400 eigenvalues are equal to one (i.e., are

“large” up to normalization) and subsequently decay as λi = i−3/2 for i > 400, by defining a

diagonal matrix Σ with Σi,i = λi and rotating with a uniformly random orthogonal matrix

U to form A = UΣUT.

Figure 3.1 (right) shows that the residual matrix A◦ = A − A⟨S⟩ with approximation

rank d = 500 ≈ 5.5
√
n is much better conditioned than A. Accordingly, Figure 3.1 (left)

shows that SC-RCD, using the corresponding rank-d Nyström approximation and block size

ℓ = 500, converges effectively. For comparison, we also show the convergence rate, measured

on an epoch-basis, for related methods including the conjugate gradient method (CG); ran-

domized coordinate descent (RCD) with blocks of size ℓ = 500, sampled in the same way as

SC-RCD; and the recently proposed CD++ method from Dereziński et al. [Der+25b], which

combines RCD with techniques such as adaptive acceleration and Hadamard preconditioning.

Figure 3.2 shows the relative residual norm after 200 epochs for SC-RCD, RCD, and

CD++ using various block sizes ℓ and approximation ranks d. Figure 3.2 (left) shows that the

SC-RCD error decreases as ℓ increases. The theory that we develop (Theorem 3.3.2) implies

that this curve should be non-decreasing; however, the actual performance (significantly)

exceeds this bound, which reflects how larger blocks are able to implicitly capture larger
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Figure 3.1: Solving a synthetic 8, 192 × 8, 192 psd system Ax = b with approximate rank
r = 400. (Left) Relative residual norm ∥Axk − b∥2/∥Ax0 − b∥2 over 300 epochs for SC-
RCD (with d = 500 and ℓ = 500), as well as CG, RCD and CD++ (also with ℓ = 500),
using the same initial iterate as SC-RCD. Each epoch corresponds to a single pass over the
entire dataset (i.e., one iteration of SC-RCD/RCD/CD++ corresponds to ℓ/n epochs). The
lines depict the median over 100 independent runs with the same Nyström approximation.
(Right) Eigenvalue spectra of A and the residual matrix A◦ corresponding to the rank-d
approximation, with their condition numbers

∑
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+
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Figure 3.2: Continuing the same setup as in Figure 3.1, the plots show the relative residual
norm after 200 epochs for (Left) SC-RCD (with d = 500), RCD, and CD++ with various
block sizes; and (Right) SC-RCD (with ℓ ∈ {50, 500}) with various approximation ranks.

parts of the spectrum of A (see [DR24; Der+25b] for related theory). It also shows that

RCD and CD++ do not converge effectively until ℓ is large enough to implicitly capture the

leading r = 400 eigenvalues, after which they significantly improve. Figure 3.2 (right) shows

that the SC-RCD error also decreases as d increases and RPCholesky computes a higher

quality matrix approximation (Theorem 3.1.1). We observe a significant improvement once
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d is large enough, in combination with ℓ (due to the implicit effects of block size), to capture

the r large spectral outliers of A in each iteration.

We note that while each iteration of SC-RCD incurs an additional computational cost of

O(nd) to enforce the subspace constraint compared to RCD, it is not the dominating term

in the complexity of each iteration when d, ℓ ≈ O(
√
n) (see Section 3.3.2). Correspondingly,

the time to run SC-RCD and RCD in Figures 3.1 and 3.2 with the same block size ℓ was

found to be very close. The iterations of CD++ with the same block size are somewhat

faster due to its use of techniques such as approximate regularized projections and block

memoization, which could be integrated with SC-RCD for practical efficiency as a part of

future work. However, we note that the theoretical guarantee (3.16) for CD++ requires the

matrix A to be stored in memory and preprocessed by a randomized Hadamard transform,

or otherwise requires A to possess some natural incoherence properties. This makes it more

difficult to apply for large-scale problems, such as in the upcoming experiment.

3.4.2 KRR problem on real-life dataset with fast spectral decay

In the next experiment, we investigate the performance of the SC-RCD method for solving

large-scale kernel ridge regression (KRR) problems where the matrix cannot be stored in

memory, and the dominant computational cost comes from matrix evaluations.

To give a brief overview of KRR, suppose that we are given n data points {(zi, yi)}ni=1

with features zi ∈ Rp and response variable yi ∈ R. A kernel matrix K ∈ Rn×n is formed

with Ki,j = κ(zi, zj) for some positive definite kernel function κ : Rn × Rn → R. For our

experiments, we will use the Gaussian kernel with bandwidth parameter σ > 0, defined by

κ(zi, zj) = exp (−∥zi − zj∥22/(2σ2)) . Then, given a regularization parameter λ > 0, the goal

of KRR is to find a vector x ∈ Rn to minimize ∥Kx− y∥22 + λxTKx, which is equivalent to

solving the positive definite system (K+ λI)x = y.

In Figure 3.3, we take n = 100, 000 samples from the hls4ml_lhc_jets dataset [Pie+20],

which consists of features zi ∈ R16 for predicting jet classes from LHC proton-proton colli-

124



0 20 40 60 80 100
Epochs

10 5

10 4

10 3

10 2

10 1

100

101

102
Re

la
tiv

e 
re

sid
ua

l n
or

m

CG
PCG
RCD
SCRCD (diag)
SCRCD (unif)

0 5000 10000 15000 20000 25000
Time (seconds)

10 5

10 4

10 3

10 2

10 1

100

101

102

Re
la

tiv
e 

re
sid

ua
l n

or
m

CG
PCG
RCD
SCRCD (diag)
SCRCD (unif)

0 2500 5000 7500 10000 12500 15000 17500 20000
Eigenvalue index

10 4

10 3

10 2

10 1

100

101

102

103

104

Ei
ge

nv
al

ue

Input A (1.0e+09)
Residual A  (1.0e+06)
Preconditioned M 1/2AM 1/2 (4.1e+05)

0 1000 2000 3000 4000 5000 6000
Approximation rank d

10 8

10 6

10 4

10 2

100

Re
la

tiv
e 

re
sid

ua
l n

or
m

PCG
SCRCD (diag)
SCRCD (unif)

Figure 3.3: Solving the KRR problem (K + λI)x = y on the hls4ml_lhc_jets dataset
with n = 100, 000 samples and a very small amount of regularization λ = 10−9n. (Top left)
Relative residual norm ∥(K+λI)xk−y∥2/∥y∥2 over 100 epochs for SC-RCD (with d = 1, 000
and ℓ = 1, 000), as well as RCD (also with ℓ = 1, 000), CG, and PCG (also with d = 1, 000).
The lines (resp. shaded interval) depict the median (resp. 0.2- and 0.8-quantiles) over 100
independent runs. (Top right) Error in terms of time elapsed. The kernel matrix K is
not stored in memory, and entry evaluations represent the dominant computational cost.
(Bottom left) The leading 20, 000 eigenvalues of A = K + λI, the residual A◦, and the
preconditioned λM−1/2AM−1/2 corresponding to the rank-d Nyström approximation, with
their condition numbers

∑
i λi/λ

+
min reported in brackets. (Bottom right) The error after

50 epochs for SC-RCD and PCG with various approximation ranks d.

sions. We consider solving (K+ λI)x = y using the Gaussian kernel with bandwidth σ = 3

and a small regularization parameter λ = 10−9n, which results in a more ill-conditioned and

challenging system to solve. Figure 3.3 (bottom) shows that the eigenvalues of K decay

exponentially, so the regularized system has a flat-tailed spectrum that quickly decays to λ.

We consider the SC-RCD method where the blocks consist of indices sampled with weights

proportional to the diagonal of the residual matrix or uniformly, as well as RCD (where
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both forms of sampling are equivalent since K has unit diagonals). In each iteration, we

perform inexact projections, where α is solved up to a relative error of 0.05 using CG with

a simple Jacobi preconditioner (i.e., diagonal normalization). For comparison, we also solve

the system using the preconditioned CG method (PCG) proposed by Díaz et al. [Día+24],

which uses a preconditioner M = FFT + λI, constructed from an approximation K̂ = FFT

of K using RPCholesky.

Figure 3.3 (top) show the convergence rate of these iterative solvers, measured in terms of

the number of epochs completed (left) and the total time elapsed (right). We observe that the

SC-RCD method with a relatively small Nyström approximation significantly improves upon

RCD, analogous to the improvement of PCG over CG as shown by [Día+24]. Furthermore,

SC-RCD converges faster than PCG with the same approximation rank d = 1, 000 used.

However, Figure 3.3 (bottom right) shows that the improvement in the rate of PCG with

larger d is faster than for SC-RCD. In practice, the choice of d may be limited by the

availability of memory.

This experiment provides limited evidence of how coordinate descent-based methods can

be competitive with methods such as preconditioned CG for large-scale problems where

entry evaluations are costly. There may be further computational advantages of CD-based

methods, such as the possibility for acceleration [Tu+17], parallelization (e.g., averaging over

mini-batches [RT20, Algorithm 2]), and asynchronization [ADG15], but we do not investigate

these possibilities.

3.4.3 KRR problem with slower spectral decay

In the final experiment, we investigate the performance of SC-RCD for solving another KRR

problem on a dataset with slower spectral decay. We also demonstrate that how the blocks

are sampled can play a critical role in the convergence rate of SC-RCD.

Specifically, we consider solving (K + λI)x = y using n = 20, 000 samples from the

sensorless dataset [CL11], which consists of features zi ∈ R48, the Gaussian kernel with
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Figure 3.4: Solving the KRR problem (K + λI)x = y on the sensorless dataset with
n = 20, 000 samples and a small regularization parameter λ = 10−7n. (Left) Relative
residual norm over 300 epochs for SC-RCD (with d = 1, 000 and ℓ = 1, 000), RCD (also
with ℓ = 1, 000), CG, and PCG (also with d = 1, 000). (Right) Eigenvalue spectra of
A = K + λI, the residual A◦, and the preconditioned λM−1/2AM−1/2 corresponding to
the rank-d Nyström approximation, with their condition numbers

∑
i λi/λ

+
min reported in

brackets.

bandwidth σ = 3, and a small regularization parameter λ = 10−7n. This dataset was

identified as one of the more difficult KRR problems studied in [Día+24]. Figure 3.4 (right)

confirms that the kernel matrix exhibits much slower spectral decay, making it far more

difficult to find a good low-rank approximation. Figure 3.4 (left) shows that SC-RCD with

uniformly sampled blocks exhibits the fastest convergence rate, and diagonal sampling—

which has been the most effective for systems with rapid spectral decay so far—actually

performs poorly. We observe that SC-RCD with uniform sampling improves upon RCD, as

expected from Proposition 3.3.3.

3.5 Concluding remarks

We proposed and analyzed the SC-RCD method for solving psd linear systems Ax = b,

which combines the classical randomized block coordinate descent algorithm with a rank-d

matrix approximation, efficiently computable using an algorithm such as RPCholesky. We

proved that it is a lightweight algorithm that can obtain an ε-relative error solution using

O(nd) memory and O
(
(n2 + nd2) · κ̄r(A) log(1/ε)

)
arithmetic operations, where κ̄r(A) =
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∑
i>r λi(A)/λ+

min(A) is the normalized tail condition number of A and r is typically close

to the approximation rank d. This makes SC-RCD effective for solving large-scale, dense

systems with rapid spectral decay, such as those arising in kernel ridge regression. We

presented numerical experiments in support of these results.

Some directions for future work include combining the subspace-constrained framework

with other computational techniques, such as those employed in [Der+25b], for further prac-

tical efficiency. For example, momentum-based acceleration would help attain an improved

complexity in terms of the condition number dependence. A more general question sug-

gested by this work is how one can efficiently learn subspaces that control different parts

of the spectrum, such as small spectral outliers. Another future direction is to investigate

how constraining the dynamics within a selected subspace can be used to accelerate other

iterative algorithms based on the sketch-and-project approach, particularly those addressing

more general nonlinear problems.

3.6 Subspace-constrained sketch-and-project technical

proofs

In this section, we give the technical proofs of Lemmas 3.2.1 and 3.2.2 for subspace-

constrained sketch-and-project from Section 3.2.

Proof of Lemma 3.2.1. Given the iterate xk after the kth iteration, define z̄ := xk − xk+1.

Then from (3.22), together with the change of variables w = B1/2(xk − x), we have

B1/2z̄ =


argmin
w∈Rn

wTw

such that SAB−1/2w = S(Axk − b),

QAB−1/2w = Q(Axk − b).

 (3.47)

128



Note that since QAxk = Qb, the second constraint is equivalent to w ∈ null(QAB−1/2), or

w = Pw. By introducing Lagrange multipliers λ ∈ Rℓ, τ ∈ Rd, we deduce that the optimal

w∗ = B1/2z̄ solves the first-order conditions

w∗ +B−1/2ATSTλ+B−1/2ATQTτ = 0,

SAB−1/2w∗ = S(Axk − b),

Pw∗ = w∗.

First, by definition of P, we have PB−1/2ATQT = 0. Hence, by multiplying the first equation

by P, we obtain Pw∗ +PB−1/2ATSTλ = 0. By combining this with Pw∗ = w∗, we deduce

that

w∗ = −PB−1/2ATSTλ.

Thus, w∗ ∈ range(PB−1/2ATST), which implies that Zw∗ = w∗. This shows that

w∗ = Zw∗ = PB−1/2ATST(SAB−1/2PB−1/2ATST)†SAB−1/2Pw∗

= PB−1/2ATST(SAB−1/2PB−1/2ATST)†S(Axk − b), (3.48)

where in the last line we used that Pw∗ = w∗, and so SAB−1/2Pw∗ = S(Axk−b). Recalling

that xk+1 = xk −B−1/2w∗, the update rule (3.24) follows from (3.48).

Next, from the update rule (3.24), we obtain

B1/2(xk+1 − x∗) = B1/2(xk − x∗)−PB−1/2ATST(SAB−1/2PB−1/2ATST)†SA(xk − x∗)

= B1/2(xk − x∗)− ZB1/2(xk − x∗),

where in the last line we used xk−x∗ = B−1/2PB1/2(xk−x∗). Indeed, since QA(xk−x∗) =

Q(Axk − b) = 0, we have B1/2(xk − x∗) ∈ null(QAB−1/2) and so PB1/2(xk − x∗) =

B1/2(xk − x∗). This concludes the proof of the fixed point iteration (3.25).
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Proof of Lemma 3.2.2. From the formula (3.18) for x∗, we see that B1/2(x0 − x∗) ∈

range(B−1/2AT). Furthermore, since the initial iterate solves QAx0 = Qb, we have

QA(x0 − x∗) = Q(Ax0 − b) = 0, and thus B1/2(x0 − x∗) ∈ null(QAB−1/2) = range(P).

Hence,

B1/2(x0 − x∗) = PB1/2(x0 − x∗) ∈ range(PB−1/2AT).

Next, observe that B1/2(xk − x∗) ∈ range(P) for all k ≥ 0 since the subsequent iterates xk

continue to solve QAxk = Qb. From the fixed point iteration (3.25) in Lemma 3.2.1, we

have B1/2(xk−x∗) = B1/2(xk−1−x∗)−ZB1/2(xk−1−x∗). Since Z is the orthogonal projector

onto range(PB−1/2ATST), it follows from induction that B1/2(xk − x∗) ∈ range(PB−1/2AT)

for all k ≥ 0.

3.7 Extension of SC-RCD for least-squares problems

Algorithm 3.2 SC-RCD: least squares
Require: Matrix A ∈ Rm×n, vector b ∈ Rm, approximation rank d, block size ℓ
Ensure: Approximate solution x ∈ Rn of argminx∥Ax−b∥2, residual vector r = Ax−b ∈

Rm

1: Compute pivot set S ⊆ [n] and Q ∈ Rm×d, R ∈ Rd×n defining column-pivoted partial
QR decomp. Â = QR, and set A◦ ← A− Â ▷ E.g., [Che+25, Alg. 7]

2: Compute D← (R:,S)
−1QT ∈ Rd×m and C← DA ∈ Rd×n

3: Set x← Db ∈ Rn and r← Ax− b ∈ Rm

4: Set p← 0n×1, and compute pj ← ∥A◦
:,j∥22/∥A◦∥2F for j ∈ [n] \ S

5: for k = 1, 2, . . . do
6: Sample subset J = {j1, . . . , jℓ} of ℓ columns with j1, . . . , jℓ ∼ p i.i.d.
7: Solve (A◦

:,J )
TA◦

:,Jα = (A◦
:,J )

Tr for α ∈ Rℓ

8: β ← C:,Jα ∈ Rd

9: xJ ← xJ −α, xS ← xS + β
10: r← r−A◦

:,Jα
11: end for
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In this section, we will briefly explain how the SC-RCD method can be adapted to solving

the least-squares problem

argmin
x∈Rn

∥Ax− b∥2, where A ∈ Rm×n. (3.49)

Since (3.49) reduces to the solution of the normal equations ATAx = ATb, this can be

solved by applying the psd SC-RCD method on the normal equations. In the following, we

will show that the algorithm can be implemented without explicitly forming the psd matrix

ATA as a column-action method; see Algorithm 3.2 for pseudocode.

In this setting, the natural analogue of the Nyström approximation is the column projec-

tion approximation ΠA,SA of A, where ΠA,S is the orthogonal projector onto the span of

the columns of A indexed by S. The key observation is that the entries of the Gram matrix

(A:,S)
TA:,S give the inner products between the columns of A indexed by S; in particular,

the squared column norms can be read off the diagonal (see, e.g., [Che+25, §3] for more

details on this classical connection).

Indeed, the RPCholesky algorithm can be naturally adapted to a randomly pivoted QR

algorithm that outputs a column projection approximation in the form of a partial QR

decomposition Â = QR of A, where Q ∈ Rm×d has orthonormal columns and R ∈ Rd×n is

upper triangular (after pivoting to bring the columns in S to the front), such that Â:,S = A:,S

and range(Â) = range(A:,S); see [Che+25, Algorithm 7]. We note that there are many

other approaches for solving the corresponding column subset selection problem, including

an elegant strategy based on adaptive randomized pivoting recently analyzed in [CK26].

Derivation of Algorithm 3.2

Suppose that we are given a column projection approximation ΠA,SA of A with d pivots S ⊆

[n] and an initial iterate x0 satisfying (ATA)S,:x
0 = (ATb)S , or equivalently (A:,S)

T(Ax0 −
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b) = 0. Let

Â := ΠA,SA and A◦ := A− Â (3.50)

be the column projection approximation of A with respect to the columns indexed by S and

the corresponding residual matrix, respectively. Observe that if

P = I− (ATA)1/2eS((A
TA)S,S)

†eTS(A
TA)1/2

is the orthogonal projector onto null(eTS(A
TA)1/2), then

(ATA)1/2P(ATA)1/2 = AT(I−ΠA,S)A = (A◦)TA◦. (3.51)

Hence, after some algebraic manipulations, the update (3.43) for the iterate xk for solving

the psd system ATAx = ATb with SC-RCD is equivalent to the following:

xk+1 = xk − eJα
k + eSβ

k, (3.52)

where

αk := (((A◦)TA◦)J ,J )
†(A:,J )

Trk and βk := C:,Jα
k,

with C := ((ATA)S,S)
†(ATA)S,: and rk = Axk − b. Note that the subspace constraint

maintains the invariant (A:,S)
T(Axk − b) = 0. Therefore, (Â:,J )

Trk = (A:,J )
TΠA,Sr

k = 0,

and we can replace (A:,J )
Trk with (A◦

:,J )
Trk (i.e., αk is the solution of a highly overdeter-

mined least squares problem argminα∥A◦
:,Jα − rk∥2). Furthermore, the update (3.44) for

the residual vector rk is equivalent to

rk+1 = rk − (I−ΠA,S)A:,Jα
k = rk −A◦

:,Jα
k. (3.53)

The updates (3.52) and (3.53) are summarized in the pseudocode in Algorithm 3.2. Each

iteration requires accessing the columns of A and Â indexed by the sampled block J . Similar
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to the psd case (Section 3.3.2), the partial QR structure of the approximation Â can be used

to compute the auxiliary matrix C = (A:,S)
†A and a valid initialization x0 = (A:,S)

†b more

efficiently by observing that (A:,S)
† = (QR:,S)

† = (R:,S)
−1QT if A:,S has full rank, recalling

that R:,S is upper triangular.

The following result states the convergence rate of the least squares SC-RCD method

(Algorithm 3.2), which immediately follows from Theorem 3.3.2 for a fixed pivot set S. As

in the psd SC-RCD case, this can be further combined with bounds for the quality of the

low-rank approximation Â such as [Che+25, Corollary 5.2], which we do not elaborate on.

Theorem 3.7.1. Let A ∈ Rm×n and x∗ be any solution of the least squares problem (3.49).

Suppose that {xk}k≥0 are the iterates defined by (3.52) with a fixed subset S ⊆ [n], and

the block J = {j1, . . . , jℓ} in each iteration consists of ℓ columns independently sampled

according to the distribution {∥A◦
:,j∥22/∥A◦∥2F}nj=1. Then

E∥xk − x∗∥2ATA ≤
(
1− σ+

min(A
◦)2

∥A◦∥2F

)kℓ
· ∥x0 − x∗∥2ATA,

where A◦ = A−ΠA,SA, and σ+
min(A

◦) is the smallest non-zero singular value of A◦. Note

that ∥xk−x∗∥2
ATA

= ∥Axk−b∥22−∥Ax∗−b∥22 measures the suboptimality in the least squares

objective.

3.8 Additional numerical experiments

In this section, we present additional experiments to corroborate the findings reported in

Section 3.4. We adopt a similar KRR setup as in Figures 3.3 and 3.4: we take n = 20, 000

samples (zi, yi) ∈ Rp from a selection of datasets considered in [Día+24, Table 1], which are

sourced from OpenML [Van+13] and LibSVM [CL11], and solve (K + λI)x = y using the

Gaussian kernel K with bandwidth σ = 3 and a small regularization parameter λ = 10−8n.
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We use SC-RCD (with d = 1, 000 ≈ 7
√
n and ℓ = 1, 000), RCD (with ℓ = 1, 000), CG, and

PCG (with d = 1, 000).

Figures 3.5 and 3.6 report the convergence trajectories, showing the relative residual

norm ∥(K + λI)xk − y∥2/∥y∥2 over the first 300 epochs (the median and 0.2/0.8-quantiles

over 10 independent runs are reported), and the corresponding eigenvalue spectra for eight

datasets, loosely grouped in terms of whether the kernel matrix exhibits rapid or slower

spectral decay.
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Figure 3.5: For kernel matrices exhibiting rapid spectral decay, the SC-RCD method is
particularly effective: (Left) Convergence trajectories and (right) eigenvalues for the (i)
ACSIncome (p = 11), (ii) Airlines_DepDelay_1M (p = 9), (iii) cod-rna (p = 8), and
(iv) diamonds (p = 9) datasets.
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Figure 3.6: For matrices with slower spectral decay, SC-RCD with uniformly sampled blocks
typically works quite well: (Left) Convergence trajectories and (right) eigenvalues for the
(i) covtype.binary (p = 54), (ii) creditcard (p = 29), (iii) HIGGS (p = 28), and (iv)
SensIT Vehicle (p = 100) datasets.
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3.9 Accelerated subspace-constrained sketch-and-project

The sketch-and-project method can be interpreted as a form of stochastic gradient descent

(SGD) [RT20; Gow+21]. Analogously, the subspace-constrained version can be interpreted

as a form of projected SGD where the iterates are confined within (affine) subspace corre-

sponding to the solutions of QAx = Qb throughout. Indeed, from Lemma 3.2.1, the updates

of subspace-constrained sketch-and-project are of the form xk+1 = xk − gk, where gk is a

projected gradient associated with a random sketch of the linear system.

In this section, we will describe an accelerated subspace-constrained sketch-and-project

algorithm for solving Ax = b with A ∈ Rm×n that incorporates a Nesterov momentum

term. We will adapt a formulation of the accelerated randomized block Kaczmarz algo-

rithm recently proposed by [Der+25b], building on previous accelerated algorithms analyzed

by [Tu+17; Gow+18]. Recall that P and Z are the orthogonal projectors onto null(QAB−1/2)

and range(PB−1/2ATST), respectively.

Given parameters ρ̂, η̂ ∈ [0, 1] and any initial iterate x0 satisfying QAx0 = Qb, consider

the following procedure. Set m0 = 0, and for k = 0, 1, 2, . . ., draw a sketching matrix

S ≡ Sk+1 independently from an input distribution D, and compute

gk = B−1/2PB−1/2ATST(SAB−1/2PB−1/2ATST)†S(Axk − b), (3.54)

mk+1 =
1− ρ̂

1 + ρ̂
(mk − gk), (3.55)

xk+1 = xk − gk + η̂ ·mk+1. (3.56)

The following result bounds the convergence rate of accelerated subspace-constrained

sketch-and-project if the parameters ρ̂ and η̂ are chosen based on quantities related to the

spectrum of E[Z] (analogous to the first and second moments).

Theorem 3.9.1. Let P and Z be the orthogonal projection matrices onto null(QAB−1/2)

and range(PB−1/2ATST), respectively, as in Lemma 3.2.1. Assume that the exactness con-
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dition (3.30) holds: null(E[Z]) = null(AB−1/2P). Define

µ := λ+
min(E[Z]) and ν := λmax

(
E
[
(E[Z]†/2ZE[Z]†/2)2

])
. (3.57)

If {xk}k≥0 is computed according to the procedure (3.54)–(3.56) using parameters η̂, ρ̂ ∈ [0, 1]

that satisfy

η̂ ≤ ν−1 − ρ̂

1− ρ̂
and

ρ̂(ρ̂− µ)

1− ρ̂
≤ µη̂, (3.58)

then

E∥xk − x∗∥2B ≤ 8 (1− ρ̂ )k · ∥x0 − x∗∥2B. (3.59)

Remark 3.9.2. 1. A choice of parameters that saturate the bounds in (3.58) are given

by

ρ :=

√
µ

ν
and η :=

ν−1 − ρ

1− ρ
. (3.60)

By choosing η̂ = η and ρ̂ = ρ, (3.59) implies that the iterates {xk}k≥0 converge with

rate 1 −
√

µ/ν . It can be shown that 1 ≤ ν ≤ 1/µ (see Lemma 3.9.5). Hence, the

accelerated method with the optimal parameters converges faster than the unaccelerated

method, which has rate 1−µ from Theorem 3.2.4. On the other end, note that choosing

η̂ = 0 and (necessarily) ρ̂ = µ also recovers the unaccelerated method. Thus, the choice

of η̂ and ρ̂ satisfying the conditions (3.58) offers a smooth interpolation between the

optimal accelerated and unaccelerated methods, and suggests a certain robustness in

the estimation of the parameters.

2. Given estimates µ̂ and ν̂ that satisfy µ̂ ≤ µ, ν̂ ≥ ν, and ν̂ ≤ 1/µ̂, a valid set of

parameters ρ̂, η̂ satisfying (3.58) can be obtained by setting

ρ̂ =

√
µ̂

ν̂
and η̂ =

ν̂−1 − ρ̂

1− ρ̂
. (3.61)
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3. The conditions on ρ̂ in (3.58) imply that ρ̂ ≤ ρ. Indeed, substituting the first condition

into the second yields ρ̂2 − µρ̂ = ρ̂(ρ̂ − µ) ≤ µη̂(1 − ρ̂) ≤ µ(ν−1 − ρ̂) = ρ2 − µρ̂. The

first condition also implies that η̂ ≤ 1/ν.

To prove Theorem 3.9.1, we will consider another formulation of the accelerated sketch-

and-project method [Tu+17; Gow+18] that embeds the sequence {xk}k≥0 from (3.54), and

allows for the convergence rate to be bounded using a Lyapunov-style analysis [WRJ21].

Specifically, let µ̂ and ν̂ be positive parameters satisfying µ̂ ≤ ν̂, and define

β := 1−
√

µ̂

ν̂
, γ :=

1√
µ̂ν̂

, α :=
1

1 + γν̂
. (3.62)

Given any initial iterate x0 satisfying QAx0 = Qb, set v0 = y0 = x0. For k = 0, 1, 2, . . .,

draw a sketching matrix S ≡ Sk+1 independently from an input distribution D, and compute

gk = B−1/2PB−1/2ATST(SAB−1/2PB−1/2ATST)†S(Axk − b), (3.63)

yk+1 = xk − gk, (3.64)

vk+1 = βvk + (1− β)xk − γgk, (3.65)

xk+1 = αvk+1 + (1− α)yk+1. (3.66)

Note that from (3.64), yk+1 is obtained from a subspace-constrained sketch-and-

project update from xk (Lemma 3.2.1). Furthermore, observe that the differences

B1/2(xk−x∗),B1/2(yk−x∗),B1/2(vk−x∗) ∈ range(P) = null(QAB−1/2) throughout, which

shows that the iterates xk,yk,vk are constrained within the solution space QAx = Qb.

The following theorem describes the convergence rate of the accelerated subspace-

constrained sketch-and-project method formulated in (3.63)–(3.66). In the statement, we

use the notation ∥z∥2
B1/2E[Z]†B1/2 = zTB1/2E[Z]†B1/2z to denote the semi-norm induced by

B1/2E[Z]†B1/2.
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Theorem 3.9.3. Suppose that the same notation as Theorem 3.9.1 is used. Assume

that the exactness condition (3.30) holds: null(E[Z]) = null(AB−1/2P). Suppose that

{(xk,yk,vk)}k≥0 are the iterates from the procedure (3.63)–(3.66) using positive parameters

µ̂, ν̂ > 0 that satisfy µ̂ ≤ µ and ν̂ ≥ ν. If we define

∆k := ∥vk − x∗∥2B1/2E[Z]†B1/2 + µ̂−1∥yk − x∗∥2B,

then

E∆k ≤
(
1−

√
µ̂

ν̂

)k

·∆0. (3.67)

In particular, this implies the bounds

E∥yk − x∗∥2B ≤ 2

(
1−

√
µ̂

ν̂

)k

· ∥x0 − x∗∥2B (3.68)

and

E∥xk − x∗∥2B ≤ 8

(
1−

√
µ̂

ν̂

)k

· ∥x0 − x∗∥2B. (3.69)

The proof of Theorem 3.9.3 uses essentially the same argument used in the proof

of [Gow+18, Theorem 3] for the accelerated sketch-and-project method, and involves

some fairly technical and lengthy calculations. The main difference is that the subspace-

constrained version incorporates the projector P to enforce the subspace constraint, which

requires more careful reasoning about subspaces. Moreover, our formulation allows for

the algorithm to use an underestimate µ̂ of µ and an overestimate ν̂ of ν. We will prove

Theorem 3.9.3 in Section 3.9.1.

To show that Theorem 3.9.1 follows from Theorem 3.9.3 , we simply have to identify how

the two formulations of accelerated subspace-constrained sketch-and-project are equivalent

under appropriate reparameterizations, which is given by the following lemma.
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Lemma 3.9.4. The iterates {xk}k≥0 from the procedure (3.63)–(3.66) using parameters µ̂

and ν̂ are the same as the iterates {xk}k≥0 from the procedure (3.54)–(3.56) using parameters

ρ̂ =

√
µ̂

ν̂
and η̂ =

ν̂−1 − ρ̂

1− ρ̂
. (3.70)

Conversely, the iterates {xk}k≥0 from the procedure (3.54)–(3.56) using parameters ρ̂ and η̂

are the same as the iterates {xk}k≥0 from the procedure (3.63)–(3.66) using parameters

µ̂ = ρ̂2ν̂ and ν̂ =
1

ρ̂+ η̂(1− ρ̂)
. (3.71)

The proof of equivalence follows from some straightforward algebra and the definitions,

and will be deferred to Section 3.9.2. To conclude, we finish by verifying that Theorem 3.9.1

follows from Theorem 3.9.3 and Lemma 3.9.4.

Proof of Theorem 3.9.1. Since Lemma 3.9.4 shows that the sequence {xk}k≥0 from (3.56)

embeds into the sequence from (3.66) with parameters µ̂ = ρ̂2ν̂ and ν̂ = 1/(ρ̂+ η̂(1− ρ̂)), it

suffices to check that µ̂ ≤ µ and ν̂ ≥ ν so that (3.69) from Theorem 3.9.3 can be applied.

Indeed, the conditions in (3.58) are rearrangements of the inequalities ν̂ ≥ ν and µ̂ ≤ µ,

respectively, in terms of ρ̂ and η̂.

3.9.1 Proof of Theorem 3.9.3

In this section, we will prove Theorem 3.9.3, which bounds the convergence rate of the

subspace-constrained sketch-and-project procedure (3.63)–(3.66). First, we prove some prop-

erties of the moments µ and ν related to the expected projector E[Z] as in (3.57). The

approach is similar to the proofs in [Gow+18, Appendix A.1].

Lemma 3.9.5 (Properties of µ and ν). Assume that the exactness condition (3.30) holds:

null(E[Z]) = null(AB−1/2P). Let µ = λ+
min(E[Z]) and ν = λmax

(
E
[
(E[Z]†/2ZE[Z]†/2)2

])
.
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Then, we have the following equivalent variational characterizations of µ and ν:

µ = inf
x∈range(PB−1/2AT)

⟨E[Z]x,x⟩
⟨x,x⟩ and ν = sup

x∈range(PB−1/2AT)

〈
E[ZE[Z]†Z]x,x

〉
⟨E[Z]x,x⟩ . (3.72)

Furthermore, ν ≥ 1 and µ ≤ 1/ν.

Proof. The variational characterization for µ = λ+
min(E[Z]) follows from applying the

standard min-max theorem for the smallest eigenvalue of a symmetric matrix and

using the exactness condition to identify the nullspace. We do the same for ν =

λmax

(
E[Z]†/2E

[
ZE[Z]†Z

]
E[Z]†/2

)
, together with the substitution y = E[Z]1/2x and us-

ing the fact that E[Z]†/2E[Z]1/2 is the identity on range(E[Z]).

Next, by Jensen’s inequality and convexity of the map Z 7→
〈
ZE[Z]†Zx,x

〉
=

∥E[Z]†/2Zx∥2 for fixed x, we have

E
[〈
ZE[Z]†Zx,x

〉]
≥
〈
E[Z]E[Z]†E[Z]x,x

〉
= ⟨E[Z]x,x⟩ .

Therefore, from the variational characterization of ν we deduce that

ν ≥ sup
x∈range(PB−1/2AT)

⟨E[Z]x,x⟩
⟨E[Z]x,x⟩ = 1.

By using the variational characterization of ν again and making the substitution x =

E[Z]†/2y, we have

ν = sup
x∈range(PB−1/2AT)

E
[〈
E[Z]†Zx,Zx

〉]
⟨E[Z]x,x⟩ ≤ sup

x∈range(PB−1/2AT)

∥E[Z]†∥E∥Zx∥2
⟨E[Z]x,x⟩ = ∥E[Z]†∥ ≤ 1

µ
.

This completes the proof.

Furthermore, from the definition of the iterates, it is clear that the differences satisfy the

following invariance property, analogous to Lemma 3.2.2.
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Lemma 3.9.6 (Invariance property). For all k ≥ 0, B1/2(xk−x∗),B1/2(yk−x∗),B1/2(vk−

x∗) ∈ range(PB−1/2AT).

We can now proceed to prove Theorem 3.9.3.

Proof of Theorem 3.9.3. Let rk := ∥vk − x∗∥B1/2E[Z]†B1/2 . Our goal is to bound the expecta-

tion, conditional on the randomness up to time k, of r2k+1 and µ̂−1∥yk+1 − x∗∥2B in terms of

an expression involving r2k and µ̂−1∥yk − x∗∥2B to set up a recursion.

Since vk+1 = βvk + (1− β)xk − γgk and gk = B−1/2ZB1/2(xk − x∗), we have

r2k+1 = ∥vk+1 − x∗∥2B1/2E[Z]†B1/2

= ∥βvk + (1− β)xk − x∗ − γB−1/2ZB1/2(xk − x∗)∥2B1/2E[Z]†B1/2 .

By expanding the square, we obtain

r2k+1 = ∥βvk + (1− β)xk − x∗∥2B1/2E[Z]† + γ2∥B−1/2ZB1/2(xk − x∗)∥2B1/2E[Z]†B1/2

− 2γ
〈
βvk + (1− β)xk − x∗,B1/2E[Z]†B1/2B−1/2ZB1/2(xk − x∗)

〉
.

(3.73)

We will bound the three terms of (3.73) individually. For the first term, we expand the

square and use the parallelogram identity (2 ⟨u,w⟩ = ∥u∥2 + ∥w∥2 − ∥u−w∥2) to compute

∥βvk + (1− β)xk − x∗∥2B1/2E[Z]†B1/2 = ∥β(vk − x∗) + (1− β)(xk − x∗)∥2B1/2E[Z]†B1/2

= β2∥vk − x∗∥2B1/2E[Z]† + (1− β)2∥xk − x∗∥2B1/2E[Z]†B1/2

+ 2β(1− β)
〈
vk − x∗,xk − x∗〉

B1/2E[Z]†B1/2

= β∥vk − x∗∥2B1/2E[Z]†B1/2 + (1− β)∥xk − x∗∥2B1/2E[Z]†B1/2

− β(1− β)∥vk − xk∥2B1/2E[Z]†B1/2 .
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Therefore, because β ≤ 1 and ∥E[Z]†∥ = 1/µ, the first term satisfies the bound

∥βvk + (1− β)xk − x∗∥2B1/2E[Z]†B1/2 ≤ βr2k +
1− β

µ
∥xk − x∗∥2B. (3.74)

Next, we bound the conditional expectation of the second term of (3.73) over the ran-

domness in the (k + 1)th iteration only. By using linearity of expectation and the fact that

Z is identically distributed in each iteration, we obtain

Ek∥B−1/2ZB1/2(xk − x∗)∥2B1/2E[Z]†B1/2

= Ek
[〈
B1/2E[Z]†B1/2B−1/2ZB1/2(xk − x∗),B−1/2ZB1/2(xk − x∗)

〉]
=
〈
E
[
ZE[Z]†Z

]
B1/2(xk − x∗),B1/2(xk − x∗)

〉
.

Note that B1/2(xk − x∗) ∈ range(PB−1/2AT) from Lemma 3.9.6. Hence, by using the

variational characterization of ν from Lemma 3.9.5 and ν ≤ ν̂, we obtain the following

bound for the second term:

Ek∥B−1/2ZB1/2(xk − x∗)∥2B1/2E[Z]†B1/2 ≤ ν
〈
E[Z]B1/2(xk − x∗),B1/2(xk − x∗)

〉
≤ ν̂∥B1/2(xk − x∗)∥2E[Z]. (3.75)

Finally, we compute the conditional expectation of the third term of (3.73):

Ek
[〈
βvk + (1− β)xk − x∗,B1/2E[Z]†B1/2B−1/2ZB1/2(xk − x∗)

〉]
=
〈
βvk + (1− β)xk − x∗,B1/2E[Z]†E[Z]B1/2(xk − x∗)

〉
=
〈
βvk + (1− β)xk − x∗,B1/2B1/2(xk − x∗)

〉
.

For the last equality, we used the fact that E[Z]†E[Z] is the orthogonal projector onto

range(E[Z]), and B1/2(xk − x∗) ∈ range(PB−1/2AT) = range(E[Z]) from Lemma 3.9.6 and
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the exactness assumption. Continuing, since vk = 1
α
(xk − (1− α)yk),

Ek
[〈
βvk + (1− β)xk − x∗, B1/2E[Z]†B1/2B−1/2ZB1/2(xk − x∗)

〉]
=

〈
β
1

α
xk − β

1− α

α
yk + (1− β)xk − x∗,B(xk − x∗)

〉
=

〈
xk − x∗ + β

1− α

α
(xk − yk),B(xk − x∗)

〉
= ∥xk − x∗∥2B + β

1− α

α

〈
xk − yk,xk − x∗〉

B

= ∥xk − x∗∥2B − β
1− α

2α
(∥yk − x∗∥2B − ∥xk − yk∥2B − ∥xk − x∗∥2B), (3.76)

where we used the parallelogram identity again for the last equality.

By collecting the bounds in (3.74), (3.75) and (3.76) for (3.73), we have shown that

Ek[r2k+1] ≤ βr2k +
1− β

µ
∥xk − x∗∥2B + γ2ν̂∥B1/2(xk − x∗)∥2E[Z]

− 2γ

(
∥xk − x∗∥2B − β

1− α

2α
(∥yk − x∗∥2B − ∥xk − yk∥2B − ∥xk − x∗∥2B)

)
.

(3.77)

Next, our goal is to rewrite ∥B1/2(xk − x∗)∥2E[Z] in terms of the B-norm. Note that from

Lemma 3.2.1, we have B1/2(yk+1 − x∗) = (I− Z)B1/2(xk − x∗), so

Ek∥yk+1 − x∗∥2B =
〈
(I− E[Z])B1/2(xk − x∗),B1/2(xk − x∗)

〉
= ∥B1/2(xk − x∗)∥2 − ∥B1/2(xk − x∗)∥2E[Z].

Rearranging, ∥B1/2(xk − x∗)∥2E[Z] = ∥xk − x∗∥2B − Ek∥yk+1 − x∗∥2B. By substituting this

into (3.77), we obtain

Ek[r2k+1] ≤ βr2k +
1− β

µ
∥xk − x∗∥2B + γ2ν̂(∥xk − x∗∥2B − Ek∥yk+1 − x∗∥2B)

− 2γ

(
∥xk − x∗∥2B − β

1− α

2α
(∥yk − x∗∥2B − ∥xk − yk∥2B − ∥xk − x∗∥2B)

)
.
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With some further rearranging, this implies that

Ek
[
r2k+1 + γ2ν̂∥yk+1 − x∗∥2B

]
≤ β

(
r2k + γ

1− α

α
∥yk − x∗∥2B

)
+

(
1− β

µ
+ γ2ν̂ − 2γ − βγ

1− α

α

)
∥xk − x∗∥2B.

(3.78)

The inspired choice of the parameters β, γ, and α is such that

γ
1− α

α
= γ2ν̂ and

1− β

µ
+ γ2ν̂ − 2γ − βγ

1− α

α
≤ 0. (3.79)

(Note that if µ̂ = µ and ν̂ = ν, then we have equality for the latter equation.) This can be

directly verified from the following algebraic identities, together with µ̂ ≤ µ:

1− β

µ
=

1√
µ̂ν̂
· µ̂
µ
≤ γ,

1− α

α
= γν̂, and βγ2ν̂ = γ2ν̂ − γ.

Furthermore, observe that γ2ν̂ = 1/µ̂. To conclude, from combining the bound (3.78) with

the conditions (3.79) resulting from the choice of parameters β, γ, and α, we have shown

that

Ek
[
r2k+1 +

1

µ̂
∥yk+1 − x∗∥2B

]
≤ β

(
r2k +

1

µ̂
∥yk − x∗∥2B

)
.

That is, Ek∆k+1 ≤
(
1−

√
µ̂
ν̂

)
·∆k. By iterating, this implies (3.67).

Next, to show that (3.67) implies (3.68), it suffices to observe that

∥v0 − x∗∥2B1/2E[Z]†B1/2 ≤
1

µ̂
∥v0 − x∗∥2B =

1

µ̂
∥x0 − x∗∥2B,

where we used the fact that ∥E[Z]†∥ = 1/µ ≤ 1/µ̂ again. This implies that ∆0 ≤ 2µ̂−1∥x0−

x∗∥2B. Since ∥yk − x∗∥2B ≤ µ̂∆k, combining these bounds in (3.67) leads to (3.68).
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Finally, we will show that (3.67) implies (3.69). Since xk−x∗ = α(vk−x∗)+(1−α)(yk−

x∗), we have

∥xk − x∗∥2B ≤ 2α2∥vk − x∗∥2B + 2(1− α)2∥yk − x∗∥2B.

Note that since (as operators) E[Z]†
∣∣
range(E[Z]) ⪰ I|range(E[Z]) and B1/2(vk − x∗) ∈

range(PB−1/2AT) = range(E[Z]) from Lemma 3.9.6 and the exactness assumption, we

have

∥vk − x∗∥2B ≤ ∥vk − x∗∥2B1/2E[Z]†B1/2 ≤ ∆k.

Hence, using (3.67) and ∥yk − x∗∥2B ≤ µ̂∆k and ∆0 ≤ 2µ̂−1∥x0 − x∗∥2B from above, we have

∥xk − x∗∥2B ≤ 2(α2 + µ̂(1− α)2)∆k ≤ 4

(
α2

µ̂
+ (1− α)2

)
· ∥x0 − x∗∥2B.

From some brief calculation, it follows that

α2

µ
+ (1− α)2 =

1 + 1
ν̂(

1 +
√

µ̂
ν̂

)2 ≤ 2,

since ν̂ ≥ ν ≥ 1 and µ̂, ν̂ ≥ 0. Combining this with the previous displayed bound leads

to (3.69), which completes the proof.

3.9.2 Proof of Lemma 3.9.4

Next, we will prove Lemma 3.9.4, which shows the equivalence between the two formula-

tions (3.54)–(3.56) and (3.63)–(3.66) of accelerated subspace-constrained sketch-and-project

under appropriate reparameterizations.
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Proof of Lemma 3.9.4. Let {(xk,yk,vk)}k≥0 be the iterates from the procedure (3.63)–(3.66)

using parameters µ̂ and ν̂. Observe that from (3.66), we have

xk+1 = xk − gk + α(vk+1 − yk+1)

With some algebra, we can write

β(1− α)

γ − 1
(vk+1 − yk+1) = β(1− α)

[
β(1− α)

γ − 1
(vk − yk)− gk

]
.

Hence, if we define

mk =
β(1− α)

γ − 1
(vk − yk),

with m0 = 0, then we see that the sequence {mk}k≥0 satisfies mk+1 = β(1 − α)(mk − gk).

Furthermore, we can rewrite (3.66) as

xk+1 = xk − gk + α(γ − 1)(mk − gk)

= xk − gk +
α(γ − 1)

β(1− α)
mk+1.

If we define ρ̂ = µ̂/ν̂, then α = ρ̂/(1 + ρ̂), β = 1− ρ̂, and γ = 1/(ν̂ρ̂). Therefore,

β(1− α) =
1− ρ̂

1 + ρ̂
and

α(γ − 1)

β(1− α)
=

ν̂−1 − ρ̂

1− ρ̂
=: η̂.

This shows that the sequence {xk}k≥0 can be written as

xk+1 = xk − gk + η̂ ·mk+1, and mk+1 =
1− ρ̂

1 + ρ̂
(mk − gk),

which is exactly (3.56) with the parameters η̂ and ρ̂.

For the reverse direction, solving the equations for ρ̂ and η̂ from above in terms of µ̂

and ν̂ yields ν̂ = 1/(ρ̂ + η̂(1 − ρ̂)) and µ̂ = ρ̂2ν̂. Hence, unrolling the argument backwards
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shows that the sequence {xk}k≥0 from the procedure (3.54)–(3.56) is the same as the one

from (3.63)–(3.66) with the parameters µ̂ and ν̂.

3.10 Accelerated subspace-constrained randomized coor-

dinate descent

We can derive an accelerated subspace-constrained randomized coordinate descent method

for solving psd linear systems Ax = b with A ∈ Rn×n by casting it as an instance of

the subspace-constrained sketch-and-project algorithm from Section 3.9 and applying the

procedure (3.54)–(3.56). In particular, note that we can reuse the majority of our analysis

of the SC-RCD method from Section 3.3 and the pseudocode in Algorithm 3.1).

Specifically, by copying down the form of the SC-RCD gradient from (3.43), the acceler-

ated subspace-constrained randomized coordinate descent method has the following update

steps, given acceleration parameters ρ̂, η̂ ∈ [0, 1]. First, we obtain a pivot set S ⊆ [n] using,

e.g., RPCholesky and compute any initial x0 ∈ Rn satisfying AS,:x
0 = bS . Then, for each

k = 0, 1, 2, . . ., we sample a block J ⊆ [n] of ℓ i.i.d. coordinates with probability proportional

to the diagonal of A◦, and compute

gk = (eJ − eS(AS,S)
†AS,:eJ )(A

◦
J ,J )

†(AJ ,:x
k − bJ ),

mk+1 =
1− ρ̂

1 + ρ̂
(mk − gk),

xk+1 = xk − gk + η̂ ·mk+1.

(3.80)

It remains to clarify how we should choose the parameters ρ̂, η̂. In the following section,

we will show that for block size ℓ = 1, there is a nice choice in terms of spectral quantities

related to A◦ that leads to a clean convergence rate.
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3.10.1 Acceleration parameters with block size ℓ = 1

From the proof of Theorem 3.46, we know that with block size one, the parameter µ =

λ+
min(E[Z]) from (3.57) is equal to µ = λ+

min(A
◦)/ tr(A◦). The following result shows that

ν = λmax

(
E
[
(E[Z]†/2ZE[Z]†/2)2

])
also admits a simple, exact expression with block size one.

This extends a result originally obtained for accelerated randomized coordinate descent by

Tu et al. in [Tu+17] to the subspace-constrained framework.

Lemma 3.10.1 (Acceleration parameters with ℓ = 1). Let Z = PA1/2eJ (A
◦
J ,J )

†eTJA
1/2P

be the orthogonal projector onto range(PA1/2eJ ) associated with the SC-RCD method. If

J = {j} is sampled with probability A◦
j,j/ tr(A

◦), then

µ =
λ+
min(A

◦)

tr(A◦)
and ν ≤ tr(A◦)

minj:A◦
j,j>0A◦

j,j

.

Proof. Recall that E[Z] = 1
tr(A◦)

PAP from (3.46), which implies µ = λ+
min(A

1/2PA1/2)/ tr(A◦).

By linearity of expectation, ν = λmax

(
E[Z]†/2E

[
ZE[Z]†Z

]
E[Z]†/2

)
, so it suffices to compute

E
[
ZE[Z]†Z

]
first. Since E[Z]† = tr(A◦) · (PAP)†, and A1/2P(PAP)† = (PA1/2)†,

ZE[Z]†Z = tr(A◦) · 1

(A◦
j,j)

2
PA1/2eje

T
jA

1/2P(PAP)†PA1/2eje
T
jA

1/2P

= tr(A◦) · 1

(A◦
j,j)

2
PA1/2eje

T
j (PA

1/2)†PA1/2eje
T
jA

1/2P.

Observe that (PA1/2)†PA1/2 is the orthogonal projector onto range(A1/2P). Thus, the

diagonal elements of this matrix satisfy eTj (PA
1/2)†PA1/2ej ∈ [0, 1] for all j ∈ [n].6 It follows

that

ZE[Z]†Z ⪯ tr(A◦) · 1

(A◦
j,j)

2
PA1/2eje

T
jA

1/2P.

6Since range(A1/2P) = range(A1/2PA1/2) = range(A◦), ΠA◦ := (PA1/2)†PA1/2 is the orthog-
onal projector onto range(A◦), and {eTjΠA◦ej}j∈[n] are the leverage scores of each coordinate with
respect to A◦. If we assume that A is positive definite, then all of the inequalities in this argument
are actually equalities, and the expression for ν is exact. To see this, note that since A◦ must also
be positive definite, tr(ΠA◦) = rank(A◦) = n− d. Since PA1/2ej = 0 if and only if A◦

j,j = 0, this
implies that we must have eTjΠA◦ej = 1 if A◦

j,j > 0.
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By taking expectation, where each j ∈ [n] is sampled with probability A◦
j,j/ tr(A

◦), we obtain

E
[
ZE[Z]†Z

]
⪯

∑
j:A◦

j,j>0

1

A◦
j,j

PA1/2eje
T
jA

1/2P = PA1/2

 ∑
j:A◦

j,j>0

1

A◦
j,j

eje
T
j

A1/2P.

Note that D :=
(∑

j:A◦
j,j>0

1
A◦

j,j
eje

T
j

)
is a diagonal matrix with Dj,j = (A◦)†j,j. Hence,

E[Z]†/2E
[
ZE[Z]†Z

]
E[Z]†/2 ⪯ E[Z]†/2PA1/2DA1/2PE[Z]†/2.

Using the fact that XY and YX have the same eigenvalues for any (square) matrices X,Y,

the eigenvalues of the matrix in the upper bound displayed above are the same as those of

D1/2A1/2PE[Z]†PA1/2D1/2 = tr(A◦) ·D1/2A1/2P(PAP)†PA1/2D1/2

= tr(A◦) ·D1/2(PA1/2)†PA1/2D1/2 ⪯ tr(A◦) ·D,

where we use the fact that (PA1/2)†PA1/2 ⪯ I is an orthogonal projector again. Hence,

ν ≤ λmax

(
E[Z]†/2PA1/2DA1/2PE[Z]†/2

)
≤ tr(A◦) · λmax(D) =

tr(A◦)

minj:A◦
j,j>0A◦

j,j

.

3.10.2 Convergence rate of accelerated SC-RCD with ℓ = 1

By applying Theorem 3.9.1, we can immediately deduce the following bound on the conver-

gence of accelerated subspace-constrained randomized coordinate descent (3.80) with block

size ℓ = 1. It shows that if acceleration parameters ρ̂, η̂ ∈ [0, 1] based on good estimates

of the parameters µ and ν from Lemma 3.10.1 are used, then the accelerated method leads

to an improved convergence rate over SC-RCD (Theorem 3.3.2). Specifically, a factor of√
λ+
min(A

◦) in the convergence rate is replaced with
√

minj:A◦
j,j>0A◦

j,j, which is no smaller.

Theorem 3.10.2. Let A ∈ Rn×n be a positive semidefinite matrix and x∗ be any solution

of Ax = b. Given a fixed subset S ⊆ [n], let A◦ = A −A⟨S⟩. Suppose that we are given
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estimates

µ̂ ≤ λ+
min(A

◦)

tr(A◦)
and ν̂ ≥ tr(A◦)

minj:A◦
j,j>0 A◦

j,j

.

that satisfy ν̂ ≤ 1/µ̂. Let {xk}k≥0 be the iterates defined by (3.80) where the block J = {j}

is sampled with probability A◦
j,j/ tr(A

◦) in each iteration, and the acceleration parameters

ρ̂ =
√
µ̂/ν̂ and η̂ = (ν̂−1 − ρ̂)/(1− ρ̂) are used. Then,

E∥xk − x∗∥2A ≤ 8 (1− ρ̂)k · ∥x0 − x∗∥2A.

In particular, if the exact parameters ρ =
√
µ/ν and η = (ν−1 − ρ)/(1− ρ) are used, then

E∥xk − x∗∥2A ≤ 8

1−

√
λ+
min(A

◦)minj:A◦
j,j>0A◦

j,j

tr(A◦)

k

· ∥x0 − x∗∥2A.

Proof. If A is positive definite, then this immediately follows from applying the convergence

rate bound for the accelerated subspace-constrained sketch-and-project method in Theo-

rem 3.9.1 for randomized coordinate descent specifically, combined with the discussion of

the relationship between ρ̂, η̂ and µ̂, ν̂ in Remark 3.9.2). If A is only positive semidefinite

but not invertible, the same argument can essentially be used to draw the same conclusions,

as discussed in the proof of Theorem 3.3.2, and we will not elaborate further.

Theorem 3.10.2 suggests that the acceleration effect depends on having a good esti-

mate of λ+
min(A

◦), which is not feasible to compute. In practice, a pragmatic possibility is

to use an adaptive scheme to estimate the acceleration parameters ρ̂, η̂ (e.g., as proposed

by [Der+25b]), but we do not investigate this further.

Another interesting future direction is to extend Theorem 3.10.2 by proving a bound

on the convergence rate of accelerated subspace-constrained randomized coordinate de-

scent (3.80) with block size ℓ > 1. Intuitively, we would expect that using a larger block size

should improve the convergence rate approximately linearly, relative to using block size one.
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We were able to formalize this (in terms of the iteration complexity) for the parameter µ in

Proposition 3.2.9. However, it remains an open problem to compute or obtain reasonably

tight estimates for the parameter ν with ℓ > 1 in terms of quantities related to A◦.
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Chapter 4

Dynamics of mini-batch gradient descent

with random reshuffling

This chapter is based on the following joint work with Rishi Sonthalia and Eliza-

veta Rebrova:

J. Lok, R. Sonthalia, and E. Rebrova. “Error dynamics of mini-batch gradient

descent with random reshuffling for least squares regression”. Proceedings of the

36th International Conference on Algorithmic Learning Theory. 2025. arXiv:

2406.03696 [stat.ML]

4.1 Introduction

Modern machine learning models are primarily trained via gradient-based methods on large

datasets. Since it is typically not feasible to compute the entire gradient, stochastic gradient

descent (SGD) and its variants are often the algorithm of choice [Bot12]. In a variant of SGD

known as mini-batch gradient descent, a subset of the training data, or mini-batch, is used

in each iteration. Studying the dynamics of gradient descent is an important problem for

understanding the training dynamics and generalization capabilities of the learned parame-
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ters, especially for overparameterized models [Gun+18b; Gun+18a]. However, the effects of

mini-batching on the error dynamics are less well-understood.

There are also different ways to sample the mini-batch in each iteration. The most

commonly studied method is sampling with replacement, where a random subset of data is

used to select the mini-batch in each iteration. Thus, in each epoch, the same data point may

be used more than once. However, in practice, random reshuffling is typically used: at the

beginning of each epoch, the dataset is partitioned into mini-batches, randomly permuted,

and iterated through. It has been observed that sampling without replacement in this way

often leads to faster convergence [Bot09; Bot12]. However, the introduction of dependencies

between batches makes theoretical analysis of the dynamics more difficult [GOP21; HS19].

In this work, we aim to contribute towards a better understanding of sampling without

replacement. By analyzing the discrete dynamics of mini-batch gradient descent with random

reshuffling for the fundamental problem of least squares regression, we find that there are

higher-order effects introduced by sampling without replacement that are not present when

sampling with replacement, which result in subtly different trajectories.

Contributions. Our main contributions are the following:

• Exact characterization of error dynamics. We show that the training dynamics

(Theorem 4.3.3) and generalization error (Theorem 4.3.9) of the mean iterate of mini-

batch gradient descent with random reshuffling, averaged over the permutations of

mini-batches in each epoch, are governed by a sample cross-covariance matrix Z :=

1
n
X̃TX that captures the interaction between the original features X and a set of

modified features X̃ (defined in Section 4.3). The matrix Z encapsulates the influence of

preceding mini-batches on each feature in an averaged manner, providing a framework

for analyzing the learning process. Our results are stated under minimal assumptions

on the data, learning rate, and mini-batches.
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• Comparison with full-batch gradient descent/sampling with replacement.

Our analysis demonstrates that the error dynamics of mini-batch gradient descent

with random reshuffling are controlled by the sample cross-covariance matrix Z in a

way that is analogous to how full-batch gradient descent (or SGD when sampling with

replacement) depends on the sample covariance matrix W := 1
n
XTX. We find that

Z, which is a non-commutative polynomial in the sample covariance matrices of each

mini-batch, matches W up to leading order with respect to the step size α. Based on

this connection, we establish that the linear scaling rule, which calls for the step size

to be scaled proportionally by the number of batches, matches the error dynamics of

full-batch and mini-batch gradient descent for infinitesimal step sizes (Remark 4.3.6).

However, for finite step sizes, mini-batch gradient descent with random reshuffling

exhibits a subtle dependence on the step size that a continuous-time gradient flow

analysis cannot detect; for example, it may converge to a step size-dependent limit

that differs from the usual shifted minimum-norm solution obtained with full-batch

gradient descent or SGD when sampling with replacement (Corollary 4.3.5).

• Effects of batching. We analyze the effects of batching on the error dynamics com-

pared to full-batch gradient descent by comparing the asymptotic properties of the

matrices Z and W. As the number of data samples n tends to infinity and the di-

mension of the parameters p is fixed, we establish that asymptotically, while Z and W

share the same eigenvectors, the eigenvalues of Z are systematically shrunk compared

to those of W (Proposition 4.3.13), which directly affects the training and generaliza-

tion errors (Proposition 4.3.14). Furthermore, we demonstrate that batching results in

a similar effect in the more complicated proportional regime where p/n→ γ ∈ (0,∞)

by numerically computing the limiting spectrum of Z under a more specific Gaussian

random matrix model using tools from free probability theory (Section 4.3.3).
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4.1.1 Related works

Gradient flow. The error dynamics of gradient descent has typically been analyzed from

the perspective of continuous-time gradient flow, which is a good approximation assuming

that infinitesimal learning rates are used. This perspective is adopted in [SGB94; ASS20;

AKT19; ADT20] to study the effects of early stopping and implicit regularization via con-

nections with ridge regression. One of the key themes in these works is that the trajectory

and generalization error of (full-batch, continuous-time) gradient descent for least squares

regression are determined by the spectrum of the sample covariance matrix W = 1
n
XTX

of the data. In our work, we consider the discrete dynamics of gradient descent with finite

learning rates, and show that the error dynamics of mini-batch gradient descent with random

reshuffling depends analogously on a cross-covariance matrix Z = 1
n
X̃TX that involves a set

of modified features X̃.

SGD: Sampling with replacement. Stochastic gradient descent has most commonly

been studied assuming that the mini-batches are independently sampled with replacement

in each iteration, which makes the process more amenable to theoretical analysis. From an

optimization perspective, the convergence rates of SGD have been well-studied under various

assumptions on the objective function and with different sampling schemes [BM11; BM13;

NSW16; MBB18; Gow+19b]. Explanations of the good generalization properties of SGD,

based on properties such as the width of the final minima obtained or the optimal batch

size and learning rate, have also been offered based on analogies with stochastic differential

equations [MHB17; SL18; Jas+18; LTE17; LTE19; LMA21; Mal+22]. These works assume

that the mini-batches are sampled independently with replacement in each epoch, and also

typically assume that vanishing learning rates are used.

SGD: Sampling without replacement. A line of work that analyzes the implicit bias of

SGD with finite learning rates uses the technique of backward error analysis, beginning with
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the analysis of gradient descent in [BD21; Miy22], and extended to analyze SGD with random

reshuffling—which is the same model that we consider—in [Smi+21]. Specifically, it is shown

that the mean iterate, averaged over the permutations of mini-batches in each epoch, is close

to the path of gradient flow on a modified loss with an additional regularization term that

penalizes the norms of the mini-batch gradients. The mean evolution of SGD using sampling

without replacement is also studied in [Ben23] under weaker assumptions. Backward error

analysis has also been used to show that adaptive algorithms such as Adam and RMSProp

have similar implicit regularization in [CKS24]. Compared to these works, we consider linear

models specifically instead of general loss functions; however, our results are presented with

minimal assumptions and essentially apply to any input data, choice of mini-batches, batch

size, and step size.

Another notable line of work from the stochastic optimization literature studies the con-

vergence rates of SGD when sampling without replacement. In one of the earliest theoretical

results, [GOP21] shows that for quadratic objective functions (or more generally, strongly

convex smooth objectives), SGD with random reshuffling, using a prescribed sequence of

step sizes, converges asymptotically at a rate of O(1/k2) where k is the number of epochs,

which is superior to the O(1/k) rate of SGD when sampling with replacement. In subse-

quent works [Sha16; HS19; NJN19; RGP20; Ngu+21; MKR20], the complexity advantage of

random reshuffling over sampling with replacement (with a primary focus on mini-batches

of size one) is analyzed for more general optimization problems where assumptions such as

strong convexity, smoothness, and bounded gradients are relaxed. In our work, we study

random reshuffling from a different perspective for the special case of least squares regression

by providing an exact description of the error dynamics for various batch sizes in terms of the

spectrum of the data covariance matrix instead of complexity bounds. As such, our results

are not directly comparable with these prior results.
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Linear scaling rule. An important aspect of SGD is the choice of batch size and the

learning rate. It has been observed that training with larger mini-batches can be more

efficient [Smi+18; Gei+22] and lead to better generalization properties [LWM19; Lew+20].

A connection between the batch size and the learning rate for SGD known as the linear

scaling rule states that by adjusting the mini-batch size and learning rate proportionally

by the same factor, the training dynamics do not change. This was empirically discovered

to be a practically useful heuristic for training deep neural networks using SGD [Kri14;

Goy+18; Smi+18; HLT19], and theoretical explanations have been proposed based on the

effect of noise on the estimation of the gradient in each mini-batch for SGD.1 For more

general convex losses, it is also shown in [MBB18] that SGD with mini-batch sizes below a

certain threshold is consistent with the linear scaling rule. In our work, we use a different

approach to find that the linear scaling rule emerges naturally from analyzing the dynamics

of the mean SGD iterate for linear models under no assumptions on the batch size or the

noise from mini-batch gradient estimation. Our approach also shows that the linear scaling

rule can fail to hold (dramatically) for large step sizes; see Remark 4.3.7.

Linear models. Linear models in the high-dimensional regime have recently been exten-

sively studied in the high-dimensional statistics literature, offering explanations for many

interesting empirical phenomena in deep learning, such as double descent and the benefits

of overparameterization. It has been shown that neural networks in a “lazy” training regime

in which the weights do not change much around initialization are essentially equivalent to

linear models [Chi19; Du+19b; Du+19a; MM23]. The generalization errors of ridge(less)

regression with random data are precisely described in [DW18; Has+22; MM22; KSS24].

From a dynamical perspective, [Paq+21; Lee+22; Paq+22] show that the trajectories of

SGD for ridge regression with finite step sizes and high-dimensional random data concen-

trate on a deterministic function determined by a Volterra equation, assuming the batch
1Interestingly, different optimizers may have different scaling rules: a square root scaling rule has

been derived for adaptive gradient algorithms such as Adam and RMSProp using random matrix
theory [GZR22] and SDE approximation [Mal+22].
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sizes are vanishingly small as a fraction of the sample size. Analogous concentration results

for the trajectories of SGD for a wider class of models such as two-layer neural networks have

also been derived concurrently [SS95; Gol+19; BGJ22; Arn+23]. Our work provides exact

formulas for the training and generalization errors for linear models trained by mini-batch

gradient descent with random reshuffling, establishing an analogy with the more well-studied

dynamics of full-batch gradient descent or SGD with replacement.

4.2 Problem setup

Suppose that we are given n i.i.d. data samples (xi, yi), where xi ∈ Rp is the feature vector

and yi ∈ R is the response given by yi = xTi β∗ + ηi, with β∗ ∈ Rp an underlying parameter

vector and ηi a noise term. We will assume that the (uncentered) covariance matrix of the

features xi is given by E
[
xix

T
i

]
= Σ, and the noise terms ηi have mean E [ηi | xi] = 0 and

variance E [η2i | xi] = σ2, conditional on the features. By arranging each observation as a

row, we can write the linear model in matrix form as y = Xβ∗ + η, where y ∈ Rn and

X ∈ Rn×p.

We consider the following model of mini-batch gradient descent with random reshuffling

using B ≥ 1 mini-batches, initialized at β0 ∈ Rp. For simplicity, we will assume that

B divides n. Suppose that the data X is partitioned into B equally-sized mini-batches

X1, . . . ,XB ∈ R(n/B)×p, and let y1, . . . ,yB and η1, . . . ,ηB denote the corresponding entries

of y and η. In each epoch, a permutation τ = (τ(1), τ(2), . . . , τ(B)) of the B mini-batches

is chosen uniformly at random, and B iterations of gradient descent with step size α are

performed with respect to the loss functions

Lb(β) :=
B

2n
∥yb −Xbβ∥22 (4.1)
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for b = τ(1), . . . , τ(B) using this ordering. That is, if β(b)
k denotes the parameters after the

first b iterations using the mini-batches Xτ(1), . . . ,Xτ(b) in the kth epoch, then

β
(b)
k = β

(b−1)
k − Bα

n
XT
τ(b)(Xτ(b)β

(b−1)
k − yτ(b)), b = 1, 2, . . . , B, (4.2)

with β(0)
k := β

(B)
k−1 and β(B)

0 := β0. Denote the set of all permutations of B elements by SB.

Let

β̄k := Eτ∼Unif(SB)

[
β

(B)
k

]
(4.3)

be the mean iterate after k epochs, averaged over the random permutations of the mini-

batches in each epoch. Note that full-batch gradient descent corresponds to B = 1 with this

setup.

Our goal is to study the dynamics of the error vector β̄k−β∗ (i.e., the training dynamics),

as well as the corresponding generalization error RX(β̄k), representing the prediction error

on an out-of-sample observation, defined by

RX(β) := Ex,η

[
(xTβ − xTβ∗)

2 | X
]
= Eη

[
∥β − β∗∥2Σ | X

]
. (4.4)

Here, the expectation, conditional on the data X, is taken over a newly sampled feature

vector x and the randomness in η, and ∥z∥2Σ = zTΣz denotes the norm induced by Σ.

Outline. The rest of the chapter is structured as follows. Section 4.3 describes our main

results on analyzing mini-batch gradient descent. After defining the modified features X̃

and the matrix Z, we provide exact formulae for the training dynamics and generalization

error in Sections 4.3.1 and 4.3.2, respectively. In Section 4.3.3, we consider the asymptotic

properties of Z to evaluate these expressions and provide more insights into the effects of

batching. We will defer most of the proofs and technical details to the end of the chapter.
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4.3 Analysis of mini-batch gradient descent with random

reshuffling

In this section, we will show that the error dynamics of mini-batch gradient descent with

random reshuffling are governed by a set of features that are modified by the other mini-

batches. Specifically, for b = 1, . . . , B, let Wb := B
n
XT
bXb denote the sample covariance

matrix of each mini-batch, and define the modified mini-batches X̃b := XbΠb, where2

Πb := Eτ∼Unif(SB)

 ∏
j:j<τ−1(b)

(I− αWτ(j))

 =
1

B!

∑
τ∈SB

∏
j:j<τ−1(b)

(I− αWτ(j)). (4.5)

That is, each feature xi in Xb corresponds to the feature Πbxi in X̃b, which has been modified

by all the other mini-batches that appear before it in the learning process in an averaged

way. Let X̃ ∈ Rn×p be the concatenation of the modified mini-batches X̃b in the same order

as the original partition, and define

Z :=
1

n
X̃TX =

1

n

B∑
b=1

ΠbX
T
bXb (4.6)

to be the p × p sample cross-covariance matrix of the modified features with the original

features. The following technical lemma describes some key properties of Z; its proof, which

uses the properties of the symmetric group SB in the definition of X̃b, can be found in

Section 4.6.1.

Lemma 4.3.1. Let X̃ and Z be defined as in (4.5) and (4.6). Then Z is a symmetric

matrix, and hence all of its eigenvalues are real. Furthermore, Range(Z) ⊆ Range(X̃T) ⊆

Range(XT), where range· denotes the column space of a matrix.

2By convention, we identify each permutation τ in SB, the set of all permutations of B elements,
with a list (τ(1), τ(2), . . . , τ(B)) of matrices that are multiplied from right to left in the product.
Thus, τ−1(b) denotes the position of mini-batch b in the epoch. Furthermore, we take the product
over an empty set to be the identity matrix.
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Finally, observe that X̃ ≡ X̃(α) and Z ≡ Z(α) are functions of the step size α. In

particular, it follows from the definition of the modified features X̃b = XbΠb in (4.3.1) that

we can write

Z(α) =
1

n

B∑
b=1

XT
bXb +O(α) = W +O(α), (4.7)

where W := 1
n
XTX = 1

n

∑B
b=1X

T
bXb, and O(α) denotes terms of order α or smaller as α→ 0.

This shows that Z matches W, the sample covariance matrix of the features, up to leading

order in the step size α. In general, Z is a complicated non-commutative polynomial of the

mini-batch sample covariance matrices W1, . . . ,WB.

Example 4.3.2 (Two-batch gradient descent). For a concrete example where we can write

down a tractable, explicit expression for Z, consider the case of two-batch gradient descent

with B = 2 and mini-batches X1,X2 ∈ R(n/2)×p. Here, the sample covariance matrices of

the mini-batches are W1 = 2
n
XT

1X1 and W2 = 2
n
XT

2X2, and the modified mini-batches are

given by

X̃1 ≡ X̃1(α) = X1

(
I− 1

2
αW2

)
and X̃2 ≡ X̃2(α) = X2

(
I− 1

2
αW1

)
. (4.8)

Thus, the features in X̃1, corresponding to the first mini-batch, are given by
(
I− 1

2
αW2

)
xi.

The sample cross-covariance matrix of the modified features X̃ with the original features is

given by

Z ≡ Z(α) =
1

n
(X̃1(α)

TX1 + X̃2(α)
TX2) =

1

2

(
I− 1

2
αW2

)
W1 +

1

2

(
I− 1

2
αW1

)
W2

=
1

2
(W1 +W2)−

1

4
α (W2W1 +W1W2) . (4.9)

Since 1
2
(W1+W2) =

1
n
(XT

1X1+XT
2X2) = W, it is easily seen that Z = W+O(α). Even in

this simple setting, Z is already non-trivial to analyze since it involves interactions between

the two mini-batches in the term W2W1 + W1W2, known as the anticommutator of W1

and W2.
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4.3.1 Training error dynamics

First, we derive an expression for the dynamics of the mean error β̄k −β∗ under mini-batch

gradient descent with random reshuffling. The expression depends on the spectrum of the

sample cross-covariance matrix Z and the alignment of the initial error β0 − β∗ with the

eigenspaces of Z.

Theorem 4.3.3. Let β̄k ∈ Rp be the mean iterate after k epochs of gradient descent with

B mini-batches, step size α ≥ 0, and initialization β0 ∈ Rp. Let X̃ ∈ Rn×p be defined as

in (4.5) and Z = 1
n
X̃TX, and assume that rangeX̃T ⊆ rangeX̃TX. Then for all k ≥ 0,

β̄k − β∗ = (I−BαZ)k(β0 − β∗) +
1

n

[
I− (I−BαZ)k

]
Z†X̃Tη. (4.10)

Furthermore, if PZ,0 := I − Z†Z and PZ := I − PZ,0 denote the orthogonal projectors onto

the nullspace and row (or column) space of Z, respectively (where (·)† is the Moore–Penrose

pseudoinverse of a matrix), then we may decompose the first term as

(I−BαZ)k(β0 − β∗) = PZ,0(β0 − β∗) + (I−BαZ)kPZ(β0 − β∗). (4.11)

The proof of Theorem 4.3.3 is given in Section 4.6.1; the main technical part involves

developing some algebraic identities relating Z and products of the form I − αWb for each

mini-batch. The requirement rangeX̃T ⊆ rangeX̃TX is purely a technical assumption to

ensure that PZX̃
T = X̃T in order to control the learned noise, otherwise the iterate will always

diverge.3 The requirement appears to be generic; for example, in the overparameterized

regime where p ≥ n, it simply follows from the natural assumption that X has full rank.

The first term PZ,0(β0 − β∗) of (4.11) corresponds to the components of β0 − β∗ that

cannot be learned by mini-batch gradient descent with random reshuffling—referred to as a

“frozen subspace” of weights in [ASS20] in the context of (full-batch) gradient descent—and

3For full-batch gradient descent, the corresponding requirement is rangeXT ⊆ rangeXTX, which
always holds.
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the second term PZ(β0 − β∗) corresponds to the learnable components. In particular, note

that the projector PZ,0 is always non-trivial in the overparameterized regime where p > n.

Comparison with full-batch and mini-batching with replacement

First, we recall the known result that the full-batch gradient descent iterate β̂k satisfies the

following (for a proof and additional background, we refer to Section 4.5):

β̂k − β∗ = (I− αW)k(β0 − β∗) +
1

n

[
I− (I− αW)k

]
W†XTη. (4.12)

Remark 4.3.4 (Sampling with replacement). Suppose that in each iteration, we sample

a mini-batch with replacement uniformly at random from the fixed set of B mini-batches

X1, . . . ,XB instead. Then it can be shown that after k epochs (or Bk iterations), the error

corresponding to the mean iterate of this sampling process also satisfies (4.12) up to a time

change by a factor of B; i.e., the same equation holds with k replaced by Bk. For the details,

see Section 4.6.1.

Therefore, comparing (4.12) with Theorem 4.3.3, we see that the sample cross-covariance

matrix Z plays an analogous role as the sample covariance matrix W in the training dy-

namics of full-batch gradient descent or mini-batch gradient descent when sampling with

replacement.

Comparing the limiting vectors. Furthermore, recall that the iterates of full-batch

gradient descent with step size α < 2/∥n−1XTX∥ tend to the shifted min-norm solution

β̂∞ := PX,0β0 + (XTX)†XTy, (4.13)

where PX,0 := I − X†X is the orthogonal projector onto nullX, and ∥·∥ denotes the spec-

tral norm of a matrix. From Remark 4.3.4, this is the same limit for mini-batching with

replacement. In particular, note that this limit is always independent of the step size α.
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On the other hand, as a corollary of Theorem 4.3.3, we see that mini-batch gradient

descent with random reshuffling, using a step size small enough so that ∥(I−BαZ)PZ∥ < 1

(i.e., based on the non-zero eigenvalues of Z), converges to a solution β̄∞ that can exhibit

more complex interactions between the mini-batches and a dependence on the step size.

Corollary 4.3.5 (Limit with random reshuffling). Consider the same setup as Theo-

rem 4.3.3. If Z is positive semidefinite and Bα < 2/
∥∥n−1X̃TX

∥∥, then β̄k → β̄∞ as k →∞,

where

β̄∞ ≡ β̄∞(α) := PZ,0β0 + (X̃TX)†X̃Ty.

We can examine the two limits β̄∞ and β̂∞ from Corollary 4.3.5 and (4.13) in the over

and underparameterized regimes more carefully. For simplicity, we will assume that X is full

rank here to avoid the complexities in the rank deficient case. Recall that y = Xβ∗+η, and

since Rn = rangeX⊕ nullXT, we can write η = Xθ + ξ for some θ ∈ Rp and ξ ∈ nullXT.

• In the overparameterized regime (p ≥ n), we have β̂∞ = PX,0β0 + PXTβ∗ + PXTθ and

β̄∞ = PZ,0β0 + PZβ∗ + PZθ, since ξ = 0 (here, PXT is the orthogonal projector onto

rangeXT). Thus, if the ranges of XT and Z are close, then the two limits are also similar,

regardless of the noise vector η. Specifically, the two subspaces can be shown to coincide

if rangeXT ⊆ rangeXTX̃. Therefore, if X̃ is also full rank (which is typical), then the

two limits are actually the same (in particular, the dependence of β̄∞ on the step size

vanishes). However, we emphasize that in this case, the two trajectories still differ in a

step size-dependent way.

• In the underparameterized regime (p < n), we have β̂∞ = β∗ + θ, but, assuming that

X̃ is also full rank (so Z = X̃TX is invertible), β̄∞ = β∗ + θ + (X̃TX)−1X̃Tξ. Since the

nullspaces of XT and X̃T are not necessarily close (so X̃Tξ ̸= 0), we find that the two

limits easily exhibit a step size-dependent difference in this case with non-zero noise η.
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Comparing the trajectories. Note that from Theorem 4.3.3, the error of mini-batch

gradient descent with random reshuffling depends on BαZ. This can be compared with a

dependence on αW in the full-batch case. Since Z matches W up to leading order (4.7) in

α, this suggests that if a step size of α/B is used for mini-batch gradient descent with B

mini-batches, then its dynamics should be very similar to those of full-batch gradient descent

with step size α. The following remark establishes this intuition rigorously for infinitesimal

step sizes.

Remark 4.3.6 (Linear scaling and gradient flow). From Theorem 4.3.3, initialized at β̄k−1,

and using the fact that Z†ZX̃T = X̃T, the error vector of mini-batch gradient descent with

random reshuffling with B mini-batches and step size α/B satisfies

β̄k − β∗ =
(
I− α

n
X̃TX

)
(β̄k−1 − β∗) +

α

n
X̃Tη.

By rearranging this expression, recalling that Z = W +O(α), we obtain

β̄k − β̄k−1

α
=

1

n
XT(y −Xβ̄k−1) +O(α).

Hence, by taking the limit as α → 0, we deduce that the continuous dynamics correspond

to the ordinary differential equation

d

dt
β̄(t) =

1

n
XT (y −Xβ̄(t)). (4.14)

This is the same differential equation for the gradient flow corresponding to full-batch gradi-

ent descent (e.g., [ASS20; AKT19]). Naturally, this also coincides with the continuous-time

dynamics of the model of SGD when sampling with replacement discussed in Remark 4.3.4.

As a consequence, we deduce that a gradient flow analysis cannot distinguish the effects of

batching when sampling without replacement.
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Remark 4.3.7 (Large step sizes). While Remark 4.3.6 shows that the dynamics of mini-

batch gradient descent with random reshuffling are similar to those of full-batch gradient

descent small step sizes using linear scaling, the two dynamics can be dramatically different

for large step sizes. For example, if the step size satisfies α > 2/∥n−1XTX∥ but Bα <

2/
∥∥n−1X̃TX

∥∥, then full-batch gradient descent diverges while mini-batch gradient descent

still converges. For a simple numerical demonstration of this phenomenon, see Section 4.8.

Next, a natural question is whether an explicit condition, based only on the data X, can

be formulated for how small the step size α needs to be for mini-batch gradient descent with

random reshuffling to converge as guaranteed by Corollary 4.3.5. We can show the following

sufficient condition for two-batch gradient descent: recall from Example 4.3.2 that in this

setting, Z = 1
2
(W1 +W2)− 1

4
α(W2W1 +W1W2) is a non-commutative polynomial of the

mini-batch covariances W1, W2.

Proposition 4.3.8. If full-batch gradient descent with step size 2α converges (i.e., α <

1/(n−1∥XTX∥)), then two-batch gradient descent with step size α also converges (i.e., ∥(I−

2αZ)PZ∥ < 1).

The proof of Proposition 4.3.8, which uses some matrix analysis, is given in Section 4.6.2.

To explain why this seemingly-simple statement is non-trivial, observe that it is not even

immediately obvious when Z is positive semidefinite since it may have negative eigenvalues

if α is large enough (unlike the covariance matrix W). Note that the converse of Propo-

sition 4.3.8 is not true as discussed previously in Remark 4.3.7. Furthermore, based on

the correspondence with full-batch gradient descent using the linear scaling rule, Proposi-

tion 4.3.8 suggests that mini-batch gradient descent with random reshuffling has some sort

of shrinkage effect on the operator norm of Z compared to W.
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4.3.2 Generalization error dynamics

Next, we provide an exact formula for the generalization error of the mean iterate of mini-

batch gradient descent with random reshuffling, which corresponds to the usual bias-variance

decomposition, The following result shows that the bias component of the generalization error

(i.e., the first two terms) only depends on the sample cross-covariance matrix Z, and the

variance component (i.e., the last term) depends on Z and the modified features through

X̃TX̃.

Theorem 4.3.9. Consider the same setup as Theorem 4.3.3. Then for all k ≥ 0, the

generalization error (4.4) of the mean mini-batch gradient descent iterate β̄k is given by

RX(β̄k) = (β0 − β∗)
TPZ,0ΣPZ,0(β0 − β∗)

+ (β0 − β∗)
TPZ(I−BαZ)kΣ(I−BαZ)kPZ(β0 − β∗)

+
σ2

n
Tr

([
I− (I−BαZ)k

]
Σ
[
I− (I−BαZ)k

]
Z†
(
1

n
X̃TX̃

)
Z†
)
.

The proof of Theorem 4.3.9, which uses the error dynamics from Theorem 4.3.3, appears

in Section 4.6.1. Theorem 4.3.9 shows that the generalization errors of mini-batch and full-

batch gradient descent also correspond under the linear scaling rule, which is consistent with

Remark 4.3.6 (for numerical experiments demonstrating this, see Section 4.8).

As a straightforward corollary, we can also write down the limiting risk of mini-batch

gradient descent with a small enough step size, complementing Corollary 4.3.5, which shows

that the limiting risk consists of the constant term corresponding to PZ,0(β0 − β∗), the

components of the initial error in the frozen subspace, and a term corresponding to overfitting

the noise that is magnified by small eigenvalues of Z.

Corollary 4.3.10. Consider the same setup as Theorem 4.3.9. If ∥(I−BαZ)PZ∥ < 1, then

β̄k → β̄∞ = PZ,0β0 + (X̃TX)†X̃Ty as k →∞, and the limiting generalization error is given
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by

RX(β̄∞) = (β0 − β∗)
TPZ,0ΣPZ,0(β0 − β∗) +

σ2

n
Tr

(
ΣZ†

( 1
n
X̃TX̃

)
Z†
)
.

Note that the generalization error depends on both Z and the covariance of the modified

features X̃TX̃, rather than only on Z. If we specialize to the case of two-batch gradient

descent again, then we are able to show the following result, which bounds the generalization

error within a narrow interval that only depends on Z, under a natural assumption on the

step size α that was shown in Proposition 4.3.8 to imply convergence.

Proposition 4.3.11. Consider the same setup as Theorem 4.3.9 with B = 2. If α ≤

1/(n−1∥XTX∥), then for all k ≥ 0, RX(β̄k) ∈ [R−(k), R+(k)], where

R±(k) := (β0 − β∗)
TPZ,0ΣPZ,0(β0 − β∗)

+ (β0 − β∗)
TPZ(I− 2αZ)kΣ(I− 2αZ)kPZ(β0 − β∗)

+
(
1± αn−1∥XTX∥

) σ2

n
Tr
([
I− (I− 2αZ)k

]
Σ
[
I− (I− 2αZ)k

]
Z†) .

The upper bound is tight if W1 = W2 = cI for some c > 0 and α = 2/c. Furthermore,

β̄k → β̄∞ as k →∞, and the limiting generalization error lies in the interval

RX(β̄∞) ∈ (β0 − β∗)
TPZ,0ΣPZ,0(β0 − β∗) + (1± αn−1∥XTX∥)σ

2

n
Tr
(
ΣZ†) .

The proof of Proposition 4.3.11, which relies on some matrix analysis, is given in Sec-

tion 4.6.2. Note that the width of the interval is linear in the step size α, and thus shrinks

to zero as α→ 0.

Remark 4.3.12. Instead of studying the generalization error of the mean iterate β̄k =

Eτ [β(B)
k ], it would also be of interest to understand the expected generalization error of the

random iterate β(B)
k itself; that is, Eτ,x,η[(xTβ(B)

k − xTβ∗)
2 | X] = Eτ,η[∥β(B)

k − β∗∥2Σ | X],

where the expectation over the random reshuffling process is taken at the end. By a bias–

variance decomposition for the norm of a random vector (e.g., [GR15a, Lemma 4.1]), it can
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be shown that Eτ,η[∥β(B)
k − β∗∥2Σ | X] = RX(β̄k) + Eτ,η[∥β(B)

k − β̄k∥2Σ | X]. Thus, our exact

description of RX(β̄k) provides a lower bound for this notion of expected generalization

error. The difference between these two quantities, Eτ,η[∥β(B)
k − β̄k∥2Σ | X] corresponds to

the variance of β(B)
k over the random reshuffling process (averaged over the noise).

4.3.3 Asymptotic analysis

In this section, we aim to provide more insights into the effects of batching without replace-

ment by interpreting our main results on the training error (Theorem 4.3.3) and generaliza-

tion error (Theorem 4.3.9) asymptotically. This will allow us to obtain a finer characteri-

zation of the sample cross-covariance matrix Z(α/B) = 1
n
X̃TX, which is quite non-trivial

to analyze in general as it is a non-commutative polynomial of the mini-batch covariance

matrices, and compare it with the sample covariance matrix W = 1
n
XTX, its full-batch

analogue (under linear scaling).

Asymptotic analysis in the large n, fixed p regime

We begin by considering the more classical statistical regime where p is fixed and n → ∞.

Since we assume that the features xi are i.i.d. with E
[
xix

T
i

]
= Σ, by the law of large

numbers, the sample covariances W = 1
n
XTX and Wb =

B
n
XT
bXb, b = 1, . . . B, tend to Σ as

n→∞, almost surely. Therefore, by independence, Z(α/B) tends to Σ(I− pB,α(Σ)), where

pB,α is a certain polynomial that depends on the number of mini-batches B and step size α.

If we denote the eigenvalues of Σ by λi, then the limiting eigenvalues of Z(α/B) are given

by λi(1− pB,α(λi)).

For example, if B = 2, then Z(α/2) = 1
2
(W1+W2)− 1

8
α(W2W1+W1W2) converges to

Σ− 1
4
αΣ2, so p2,α(Σ) =

1
4
αΣ. In particular, note that the limiting spectrum of W is shrunk

compared to Z.4 In general, for any B, we have the following expression for pB,α:

4For another example, if B = 3, then Z(α/3) = 1
3(W1 +W2 +W3)− 1

18α(W1W2 +W1W3 +

W2W1+W2W3+W3W1+W3W2)+
1

162α
2(W1W2W3+W1W3W2+W2W1W3+W2W3W1+

W3W1W2 +W3W2W1), which converges to Σ− 1
3αΣ

2 + 1
27α

2Σ3, so p3,α(Σ) =
1
3αΣ− 1

27α
2Σ2.
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Proposition 4.3.13. Suppose that p is fixed. Then as n → ∞, Z(α/B) → Σ(I − pB,α(Σ))

almost surely, where

pB,α(Σ) =
B−1∑
i=1

(−1)i+1 (B − 1)!(B − 1− i)!

(i+ 1)!

(α
B

)i
Σi.

The proof of this result uses the algebraic representation of Πb as a function of all the

other mini-batches to write down the limit of each WbΠb, which allows for the limit of

Z = 1
B

∑B
b=1WbΠb to be obtained by symmetry. For the details, see Section 4.6.3.

Observe that Proposition 4.3.13 implies that the sample cross-covariance Z is not a

consistent estimator of the true (uncentered) covariance matrix Σ of the features, unlike

W. Moreover, we see that although Z matches W up to leading order in α, asymptotically,

batching results in a step size-dependent shrinkage of the spectrum of W (for small enough

α satisfying, say, α∥W∥ ≤ 1).

The key idea behind Proposition 4.3.13 is that by exploiting the independence of each

mini-batch and the algebraic properties of Πb, the matrix Πb that modifies each mini-batch

turns out to be asymptotically independent of b as n → ∞; in fact, the limit of each Πb is

exactly the matrix I− pB,α(Σ) from Proposition 4.3.13. We can take this idea and make it

an explicit assumption (justified by the fact that it holds asymptotically) to elaborate on

the implications of batching by providing an explicit description of how the trajectories of

mini-batch gradient descent with random reshuffling differ from the full-batch case under

linear scaling.

Proposition 4.3.14. Suppose that Πb = Π := I−p(W) for each b = 1, . . . , B, where p ≡ pα

is some polynomial, and that X and Π are invertible. Let X = USVT be a singular value

decomposition of X, so that W = V( 1
n
STS)VT where 1

n
STS is a diagonal matrix with (non-

zero) eigenvalues denoted by λ̂1, . . . , λ̂p. Then for i = 1, . . . , p, the ith coordinate (in the

eigenbasis V) of the error vector β̄k − β∗ after k epochs of mini-batch gradient descent is
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given by

[VT(β̄k − β∗)]i = [1− αλ̂i(1− p(λ̂i))]
k[VT(β0 − β∗)]i

+
1

λ̂i

(
1− [1− αλ̂i(1− p(λ̂i))]

k
)
[UTη]i.

(4.15)

If we make the further simplifying assumption that VTΣV = Λ is diagonal with eigenvalues

λ1, . . . , λp,5 then the corresponding generalization error is given by

RX(β̄k) =

p∑
i=1

λi[1− αλ̂i(1− p(λ̂i))]
2k[VT(β0 − β∗)]i

+
σ2

n

p∑
i=1

λi

λ̂i

(
1− [1− αλ̂i(1− p(λ̂i))]

k
)2

.

(4.16)

The proof of these claims is obtained from the dynamics described in Theorems 4.3.3

and 4.3.9 under the specific assumptions imposed, and can be found in Section 4.6.3.

For comparison, the corresponding quantities for full-batch gradient descent are the same

as those in Proposition 4.3.14 with λ̂i(1 − pB,α(λ̂i)) replaced by λ̂i. Therefore, if we take

p = pB,α from Proposition 4.3.13 as the specific polynomial that motivated the setup, then we

deduce that the convergence rate [1− αλ̂i(1− p(λ̂i))] for mini-batch gradient descent (4.15)

is comparatively smaller due to the shrinkage effect on the spectrum of W. The overall

impact on the generalization error (4.16) is less clear, since the change in the convergence rate

implies a different trade-off between fitting the signal (i.e., bias) and the noise (i.e., variance).

However, if early stopping is used to minimize the generalization error (e.g., [SLR24]), then

a particular consequence is mini-batch gradient descent with random reshuffling may have a

different optimal stopping time and a different early stopped risk (possibly lower), compared

with full-batch gradient descent.
5For example, this holds if we assume that the features xi are isotropic so that Σ is a scalar

multiple of the identity.
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Asymptotic analysis in the proportional regime: large n and p

Next, we consider the proportional regime in which both n, p → ∞ such that p/n → γ ∈

(0,∞). This setting has been extensively studied in the context of modern large-scale ma-

chine learning in prior theoretical works (e.g., [Has+22; CL22; MM22; Ba+22; WSH24]). In

this regime, the sample covariance W does not have a deterministic limit in general. How-

ever, its limiting spectral distribution can be studied using tools from random matrix theory

if assume that the features xi satisfy some concentration properties.

We will also consider the more tractable setting of two-batch gradient descent, recalling

that αZ(α/2) = 1
2
α(W1+W2)− 1

8
α2(W2W1+W1W2). This case is also already difficult to

analyze in the proportional regime since it requires finding a non-trivial limiting distribution

of a non-commutative polynomial of random matrices.

For the remainder of this section, we will assume that the entries of xi are i.i.d. standard

Gaussian.6 In this case, it is well-known [MP67; BS10] that almost surely, the empirical

spectral distribution7 FαW(x) of αW (known as a Wishart matrix ) converges in distribution

to the Marchenko-Pastur distribution with ratio parameter γ and variance α, which has

probability measure νγ,α given by

dνγ,α(x) :=
1

2παγx

√
(x+ − x)(x− x−) +

(
1− 1

γ

)
+

1{x=0}, where x± := α(1±√γ)2.

That is, νγ,α has a density supported on [x−, x+], and a point mass of (1 − γ−1) at zero if

and only if γ > 1 (i.e., in the overparameterized regime).

6While the limiting spectrum of W can be described under more general models, such as assuming
that xi = Σ1/2zi for some zi with i.i.d. coordinates [DW18; Has+22], or that xi is a random vector
that is subgaussian or satisfies convex concentration [CL22], we will require this strong assumption
to study the limiting spectrum of Z using tools from free probability theory.

7The empirical spectral distribution of a symmetric matrix A ∈ Rp×p with eigenvalues λi(A) is
defined by FA(x) := 1

p

∑p
i=1 1{λi(A)≤x}.
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To understand the limiting spectrum of αZ(α/2), our starting point is the observation

that

αZ(α/2) =
α

2
(W1 +W2)−

α2

8
(W2W1 +W2W1) = p

(α
2
W1,

α

2
W2

)
(4.17)

is a non-commutative polynomial p(x, y) = x+y− 1
2
(xy+yx) in the independent Wishart ma-

trices α
2
W1 and α

2
W2. To understand its spectrum, we need tools from free probability the-

ory, which, roughly speaking, deals with a notion of free independence for non-commutative

random variables: for the precise mathematical setup, we refer to a standard reference,

e.g., [MS17].

The key result needed is that under the Gaussian assumption on xi, α
2
W1 and α

2
W2

are asymptotically free [MS17, Section 4.5.1], which implies that the limiting spectral dis-

tribution of αZ(α/2) is the spectral distribution of the polynomial p(w1, w2) of two freely

independent Marchenko-Pastur distributions w1, w2 with ratio parameter 2γ and variance

α/2.

However, there is no closed-form or convenient analytical expression for characterizing

the limiting spectral distribution of αZ(α/2). Instead, we were able to use a general al-

gorithm for computing the spectral distribution of a polynomial of free random variables

from [BMS17] for this task by lifting to the space of operator-valued random variables.

Specifically, after developing a linearization of the non-commutative polynomial in (4.17), we

implemented the algorithm in [BMS17] to compute the operator-valued Stieltjes transform of

the linearization, from which we could numerically extract the desired spectral distribution

of p(w1, w2). For a detailed description of our procedure, see Section 4.7.

Figure 4.1 demonstrates our results from computing the limiting spectral distributions

of αZ(α/2) and αW in the underparameterized (γ < 1) and overparameterized (γ > 1)

regimes. We observe that batching results in a non-linear shrinkage effect of the spectrum

of αW. This is consistent with the conclusions from Section 4.3.3 in a different asymptotic
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regime (which does not allow for the overparameterized case). The close adherence between

the theoretical predictions and simulations with moderately-sized matrices also highlights

the predictive capacity of the asymptotic theory.
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Spectral distribution ( =0.25, =0.4)

Full-batch (size 4,000, )
MP density
Two-batch (size 2,000, /2)
Two-batch limiting density

(a) Underparameterized case: γ = 1/4
(n = 4, 000, p = 1, 000) and α = 0.4.
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(b) Overparameterized case: γ = 3/2
(n = 1, 000, p = 1, 500) and α = 0.2.
Each distribution has a point mass of
(1− γ)−1 at zero not shown.

Figure 4.1: Limiting spectral distributions (lines) of αW (full-batch) and αZ(α/2) (two-
batch) compared with empirical distribution of a single n × p standard Gaussian matrix
(histogram).

4.4 Concluding remarks

In this work, we showed that the training and generalization error dynamics of mini-batch

gradient descent with random reshuffling for least squares regression depend on a sample

cross-covariance matrix Z between the original features and a set of new features that have

been modified by the other mini-batches. Using this connection, we established that while the

linear scaling rule for the step size matches the dynamics of mini-batch and full-batch gradient

descent up to leading order, sampling without replacement results in subtle differences that a

continuous-time gradient flow analysis cannot detect. We demonstrated that asymptotically,

batching leads to non-linear shrinkage effects on the spectrum of the sample covariance matrix

W, which directly affects the mini-batch error dynamics.
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Some future directions include studying the dynamics of mini-batch gradient descent

with random reshuffling under more specific assumptions to gain insights into the optimal

choice of batch size and learning rate for generalization, as well as generalizing the results

to more realistic models such as one-layer networks with non-linearities. Finally, there are

some random matrix questions on better understanding Z asymptotically in the proportional

regime, such as obtaining precise analytical expressions in the Gaussian setting.

4.5 Additional background on full-batch gradient descent

In this section, we state formulas for the error dynamics and generalization error of full-

batch gradient descent (i.e., with B = 1). These results are not novel, having appeared in

the literature in many varying forms (e.g., [AKT19; RDR22]). However, they are helpful

for the purposes of comparison with analogous results for mini-batch gradient descent with

random reshuffling.

The first lemma gives an exact expression for the error vector that is driven by the sample

covariance matrix W := 1
n
XTX of the features (i.e., Hessian of the least squares problem).

Lemma 4.5.1. Let (βk)k≥0 be the sequence of full-batch gradient descent iterates for the

least squares problem with step size α ≥ 0 and initialization β0 ∈ Rp. Then for all k ≥ 0,

βk − β∗ = (I− αW)k (β0 − β∗) +
1

n

[
I− (I− αW)k

]
W†XTη. (4.18)

Furthermore, if PX,0 := I−(XTX)†(XTX) and PXT := I−P0 denote the orthogonal projectors

onto the nullspace and row space of X, respectively, then we may decompose the first term

as

(I− αW)k (β0 − β∗) = PX,0(β0 − β∗) + (I− αW)kPXT(β0 − β∗). (4.19)
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Proof. Since y = Xβ∗ + η, the error vector satisfies the recursive relationship

βk − β∗ =
(
I− α

n
XTX

)
(βk−1 − β∗) +

α

n
XTη.

By recursively applying this relationship, and instating the definition of W = 1
n
XTX, we

obtain

βk − β∗ = (I− αW)k (β0 − β∗) +
α

n

k∑
j=1

(I− αW)k−j XTη.

The proof of (4.18) is completed by using the following identity to simplify the expression

for the sum above, which follows from considering the eigendecomposition of the symmetric

matrix X:
k∑
j=1

(I− αW)k−j XT =
[
I− (I− αW)k

]
(αW)† XT.

Finally, by incorporating the decomposition of the initial error

β0 − β∗ = PX,0(β0 − β∗) +PXT(β0 − β∗),

noting that (I− αW)kPX,0 = PX,0, we obtain (4.19).

The following lemma gives a formula for the generalization error of full-batch gradient

descent, corresponding to the usual bias-variance decomposition. It reveals that the gener-

alization error is characterized by the eigenvalue spectrum of the sample covariance matrix

W, the alignment of the initial error β0 − β∗ with the eigenspaces of W, as well as the

covariance of the features Σ.
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Lemma 4.5.2. Consider the same setup as Lemma 4.5.1. Then for all k ≥ 0, the general-

ization error ( (4.4)) of the full-batch gradient descent iterates βk is given by

RX(βk) = (β0 − β∗)
TPX,0ΣPX,0(β0 − β∗)

+ (β0 − β∗)
TPXT (I− αW)k Σ (I− αW)kPXT(β0 − β∗)

+
σ2

n
Tr
([

I− (I− αW)k
]
Σ
[
I− (I− αW)k

]
W†
)
.

Proof. Note that ∥βk−β∗∥2Σ = ∥Σ1/2(βk−β∗)∥22, where ∥·∥2 is the usual ℓ2 norm. Hence, we

may expand the square in (4.18) of Lemma 4.5.1, and use the fact that the cross-terms with

a linear dependence on the mean-zero noise term η vanish upon taking expectation. The

first term of this expansion, combined with the decomposition of the initial error in (4.19),

yields the first two terms of the claimed generalization error, corresponding to the bias. The

remaining variance term follows from writing the second term of the expansion as a trace

(i.e., writing ∥zTz∥22 = Tr
(
zzT
)
), using the fact that E

[
ηηT

]
= σ2 I, the cyclic property of

trace, and the property W†WW† = W† of the pseudoinverse.

Observe that by taking the limit as k →∞ with a small enough step size, Lemma 4.5.1

shows that gradient descent converges to the min-norm solution (XTX)†XTy of the least

squares problem, shifted by the projection of β0 onto the nullspace of X. Additionally,

Lemma 4.5.2 shows that the resulting generalization error is increased by small eigenvalues

of W, which corresponds to overfitting the noise.

Corollary 4.5.3. Consider the same setup as Lemma 4.5.1. Let β∞ := PX,0β0 +

(XTX)†XTy. If α < 2/(n−1∥XTX∥), then βk → β∞ as k → ∞, and the limiting

generalization error is given by

RX(β∞) = (β0 − β∗)
TPX,0ΣPX,0(β0 − β∗) +

σ2

n
Tr
(
ΣW†) .
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4.6 Technical proofs for mini-batch gradient descent

In this section, we provide the technical proofs for our results on mini-batch gradient descent

with random reshuffling. Specifically, in Section 4.6.1, we prove the general results for

general mini-batch gradient descent (Lemma 4.3.1, Theorem 4.3.3, and Theorem 4.3.9). In

Section 4.6.2, we prove some more precise results in the specific setting of two-batch gradient

descent with B = 2 (Propositions 4.3.8 and 4.3.11). Finally, in Section 4.6.3, we prove the

results obtained in the asymptotic regime as n → ∞ with fixed p (Propositions 4.3.13

and 4.3.14).

4.6.1 Mini-batch gradient descent

As a reminder of our setup, recall that we have partitioned the data matrix X ∈ Rm×n into

B equally-sized batches X1, . . . ,XB ∈ R(m/B)×n, and we denote the corresponding sample

covariance matrix of Xb by Wb = B
n
XT
bXb. The modified mini-batches are defined by

X̃b := XbΠb, where Πb was defined in (4.5) as

Πb =
1

B!

∑
τ∈SB

∏
j:j<τ−1(b)

(I− αWτ(j)). (4.20)

Another equivalent expression for Πb is the following:

Πb =
1

B!

∑
τ∈SB

∏
j:j>τ−1(b)

(I− αWτ(j)). (4.21)

This is because each summand corresponding to a permutation τ in (4.20) can be matched

one-to-one to a summand corresponding to a permutation τ ′ in (4.21) by swapping the

sub-permutations to the left and right of the batch b (with position τ−1(b)). For example,

without loss of generality, consider τ = (1, . . . , b− 1, b, b+1, . . . , B), and let τ ′ = (B, . . . , b+

1, b, 1, . . . , b − 1). Then the summand in (4.20) for τ is (I − αWb−1) . . . (I − αW1), which

exactly corresponds to the summand for τ ′ in (4.21).
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Furthermore, by expanding, it can be verified that another expression for Πb is the

following:8

Πb = I−
B−1∑
i=1


(−1)i+1

(i+ 1)!
· αi

∑
{b1,...,bi}⊆[B]\{b}

b1,...,bi distinct, ordered

Wb1 . . .Wbi

 . (4.22)

Finally, X̃ denotes the concatenation of the B modified mini-batches in the same order, and

Z = 1
n
X̃TX = 1

n

∑B
b=1ΠbX

T
bXb was defined in (4.6) to be the sample cross-covariance matrix

of the modified features with the original features.

Proof of Lemma 4.3.1

Since Z = 1
n
X̃TX = 1

n

∑B
b=1 X̃

T
bXb =

1
n

∑B
b=1ΠbX

T
bXb, it suffices to show that

B∑
b=1

ΠbWb =
B∑
b=1

WbΠb

to prove that Z is symmetric, where Πb is defined as in (4.21). Fix b ∈ {1, . . . , B}. Note

that ΠbWb and WbΠb are polynomials in the non-commuting variables W1, . . . ,WB, and

that Πb does not contain the term Wb. Hence, it suffices to argue that the word ending in

Wb on the left hand side (i.e., ΠbWb) matches the word ending in Wb on the right hand

side (i.e., the sum of the words ending in Wb in
∑

j ̸=bWjΠj).

Observe that ΠbWb is a sum of words of the form ai1,...,iℓWi1Wi2 · · ·WiℓWb, where each

of the indices are distinct and ai1,...,iℓ ∈ R is a constant. From the form of Πb, this term arises

as a sum over permutations τ from a set, say T ≡ Ti1,...,iℓ , such that τ−1(b) < τ−1(iℓ) < · · · <

τ−1(i2) < τ−1(i1):

ai1,...,iℓWi1Wi2 · · ·WiℓWb =

(
1

B!

∑
τ∈T

(−α)ℓWi1Wi2 · · ·Wiℓ

)
Wb.

8For example: with B = 2, Π1 = I− 1
2αW2; with B = 3, Π1 = I− 1

2α(W2+W3)+
1
6α

2(W2W3+

W3W2); with B = 4, Π1 = I− 1
2α(W2+W3+W4)+

1
6α

2(W2W3+W2W4+W3W2+W3W4+

W4W2 + W4W3) − 1
24α

3(W2W3W4 + W2W4W3 + W3W2W4 + W3W4W2 + W4W2W3 +
W4W3W2); and so on.
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The same word arises in the expression
∑

j ̸=bWjΠj from the single term Wi1Πi1 with Wi1 as

the leftmost matrix in the product. For each τ ∈ T , consider shifting the sub-permutation

(b, iℓ, . . . , i2, i1) in τ cyclically to the right (keeping the other entries fixed) to obtain the

permutation τ ′ with sub-permutation (i1, b, iℓ, . . . , i2). If T ′ denotes the set of permutations

obtained from T in this way, then by summing over all τ ′ ∈ T in Πi1 — choosing the term

−αWτ ′(j) for each j ∈ {τ−1(b), τ−1(iℓ), . . . , τ
−1(i2)}, and I for the rest of the indices in the

product over τ ′ — this shows that the word a′i2,...,iℓ,bWi1Wi2 · · ·WiℓWb appearing in Wi1Πi1

is equal to

Wi1

(
1

B!

∑
τ ′∈T ′

(−α)ℓWi2 · · ·WiℓWb

)
= ai1,...,iℓWi1Wi2 · · ·WiℓWb.

Thus, we conclude that
∑B

b=1ΠbWb =
∑B

b=1WbΠb, and hence Z is symmetric.

Next, we will prove that rangeZ ⊆ rangeX̃T ⊆ rangeXT. Since Zw = 1
n

∑B
b=1 X̃

T
bXbw

for any w ∈ Rp, it is clear that rangeZ ⊆ rangeX̃T. Next, let y ∈ Rn be a generic vector

partitioned into y1, . . . ,yB in the same way as the batches X1, . . . ,Xb. From expanding the

product in Πb, we can write X̃Ty =
∑B

b=1ΠbX
T
byb =

∑B
b=1X

T
byb+

∑B
b=1 αbX

T
bXbvb for some

coefficients αb ∈ R and vectors vb. Hence, rangeX̃T ⊆ rangeXT.

Proof of Theorem 4.3.3

Lemma 4.6.1. Let A ∈ Rp×p be a symmetric matrix, and define P = (I−A)(I−A)† and

P0 = I−P to be the orthogonal projectors onto the range and nullspace of I−A, respectively.

Then we have

(I+A+ · · ·+Ak−1) = (I−Ak)(I−A)† + kP0.

Proof. Since I = P+P0, we can write (I+A+ · · ·+Ak−1) = (I+A+ · · ·+Ak−1)(P+P0).

By multiplying both sides of the algebraic identity (I+A+ · · ·+Ak−1)(I−A) = (I−Ak)

by (I−A)†, we have (I+A+ · · ·+Ak−1)P = (I−Ak)(I−A)†, which yields the first term.
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For the second term, note that AℓP0 = P0 for any ℓ ≥ 1, since Ax = x for any x in the

nullspace of I−A. Thus, (I+A+ · · ·+Ak−1)P0 = kP0, which yields the second term.

Proof of Theorem 4.3.3. Recall that from (4.2), the iterates β(b)
k from mini-batch gradient

descent after b iterations over the mini-batches in the kth epoch satisfy

β
(b)
k = β

(b)
k −

Bα

n
XT
τ(b)(Xτ(b)β

(b−1)
k − yτ(b)), b = 1, 2, . . . , B,

given a permutation τ = (τ(1), τ(2), . . . , τ(B)) of the mini-batches in the kth epoch, where

β
(0)
k := β

(B)
k−1 and β(B)

0 := β0. By using the fact that yb = Xbβ∗ + ηb for each mini-batch,

the displayed equation above rearranges to

β
(b)
k − β∗ =

(
I− Bα

n
XT
τ(b)Xτ(b)

)
(β

(b−1)
k − β∗) +

Bα

n
XT
τ(b)ητ(b), b = 1, 2, . . . , B.

By iterating this relationship, we deduce that the estimate at the end of the kth epoch

satisfies

β
(B)
k − β∗ =

B∏
b=1

(I− αWτ(b))(β
(B)
k−1 − β∗) +

Bα

n

B∑
b=1

∏
j:j>τ−1(b)

(I− αWτ(j))X
T
bηb. (4.23)

Recall that β̄k = Eτ∼Unif(SB)

[
β

(B)
k

]
. Hence, by taking the expectation over the random

permutations of the batches in each epoch, drawn uniformly from the B! permutations in

the symmetric group SB of B elements, the error vector β̄k − β∗ satisfies the recursive

relationship

β̄k − β∗ =
1

B!

∑
τ∈SB

B∏
b=1

(I− αWτ(b))(β̄k−1 − β∗)

+
Bα

n

 1

B!

∑
τ∈SB

B∑
b=1

∏
j:j>τ−1(b)

(I− αWτ(j))X
T
b

ηb.
(4.24)
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By moving the sum over b outside, recognizing the definition of Πb from (4.21), and recalling

that X̃T
b = ΠbXb, the second term is equal to

Bα

n

B∑
b=1

X̃T
bηb =

Bα

n
X̃Tη.

Next, by writing Z = 1
n

∑B
b=1 X̃

T
bXb, we have

Z =
1

Bα

 1

B!

∑
τ∈SB

B∑
b=1

∏
j:j>τ−1(b)

(I− αWτ(j))αWb

 . (4.25)

We claim that the identity

1

B!

∑
τ∈SB

B∑
b=1

∏
j:j>τ−1(b)

(I− αWτ(j))αWb = I− 1

B!

∑
τ∈SB

B∏
b=1

(I− αWτ(b)) (4.26)

holds. Assuming that this is true for now, combining (4.25) and (4.26) shows that (4.24)

can be written as

β̄k − β∗ = (I−BαZ)(β̄k−1 − β∗) +
Bα

n
X̃Tη. (4.27)

Hence, by recursively applying this relationship, we obtain

β̄k − β∗ = (I−BαZ)k(β0 − β∗) +
Bα

n

k∑
j=1

(I−BαZ)k−jX̃Tη.

The proof of (4.10) is completed by using the following identity from Lemma 4.6.1 to simplify

the expression for the sum above:

k∑
j=1

(I−BαZ)k−j X̃T =
[
I− (I−BαZ)k

]
(BαZ)† X̃T.
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Here, we use the assumption that rangeX̃T ⊆ rangeX̃TX = rangeZ to deduce that PZ,0X̃
T =

0. Furthermore, by incorporating the decomposition of the initial error

β0 − β∗ = PZ,0(β0 − β∗) +PZ(β0 − β∗),

noting that (I−BαZ)kPZ,0 = PZ,0, we obtain (4.11).

Finally, it remains to prove that the identity (4.26) holds. We prove the equivalent

identity, noting that |SB| = B! so that the identity matrix I can be brought inside the sum:

1

B!

∑
τ∈SB

B∑
b=1

∏
j:j>τ−1(b)

(I− αWτ(j))αWb =
1

B!

∑
τ∈SB

(
I−

B∏
b=1

(I− αWτ(b))

)
. (4.28)

We will prove this by matching each summand on the left hand side to a summand on the

right hand side. Fix a permutation τ ∈ SB; without loss of generality, we may assume that

τ = (1, 2, . . . , B − 1, B). On the left hand side, the summand corresponding to τ is

αWB + (I− αWB)αWB−1 + · · ·+ (I− αWB) · · · (I− αW3)(I− αW2)αW1. (4.29)

On the right hand side, the summand corresponding to τ is

I− (I− αWB)(I− αWB−1) · · · (I− αW2)(I− αW1). (4.30)

Consider expanding the product by choosing a term from each bracket going from right to left.

For the last bracket, choosing αW1 yields the term (I−αWB) · · · (I−αW3)(I−αW2)αW1

ending in αW1, matching the left hand side. Otherwise, choosing I results in a smaller

product to which the same argument can be applied recursively. In the end, we are left with

the single term (αWB − I) − I, so that the identity vanishes and we are left with αWB.

Thus, we see that (4.29) and (4.30) correspond to the exact same expression, and summing

over all τ ∈ SB completes the proof of the claim (4.28).
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Proof of Corollary 4.3.5. Recall that PZ,0 = I−Z†Z and Z = 1
n
X̃TX. From (4.10) and (4.11)

of Theorem 4.3.3, it is clear that if ∥(I − BαW)PZ∥ < 1, then β̄k converges as k → ∞ to

the vector

PZ,0β0 + Z†Zβ∗ +
1

n
Z†X̃Tη = PZ,0β0 + (X̃TX)†X̃T(Xβ∗ + η).

Since y = Xβ∗ + η, we obtain the claimed expression for the limiting vector β̄∞.

On the assumptions in Theorem 4.3.3

In this section, we expand upon the discussion on the assumption in Theorem 4.3.3 that

rangeX̃T ⊆ rangeX̃TX.

• In the overparameterized case (p ≥ n), this follows if X ∈ Rn×p has rank n. Thus,

for any η ∈ Rn, we can write η = Xθ for some θ ∈ Rp. Hence, X̃Tη = X̃TXθ ∈

rangeX̃TX.

• In the underparameterized case (p < n), this also follows if we assume that X̃TX (or

equivalently Z) has rank p since rangeX̃TX = Rp.

Next, using less trivial assumptions, the condition also follows if we assume that

rangeX̃ ⊆ rangeX. For η ∈ Rn, let X̃TXθ be the projection of X̃Tη onto rangeX̃TX,

where θ ∈ Rp. Thus, X̃Tη − X̃TXθ is orthogonal to rangeX̃TX, or in other words,

XTX̃X̃T(η −Xθ) = 0.

We claim that X̃Tη = X̃TXθ. Since rangeX̃ ⊆ rangeX, we have X̃X̃T(η − Xθ) ∈

rangeX, and thus XTX̃X̃T(η−Xθ) = 0 if and only if X̃X̃T(η−Xθ) = 0. Furthermore,

X̃X̃T(η −Xθ) = 0 if and only if X̃T(η −Xθ) = 0, which completes the proof.

The assumption in the overparameterized case (which is arguably the more interesting

case for machine learning applications) is natural, and does not depend on the structure of the
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mini-batches or the step size. The underparameterized case seems to be more delicate, and it

remains unclear what the necessary assumptions on the structure of the mini-batches or on

the step size are in this regime for the required condition to hold. However, in our numerical

experiments, X̃TX was always observed to have the same rank as X, so the assumption is

likely to be typically satisfied generically.

In fact, we observed that rangeXT and rangeX̃TX always appeared to be very similar, if

not identical, which suggests that it may be possible to prove that the two subspaces coincide

under a set of generic assumptions.

Mini-batching with replacement

Here, we will provide more details on our claims in Remark 4.3.4 on the error dynamics

when the mini-batches are sampled with replacement. Specifically, suppose that in each

iteration, we sample a mini-batch with replacement uniformly at random from the same set

of B mini-batches X1, . . . ,Xb instead. If β̂k denotes the mean iterate after k epochs (which

corresponds to Bk iterations), averaged over the i.i.d. sampling of the mini-batches in each

iteration, then we will show that

β̂k − β∗ = (I− αW)Bk(β0 − β∗) +
1

n

[
I− (I− αW)Bk

]
W†XTη. (4.31)

Thus, we see that the error dynamics when sampling with replacement are essentially

identical to those of full-batch gradient descent up to a time change by a factor of B.

Proof of (4.31). Let β̂k,t denote the mean parameters in the kth epoch after t iterations.

(Thus, β̂k = β̂k,0 = β̂k−1,B.) Note that 1
n

∑B
b=1X

T
bXb = 1

n
XTX = W, and

∑B
b=1X

T
bηb =

XTη. Conditional on the iterate β̂k,t, the next mini-batch is sampled uniformly at random

from the B mini-batches X1, . . .XB. Hence, we can develop the following recursive expression
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for the expected error vector after one iteration:

β̂k,t+1 − β∗ =
1

B

B∑
b=1

{(
I− Bα

n
XT
bXb

)
(β̂k,t − β∗)−

Bα

n
XT
bηb

}
= (I− αW) (β̂k,t − β∗)−

α

n
XTη.

By iterating over Bk iterations until the end of the kth epoch, and simplifying the matrix

geometric series using Lemma 4.6.1, we obtain (4.31).

Proof of Theorem 4.3.9

By expanding the square in (4.10) of Theorem 4.3.3 and using the fact that the cross-terms

vanish upon taking expectation with respect to the mean-zero noise η, denoted by Eη, the

generalization error RX(β̄k) is equal to

Eη∥β̄k − β∗∥2Σ = ∥Σ1/2(I−BαZ)k(β0 − β∗)∥22 + Eη

∥∥∥∥ 1nΣ1/2
[
I− (I−BαZ)k

]
Z†X̃Tη

∥∥∥∥2
2

.

Since Z is symmetric, the first term is equal to (β0−β∗)
T(I−BαZ)kΣ(I−BαZ)k(β0−β∗).

When combined with the decomposition of the initial error in (4.11), this yields the first two

terms of the claimed generalization error, corresponding to the bias. The second term of the

expansion above, written as a trace using the cyclic property, is equal to

1

n2
Tr
(
Σ
[
I− (I−BαZ)k

]
Z†X̃TEη[ηη

T]X̃Z†
[
I− (I−BαZ)k

])
.

Since Eη[ηη
T] = σ2I, this completes the proof.

4.6.2 Two-batch gradient descent

For the following proofs, we use the Loewner order defined by the cone of positive semidefinite

matrices: that is, for symmetric matrices A,B, we have A ⪯ B if and only if B − A is
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positive semidefinite, or equivalently xTAx ≤ xTBx for all unit vectors x. We recall some

basic properties of the Loewner order: if A ⪯ B and C ⪯ D, then

• (Preserved by conjugation) CTAC ⪯ CTBC for any C with compatible dimensions

• A+B ⪯ C+D and αA ⪯ αB for any α ≥ 0.

• (Preserved by trace) TrA ≤ TrB.

Furthermore, recall that W1 + W2 = 2n−1XTX. Therefore, the assumption α ≤

1/(n−1∥XTX∥) is simply the same as α ≤ 2/∥W1 +W2∥ in different notation.

Proof of Proposition 4.3.8

The claim follows if we can show that Z ≻ 0 and 2αZ ≺ 2I, assuming α∥W1 +W2∥ < 2.

• Z ≻ 0:9 the key observation is that we can write

Z =
1

2
(W1 +W2)−

1

4
α(W1 +W2)

2 +
1

4
α(W2

1 +W2
2)

=
1

2
(W1 +W2)

[
I− 1

2
α(W1 +W2)

]
+

1

4
α(W2

1 +W2
2).

Since W1,W2 ⪰ 0, we have W2
1+W2

2 ⪰ 0, and using the assumption 1
2
α(W1+W2) ≺ I,

we deduce that the first term is also positive semidefinite. Hence, Z ⪰ 0.

• 2αZ ≺ 2I: we can write

2αZ = αW1

(
I− 1

2
αW2

)
+ αW2

(
I− 1

2
αW1

)
= α (W1 +W2)

(
2I− 1

2
α(W1 +W2)

)
− αW1

(
I− 1

2
αW1

)
− αW2

(
I− 1

2
αW2

)
.

9Even though W1+W2 ⪰ 0, this is not immediately obvious since the anticommutator W1W2+
W2W1 is not positive semidefinite in general.
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Since αW1 ≺ 2I and αW2 ≺ 2I by assumption, we have (I− 1
2
αW1) ≻ 0 and (I− 1

2
αW2) ≻

0. Thus,

2αZ ≺ 2α (W1 +W2)−
1

2
α2 (W1 +W2)

2 .

By considering the eigenvalues of α(W1 + W2), which satisfy ∥α(W1 + W2)∥ < 2 by

assumption, we deduce that the operator norm of the upper bound is at most 2. Hence,

we conclude that 2αZ ≺ 2I.

Proof of Proposition 4.3.11

Our goal is to bound the generalization error given in Theorem 4.3.9 (with B = 2) by

bounding the trace term (corresponding to the variance component). The key observation

is that in the two-batch case, we have the explicit relationship between 1
n
X̃TX̃ and Z:

1

n
X̃TX̃ = Z+

α

4

[(
1

2
αW1 − I

)
W2W1 +

(
1

2
αW2 − I

)
W1W2

]
. (4.32)

By using the property Z†ZZ† = Z† of the pseudoinverse, and the fact that the trace preserves

the Loewner order, the claimed upper bound follows if we can show that

1

4

[(
1

2
αW1 − I

)
W2W1 +

(
1

2
αW2 − I

)
W1W2

]
⪯ 1

2
∥W1 +W2∥Z, (4.33)

assuming that α∥W1 + W2∥ ≤ 2. Since Z = 1
2
(W1 + W2) − 1

4
α(W2W1 + W1W2), the

claim (4.33) is equivalent to showing that

α

8
(W2W1W2 +W1W2W1)−

1

4
(W2W1 +W1W2)

⪯ 1

4
∥W1 +W2∥(W1 +W2)−

α

8
∥W1 +W2∥(W2W1 +W1W2),
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or, by rearranging,

α

8
{(W2W1W2 +W1W2W1) + ∥W1 +W2∥(W2W1 +W1W2)}

⪯ 1

4
{∥W1 +W2∥(W1 +W2) + (W2W1 +W1W2)}

(4.34)

Since W1 ⪯ ∥W1∥I ⪯ ∥W1 +W2∥I, and similarly W2 ⪯ ∥W1 +W2∥I, the left hand side

of (4.34) is bounded from above in the Loewner order by

α

8
∥W1 +W2∥

{
(W2

1 +W2
2) + (W2W1 +W1W2)

}
⪯ 1

4
(W1 +W2)

2,

where we use the assumption α∥W1 + W2∥ ≤ 2 for the second inequality. Next, since

∥W1 +W2∥(W1 +W2) ⪰W2
1 +W2

2, the right hand side of (4.34) is bounded from below

by
1

4

{
(W2

1 +W2
2) + (W2W1 +W1W2)

}
=

1

4
(W1 +W2)

2.

Combining the preceding two displayed equations shows that (4.34) holds. If W1 = W2 = cI

and α = 2/c for some c > 0, then it is also clear that (4.34) holds with equality.

Similarly as above, the lower bound follows if we can show that

1

4

[(
1

2
αW1 − I

)
W2W1 +

(
1

2
αW2 − I

)
W1W2

]
⪰ −1

2
∥W1 +W2∥Z, (4.35)

assuming that α∥W1 +W2∥ ≤ 2. This is equivalent to showing that

α

8
(W2W1W2 +W1W2W1)−

1

4
(W2W1 +W1W2)

⪰ −1

4
∥W1 +W2∥(W1 +W2) +

α

8
∥W1 +W2∥(W2W1 +W1W2).

By rearranging and using the fact that W2W1W2 +W1W2W1 ⪰ 0, this is implied by

1

4
∥W1 +W2∥(W1 +W2) ⪰

1

4

(α
2
∥W1 +W2∥+ 1

)
(W2W1 +W1W2).
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By using the assumption α∥W1 +W2∥ ≤ 2, and the fact that ∥W1 +W2∥(W1 +W2) ⪰

(W1 +W2)
2, this is further implied by

1

4
(W1 +W2)

2 ⪰ 1

2
(W2W1 +W1W2).

Since (W1 +W2)
2 = W2

1 +W2
2 +W2W1 +W1W2, this is equivalent to

1

4
(W1 −W2)

2 =
1

4
(W2

1 +W2
2 −W2W1 −W1W2) ⪰ 0,

which is indeed true, and hence we conclude that the claim (4.35) holds.

Finally, the convergence of β̄k to β̄∞ follows from Corollary 4.3.5 (with B = 2), using

the sufficient condition on the step size α given in Proposition 4.3.8. The resulting bound

for the limiting generalization error, expressed in terms of Z, is obtained from the fact that

(I− 2αZ)k → 0.

4.6.3 Asymptotic analysis

In this section, we consider the asymptotics of Z(α/B) as n→∞ with p fixed, and evaluate

the impact on the error trajectory and generalization error of mini-batch gradient descent

with random reshuffling as compared to full-batch gradient descent.

Proof of Proposition 4.3.13

As n→∞, each Wb tends to Σ almost surely. Therefore, by independence, we deduce that

on a set of probability one, Wb → Σ for all b = 1, . . . , B. Since Z(α) = 1
B

∑B
b=1WbΠb,

it suffices to compute the limiting expression for a fixed WbΠb by symmetry. The starting
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point is the expression for Πb from (4.22):

Πb = I−
B−1∑
i=1


(−1)i+1

(i+ 1)!
· αi

∑
{b1,...,bi}⊆[B]\b
b1,...,bi distinct

Wb1 . . .Wbi

 .

Indeed, we simply have to count the number of terms for the internal summand for a fixed

i ∈ {1, 2, . . . , B−1}, which indicates the number of distinct sample covariances that appear.

There are i!
(
B−1
i

)
(ordered) ways to choose i distinct indices {b1, . . . , bi} from [B] \ {b}. For

each such choice, the limit of Wb1 . . .Wbi is Σi. Therefore, introducing an extra factor of Σ

for Wb (which is not in any of the terms in Πb), we have, as n→∞,

WbΠb → Σ−
B−1∑
i=1

(−1)i+1

(
B−1
i

)
i+ 1

αiΣi+1 = Σ

{
I−

B−1∑
i=1

(−1)i+1 (B − 1)!(B − 1− i)!

(i+ 1)!
αiΣi

}
.

The proof is completed by replacing α with α/B to obtain the claimed expression for Z(α/B).

Proof of Proposition 4.3.14

Recall from Theorem 4.3.3 that the error trajectory of mini-batch gradient descent with

random reshuffling and step size α/B is given by the following (with Z ≡ Z(α/B):

β̄k − β∗ = (I− αZ)k(β0 − β∗) +
1

n

[
I− (I− αZ)k

]
Z†X̃Tη.

By using the assumption that Πb ≡ Π = I− p(W), we have

Z =
1

n

B∑
b=1

ΠbX
T
bXb = Π

(
1

n

B∑
b=1

XT
bXb

)
= ΠW.
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Since Z is symmetric, Z = WΠ = W(I − p(W)). Furthermore, X̃Tη =
∑B

b=1ΠbX
T
bηb =

Π(
∑B

b=1X
T
bηb) = ΠXTη. Therefore,

Z†X̃Tη = W−1Π−1ΠXTη = W−1XTη = nX†η

Since W = VŜVT, where X = USVT is the SVD of X with U ∈ Rn×n and V ∈ Rp×p

orthogonal and S ∈ Rn×p diagonal, and Ŝ := 1
n
STS ∈ Rp×p, we have

VT(β̄k − β∗) = [I− αŜ(I− p(Ŝ))]kVT(β0 − β∗) +
[
I− [I− αŜ(I− p(Ŝ))]k

]
S†UTη.

The point of expressing the error in the eigenbasis V is that the dynamics decouple (since

Ŝ is diagonal). Therefore, for i = 1, 2, . . . , p, the ith coordinate of VT(β̄k − β∗) satisfies

[VT(β̄k−β∗)]i = [1−αλ̂i(1−p(λ̂i))]
k[VT(β0−β∗)]i+

1

λ̂i

(
1− [1− αλ̂i(1− p(λ̂i))]

k
)
[UTη]i.

Next, we can apply Theorem 4.3.9 for the corresponding generalization error:

RX(β̄k) = (β0 − β∗)
T(I− αZ)kΣ(I− αZ)k(β0 − β∗)

+
σ2

n
Tr

([
I− (I− αZ)k

]
Σ
[
I− (I− αZ)k

]
Z†
(
1

n
X̃TX̃

)
Z†
)
.

From the calculations above, we have Z†( 1
n
X̃TX̃)Z† = W−1( 1

n
XTX)W−1 = W−1. Therefore,

changing to the eigenbasis V again, we have

RX(β̄k) = (VT(β0 − β∗))
T[I− αŜ(I− p(Ŝ))]kVTΣV[I− αŜ(I− p(Ŝ))]k(VT(β0 − β∗))

+
σ2

n
Tr
([

I− [I− αŜ(I− p(Ŝ))]k
]
VTΣV

[
I− [I− αŜ(I− p(Ŝ))]k

]
Ŝ−1
)
.

By using the assumption that VTΣV = Λ (i.e., that Σ and W are simultaneously diago-

nalizable), then we have again obtained an expression that decouples since all the matrices
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involved are diagonal, and we can write the result as

RX(β̄k) =

p∑
i=1

λi[1− αλ̂i(1− p(λ̂i))]
2k[VT(β0 − β∗)]i

+
σ2

n

p∑
i=1

λi

λ̂i

(
1− [1− αλ̂i(1− p(λ̂i))]

k
)2

.

This completes the proof of the claimed expressions for mini-batch gradient descent.

Finally, it is straightforward to show that the corresponding quantities for full-batch

gradient descent (under the same assumptions) are the same as the given expressions with

λ̂i(1− p(λ̂i)) replaced by λ̂i using the same strategy and the usual expressions for the error

dynamics of full-batch gradient descent (Lemmas 4.5.1 and 4.5.2).

4.7 Additional details on free probability computations

In this section, we provide a high-level overview of and details on the algorithm from [BMS17]

for calculating the spectral distribution of a self-adjoint polynomial of free random variables.

4.7.1 Additional background

Techniques for computing the distribution of a sum or product of free random variables have

been developed (e.g., see [MS17; RE08]). The reason that we could not apply these techniques

is that while we could compute the distribution of w1w2 or w2w1 individually (where w1, w2

are free random variables), we cannot compute the distribution of w2w1 + w1w2 since the

two summands are not freely independent.

More generally, the problem of describing the distribution of a general polynomial of free

random variables in terms of its individual marginals—such as its density or smoothness

properties—remains a difficult open problem, even in pure mathematics. Recent theoretical

progress in [Ari+24] provides a general description of the atoms: in particular, [Ari+24,

Theorem 1.3] implies that asymptotically, αZ(α/2) and W have the same point mass of
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(1 − γ−1) at zero if and only if γ > 1 (i.e., in the overparameterized regime). To interpret

this result, note that the point mass at zero effectively corresponds to the “dimension” of

the frozen subspaces of weights for gradient descent; i.e., the rank of the projectors PZ,0 and

P0 for mini-batch gradient descent with random reshuffling and full-batch gradient descent,

respectively.

4.7.2 Algorithm

In this section, we describe our implementation of the general algorithm from [BMS17] for

calculating the spectral distribution of the non-commutative polynomial

p(w1, w2) = w1 + w2 −
1

2
(w2w1 + w1w2)

of two freely independent Marchenko-Pastur distributions w1, w2 with ratio parameter γ and

variance α. When γ = 2 limn,p→∞ p/n, this corresponds to the limiting spectral distributions

of the scaled sample covariances αW1 and αW2 of the two mini-batches in two-batch gradient

descent with step size α. For the statement of the algorithm for computing the spectral

distributions of general polynomials of free random variables as well as the technical details

and proofs, we refer to [BMS17] (in particular, Theorems 4.1 and 2.2 of their paper).

First, we state some preliminaries on the Marchenko-Pastur distribution νγ,α with ratio

parameter γ and variance α. The Stieltjes transform of νγ,α is given by

mγ,α(z) := EY∼νγ,α [(Y − z)−1] =
α(1− γ)− z +

√
(z − α(γ + 1))2 − 4γα2

2αγz
(4.36)

for z ∈ C+, where C+ = {z ∈ C : Im(z) > 0} is the complex upper half-plane, and the branch

of the complex square root is chosen with positive imaginary part. The Cauchy transform

is given by G(z) = −m(z). The Stieltjes transform of a real-valued random variable (or

equivalently its Cauchy transform) uniquely determines its distribution through the Stieltjes

inversion theorem (e.g., [MS17, Theorem 6]).
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The algorithm of [BMS17] computes the Cauchy transform Gp of p(w1, w2), which

uniquely determines its distribution, given the individual Cauchy transforms of w1, w2 by

the following steps:

(1) Compute a linearization Lp(w1, w2) of the non-commutative polynomial p(w1, w2) =

w1 + w2 − 1
2
(w2w1 + w1w2) in the sense of [BMS17, Definition 3.1]: that is, we want to

find

Lp(w1, w2) =

0 uT

v Q


such that p(w1, w2) = −uTQ−1v, where u,v are vectors with entries in C⟨w1, w2⟩, the

algebra generated by w1, w2 over the field of complex numbers, and Q is a matrix with

entries in C⟨w1, w2⟩. Specifically, we use

Lp(w1, w2) =



0 1 w1 w2

1 −1 −1 −1

w1 −1 −1 1

w2 −1 1 −1


. (4.37)

It may be easily checked that

Q−1 =


−1 −1 −1

−1 −1 1

−1 1 −1


−1

=
1

2


0 −1 −1

−1 0 1

−1 1 0

 ,

so that w1 + w2 − 1
2
(w2w1 + w1w2) = −uTQ−1v. We also define the matrices

b0 :=



0 1 0 0

1 −1 −1 −1

0 −1 −1 1

0 −1 1 −1


, b1 :=



0 0 1 0

0 0 0 0

1 0 0 0

0 0 0 0


, b2 :=



0 0 0 1

0 0 0 0

0 0 0 0

1 0 0 0


,
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so that we can write Lp(w1, w2) = b0⊗1+b1⊗w1+b2⊗w2. Finally, b1⊗w1 and b2⊗w2

(i.e., matrices whose entries consist of w1 and w2, respectively) are freely independent

operator-valued random variables.

(2) The operator-valued Cauchy transform Gb1⊗w1(b) of b1⊗w1 is defined by Gb1⊗w1(b) :=

E [(b− b1 ⊗ w1)
−1] =

∫
R(b− tbj)

−1dνγ,α(t) for complex-valued matrices b in the oper-

ator upper half-plane (i.e., whose imaginary part has only positive eigenvalues). By the

Stieltjes inversion theorem, it can be calculated by the limiting formula

Gb1⊗w1(b) = lim
ε↓0

−1
π

∫
R
(b− tb1)

−1Im(Gw1(t+ iε)) dt,

where the integral is taken elementwise, and the (scalar-valued) Cauchy transform Gw1

for the distribution νγ,α is (the negative) of (4.36) above. (In our implementation, we

found that computing this integral with parameters ε ∼ 10−6 and t ∼ 100 worked well;

in particular, t does not need to be large since the matrices involved have bounded

operator norm and the Marchenko-Pastur distribution has compact support.) Similarly,

the operator-valued Cauchy transform Gb2⊗w2 of b2 ⊗w2 can be computed in the same

way with b1, w1 replaced by b2, w2.

(3) Let fb be the map defined by

fb(a) = hb2⊗w2(hb1⊗w1(a) + b) + b,

where hb1⊗w1(a) = (Gb1⊗w1(a))
−1 − a and hb2⊗w2(a) = (Gb2⊗w2(a))

−1 − a are the so-

called “h-transforms” of b1 ⊗ w1 and b2 ⊗ w2, respectively.

The operator-valued Cauchy transform of the sum b1 ⊗ w1 + b2 ⊗ w2 satisfies

Gb1⊗w1+b2⊗w2(b) = Gb1⊗w1(ω(b)), where ω(b) is the unique fixed point of the map

fb [BMS17, Theorem 2.2]. (In our implementation, we compute ω(b) by iterating
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ωi = fb(ωi−1) until the maximum elementwise difference between the iterates ωi does

not exceed a specified tolerance parameter ∼ 10−6.)

Thus, the operator-valued Cauchy transform of Lp(w1, w2) = b0⊗ 1+b1⊗w1+b2⊗w2

can be computed by GLp(b) = Gb1⊗w1+b2⊗w2(b− b0) = Gb1⊗w1(ω(b− b0)).

(4) Finally, the scalar-valued Cauchy transform Gp(z) of p(w1, w2) can be extracted from the

first entry of the operator-valued Cauchy transform GLp of Lp(w1, w2), evaluated at a

diagonal matrix Λε(z), as ε ↓ 0 [BMS17, Corollary 3.6]:

Gp(z) = lim
ε↓0

[GLp(Λε(z))]1,1, where Λε(z) :=



z

iε

. . .

iε


.

(In our implementation, we found that evaluating GLp(Λε(z)) with ε ∼ 10−6 worked

well.)

Thus, the algorithm above allows us to compute the Cauchy transform Gp, which com-

pletely determines the distribution of p(w1, w2). For example, using Gp, we can compute the

density fp of p(w1, w2) at x ∈ R by

fp(x) = lim
ε↓0

−1
π

Im(Gp(x+ iε)).

For example, see [CL22, Theorem 2.1]. Furthermore, we can compute the point mass gp(x)

at x ∈ R (if there is one) by

gp(x) = lim
ε↓0

iεGp(x+ iε).

4.8 Additional numerical experiments

In this section, we present some additional numerical experiments.
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4.8.1 Full-batch diverges, mini-batch converges
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Figure 4.2: Training error dynamics where the entries of the data X ∈ Rn×p with n = 1, 000
and p = 1, 500, noise η, and β∗ are i.i.d. standard Gaussians, and a step size of α = 0.5 is
used. (This choice of α is slightly larger than 2/(1 +

√
p/n)2, which is the almost sure limit

of ∥X∥ by the Bai-Yin law.)

Consider the dynamics of gradient descent with step size α and two-batch gradient descent

(B = 2) with step size α/2. Then it is possible for the full-batch iterate to diverge (i.e.,

∥I− α 1
n
XTX∥ > 1), while the two-batch iterate still converges (i.e., ∥I− αZ∥ > 1).

4.8.2 Overparameterized regime

Figure 4.3 shows the generalization error dynamics of full-batch gradient descent with step

size α and B-batch gradient descent with step size α/B for B = 2, 4 in the overparameterized

regime. Overall, the difference is slight (according to the scaling of the figures), highlight-

ing how the full-batch and mini-batch dynamics are matched using the linear scaling rule.

Nonetheless, the difference is visually apparent during the middle of training.

For an extreme illustration of the differences that can be caused by large step sizes, recall

that we discussed in Remark 4.3.7 (and demonstrated in Section 4.8.1) that with a larger

choice of α, full-batch gradient descent can diverge, but two-batch gradient descent still

converges.
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(a) Entire trajectory over 300 epochs.
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(b) Limiting trajectory in the last 50 epochs.

Figure 4.3: Generalization error dynamics with standard Gaussian data X ∈ R1,000×1,500

(γ = 3/2), σ = 0.5, and β∗ sampled uniformly at random from the unit sphere. Gradient
descent with step size α = 0.2 compared to B-batch gradient descent with step size α/B for
B = 2, 4. The test error is averaged over 1, 000 simulations with 1, 000 test samples each.

4.8.3 Underparameterized regime

In Figure 4.4, we compare full-batch gradient descent and mini-batch gradient descent with

B = 2, 4 mini-batches using the linear scaling rule for the step size in the underparameterized

regime. Similar to the observations for Figure 4.3, the generalization error trajectories of

mini-batch and full-batch gradient descent are closely matched. However there are very

slight differences; for instance, the limiting risk of two-batch gradient descent is greater by

about ∼ 0.05.
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Figure 4.4: Generalization error dynamics with standard Gaussian data X ∈ R4,000×1,000

(γ = 1/4), σ = 1, and β∗ sampled uniformly at random from the unit sphere. Gradient
descent with step size α = 0.4 compared to B-batch gradient descent with step size α/B for
B = 2, 4. The test error is averaged over 1, 000 simulations with 1, 000 test samples each.
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Chapter 5

Regularization via early stopping for

linear least squares regression

This chapter is based on the following joint work with Rishi Sonthalia and Eliza-

veta Rebrova:

R. Sonthalia, J. Lok, and E. Rebrova. “On Regularization via Early Stop-

ping for Least Squares Regression”, 2024. Preprint, arXiv:2406.04425. arXiv:

2406.04425 [cs.LG]

5.1 Introduction

Early stopping is a common strategy used during training to regularize machine learning

models, yet our understanding of the properties of early stopped models is far from com-

plete. Recent work has shown that linear models trained with gradient descent can exhibit

grokking, a phenomenon where the model initially overfits and generalizes poorly, only to

later achieve better generalization after prolonged training [LBB24]. As a result, the strat-

egy of early stopping naturally raises a range of important questions, including: (a) What

are the properties of early stopped models? (b) Under what circumstances is early stopping

beneficial? (c) How do we decide when to stop training?
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Whether early stopping is beneficial or not, in terms of the out-of-sample generalization

error, can depend on various parameters of the model. For example, for models trained by

gradient descent, a crucial parameter is the choice of learning rates (or step sizes). Most

prior research on early stopping for gradient descent considers constant step size schedules,

frequently in the continuous-time gradient flow regime where the step sizes are assumed to

be negligibly small [YRC07; RWY14]. However, the gradient flow approach does not explain

how to quantify the optimal stopping time under more general and practical learning rate

schedules.

Another known perspective views early stopping as inducing a form of ℓ2 regularization.

Intuitively, limiting the number of training iterations ensures that the obtained parameters

remain relatively close to their initialization. Hence, it is commonly believed that with

zero initialization, early stopping induces ℓ2-type regularization, suggesting that the optimal

stopping time should scale inversely with the minimum eigenvalue of the sample covariance

matrix of the features [GBC16; HL22; RWY14]. However, formalizing this intuition has

proven to be difficult.

Again, most prior works approach this by considering the continuous-time gradient flow

dynamics for linear regression [SGB94], and impose Gaussian assumptions on the feature

matrix. For example, by studying the exact generalization dynamics under gradient flow,

Advani et al. [ASS20] provides an estimate for stopping after O
(
λ−1 log(1 + λ)

)
iterations,

where λ is a modal eigenvalue of the sample covariance of the feature matrix. Furthermore,

[AKT19] shows that gradient flow and ridge regression are tightly connected—namely, under

the correspondence µ = 1/t between the ridge regularization parameter µ and time parameter

t, the relative risk is always between 1 and 1.6862 ([AKT19, Theorems 1 and 2]). The authors

also derive a formula for the risk of gradient flow under the Marchenko–Pastur limit with

arbitrary covariance [AKT19, Theorem 5]. Finally, [SGM22] provides a description of the

optimal stopping time (up to constants) under the Gaussian model that is valid with high

probability. However, without strong assumptions such as negligible learning rates and
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Gaussianity, questions such as when to stop to optimize generalization error remain open

[ASS20; AKT19; SGM22; Xu+23].

In this work, we focus on the non-asymptotic discrete dynamics of gradient descent for

least squares regression. This point of view allows us to derive an explicit formula for the

parameters of our model after k steps of gradient descent, denoted by βk, which can be

expressed in a closed form for many different learning rate schedules used in practice. Using

this, we obtain several novel, more precise answers to the questions above related to early

stopping. Specifically,

1. Exact trajectories. We provide exact formulas for the discrete dynamics of βk ob-

tained when solving the ridge regression problem using gradient descent that make

no assumptions on the data, learning rate schedule, or noise distribution (Proposi-

tion 5.2.2). We state simple expressions for many common learning rate schedules.

2. Equivalence to (generalized) ridge regression. For the ridgeless case, we show

that for generic data, learning rate schedules, and stopping time T , the solution ob-

tained after T iterations is equivalent to the minimum norm solution for a generalized

ridge regression problem (Theorem 5.3.1). Additionally, we show that any solution to

the ridge regression problem can also be obtained via early stopping if we can pick a

distinct learning rate in each eigenspace of the sample covariance matrix of the features

(Theorem 5.3.3).

3. Sufficient conditions for early stopping to be beneficial. We provide sufficient

conditions (Theorems 5.4.4 and 5.4.8) for when early stopping improves the general-

ization performance under some general assumptions. Conversely, we also provide suf-

ficient conditions for when early stopping is not beneficial (Theorems 5.4.6 and 5.4.8).

As a corollary, we show that early stopping is beneficial for many common learning

rate schedules, independent of the input data distribution, and that it is not beneficial

for some other learning rates (Remarks 5.4.7 and 5.4.9).
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4. Optimal stopping time estimate for ill-conditioned covariance and non-

constant step sizes. We propose an estimate for the optimal stopping time for

generic data and a large class of learning rate schedules: see (5.37) in Section 5.5. Our

estimate generalizes a prior estimate from [ASS20] that only considered constant step

size schedules and requires the covariance matrix of the features to be well-conditioned.

We numerically verify the accuracy of our estimate on synthetic and real datasets.

5.1.1 Related work

The dynamics of gradient descent and its related variants have been the subject of extensive

research in recent years. Without attempting to cover all the relevant literature, we will

highlight below some key works and approaches most closely related to early stopping and

our methodology.

Gradient flow dynamics. A common approach to understanding gradient-based meth-

ods is to study gradient flow, which assumes that the learning rates are negligibly small.

Prior works such as [SGB94; ASS20; AKT19; LBB24; SGM22; BF25] have studied the

gradient flow approximation of full-batch gradient descent. Other works have also studied

the dynamics of stochastic gradient descent or flow [ADT20; Paq+25; Paq+22]. Here, we

study the discrete dynamics of full-batch gradient descent instead of gradient flow, which,

in particular, allows us to derive nontrivial results when non-constant step sizes are used.

Generalization error and regularization. In this work, we study the regularization

effects of early stopping in terms of the out-of-sample generalization error. There has been a

lot of recent work that uses tools from random matrix theory to understand the generalization

performance of linear regression with other forms of regularization. Some works studying

generalization for the ridge regression problem include [DW18; Has+22; KLS20; YH22;

Nak+21; WSH24; Jac+20b; Jac+20a]. One of the surprising results from this line of research

is that the optimal ridge parameter can be negative [YH22]. Other works such as [SN23;
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KSS24; DL21; CZ23] study the effects of noise regularization. Recent work [SLG23] also

studies the problem with both noise and ridge regularization. However, our focus is on the

regularization effects of early stopping. Recent work by Stark and Steinerberger [SS25] shows

that if the ridge regularization parameter is large enough, then early stopping for gradient

descent with constant step sizes is not beneficial, which we have established independently

for general step size schedules (see Theorem 5.4.8 and Remark 5.4.9). In addition, [SS25]

elaborates on and proves optimality results for a fully data-driven methodology for estimating

the optimal ridge regularization parameter.

Early stopping for statistical inverse problems. Early stopping of iterative procedures

is also studied in the inverse problems literature [BHR18a; BHR18b; HR25; MR25], where

regularization is crucial to recover a signal from ill-posed problems. In particular, early

stopping for gradient descent, which is known as the Landweber iteration in this literature,

is studied in [BHR18b]. The adaptive early stopping rules studied in this literature are based

on the discrepancy principle [EHN96], which halts when the residual is of the same order as

the noise level (which is assumed to be known or estimable a priori). Moreover, the quality

of the solution is typically measured in terms of the distance to the underlying signal or the

residual error (i.e., in-sample training error), in contrast to the generalization error on an

unseen test sample that we focus on. In these works, the model is typically situated in the

underparameterized setting, whereas our work allows for overparameterized models.

Other related works. Understanding the dynamics of gradient descent for linear models

can provide insights into the dynamics of gradient descent for neural networks. Specifically,

[Chi19] showed that in a lazy training regime, which holds under some circumstances such

as with a large variance initialization, the trajectory of the parameters of a neural network

is close to the trajectory of the parameters of a corresponding linearized model. Note that

we can think of the linearized network as a kernel ridge regression problem with the neural

tangent kernel [JGH18]. Recent work such as [Gei+20] seeks to understand the relationship
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between feature learning and lazy training, and it is shown in [Kum+24] that grokking for

neural networks occurs due to the transition from lazy training to rich training.

While our work focuses on studying gradient descent, studying the dynamics and regular-

ization effects of early stopping for stochastic gradient descent (SGD) is an important related

problem. Different learning rate schedules have been analyzed for SGD, and we will only

mention a few works that do so. Learning rate schedules with linear decay and switching

from constant to linear decay were studied in [Gow+19b]. In the streaming setting, SGD

with square root decaying step sizes and oblivious noise was investigated in [PF20], and SGD

with exponentially decaying step sizes and semi-adversarial noise was analyzed in [JNR25].

5.1.2 Problem setup and preliminaries

Suppose that we are given n training data points (zi, yi) drawn i.i.d. from a distribution D,

where zi ∈ Rd are the input vectors and yi ∈ R are the responses. Let Ψ : Rd → Rp be a

feature map and xi = Ψ(zi). Let X ∈ Rn×p be the matrix containing the feature vectors

xi of the training data as rows, and y ∈ Rn denote the response vector. Furthermore, we

assume that there exists an underlying vector of parameters β∗ ∈ Rp such that y = Xβ∗+ε,

where ε ∈ Rn is a residual or noise term with i.i.d. coordinates εi = yi − xTi β∗.

Given a regularization parameter µ ≥ 0, the ridge regression problem aims to minimize

the following loss:

Lµ(β) =
1

2n
∥Xβ − y∥22 +

µ

2
∥β∥22. (5.1)

We solve the ridge regression problem (5.1) using gradient descent. Let β0 ∈ Rp be the

chosen initialization and {ηk}k≥1 denote the sequence of step sizes used in each iteration. If

we denote the iterate after k iterations of gradient descent by βk ∈ Rp, then the gradient

descent update for the kth iteration is given by

βk = βk−1 −
ηk
n
XT(Xβk−1 − y)− ηkµβk−1. (5.2)
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For any estimator β ∈ Rp, the excess risk with respect to β∗ is given by

RX(β) := Ez∼Dtest

[∥∥Ψ(z)Tβ −Ψ(z)Tβ∗
∥∥2
2
| X
]
= ∥β − β∗∥2Σ, (5.3)

where Σ := Ez∼Dtest [Ψ(z)Ψ(z)T] is the (uncentered) covariance matrix of the feature vectors

x = Ψ(z), drawn according to some test distribution z ∼ Dtest, ∥·∥2 denotes the Euclidean

norm, ∥v∥2Σ = vTΣv, and the expectation is taken over a newly drawn test sample, condi-

tional on the training features X.

Finally, we introduce the following notation. Let Σ̂ := n−1XTX ∈ Rp×p be the sample

(uncentered) covariance matrix of the features X. Let X = UΣXV
T and XTX = VΛVT be

the singular value decomposition and eigendecomposition of X and XTX, respectively, where

U ∈ Rn×n and V ∈ Rp×p are orthogonal matrices, and ΣX ∈ Rn×p and Λ ∈ Rp×p are diagonal

(which we may assume to be in non-increasing order). Note that Λ = ΣT
XΣX = nVTΣ̂V.

We will also be interested in the representations of the parameters βk and residual ε in the

eigenbasis of XTX (i.e., V) and XXT (i.e., U), respectively, which we will denote by

β̃k := VTβk, β̃∗ := VTβ∗, and ε̌ := UTε. (5.4)

We shall denote the identity matrix by I. Given a matrix A, we shall denote its Frobenius

norm by ∥A∥F =
√
Tr(ATA) and its Moore-Penrose pseudoinverse by A†.

Remark 5.1.1. We do not restrict the class of feature maps; for example, Ψ could represent

a random feature model [RR07], the features learned by the final layer of a neural network,

or the feature map for the neural tangent kernel [JGH18]. Moreover, we do not require that

the distribution Dtest for x = Ψ(z) at test time from (5.3) to be the same as the distribution

D used to obtain the training data. This allows for covariate shift, which is an important

problem that has been widely studied; see, e.g., [TAP21; KSS24].
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5.2 Exact trajectories

To understand the regularization effects of early stopping and to determine when to stop,

we begin by quantifying the trajectory of the parameters βk and its associated excess risk.

The aim of this section is to prove Proposition 5.2.2, which gives exact expressions for the

dynamics of βk and its representation β̃k in the eigenbasis V .

To build intuition, we first consider the unregularized problem (µ = 0) with constant step

size ηk ≡ η and zero initialization β0 = 0. Simple calculations (e.g., [GBC16, Chapter 7.8])

show that we can recursively unravel the gradient descent dynamics from (5.2) to obtain

βk =
(
I− η

n
XTX

)k
β0 +

k∑
i=1

η

n

(
I− η

n
XTX

)k−i
XTy. (5.5)

From (5.5), we can deduce the classical convergence result: if η is small enough, then the

first term tends to zero as k → ∞, and the second term converges to the minimum norm

solution (XTX)†XTy.

Similarly, if a sequence of non-negative step sizes {ηk}k≥1 is used, then the above changes

to

βk =
k∏
i=1

(
I− ηi

n
XTX

)
β0 +

k∑
i=1

ηi
n

k∏
j=i+1

(
I− ηj

n
XTX

)
XTy. (5.6)

The general expression (5.6) involves an unfactored matrix polynomial with coefficients that

depend on the step sizes. With constant step sizes, the dynamics are tractable because the

polynomial expression can be simplified using the formula for the geometric series. One of

the technical contributions of our work is a technique for factoring the polynomial above that

works for any given step size schedule. With this goal in mind, we shall define the following

function φ:
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Definition 5.2.1. Given a learning rate schedule {ηi}i≥1 and a real number ζ, define the

function φ(k; ζ, {ηi}) for positive integers k by

φ(k; ζ, {ηi}) := φ(0; ζ) ·
k∏
i=1

(1− ηiζ),

where φ(0; ζ) is a positive number that only depends on ζ and not on the learning rate

schedule. Whenever it is clear from context, we shall suppress the dependence of φ on ζ

and {ηi}i≥1. Furthermore, given µ ≥ 0 and a diagonal matrix Λ = diag({Λj}pj=1), we define

Φ(k;µ,Λ) ∈ Rp×p to be the diagonal matrix whose jth diagonal entry is given by

Φ(k;µ,Λ)j :=
φ(k;µ+ n−1Λj)

φ(0;µ+ n−1Λj)
. (5.7)

In matrix form, we can write

Φ(k;µ,Λ) =
k∏
i=1

(
I− ηi(µI+ n−1Λ)

)
. (5.8)

Whenever it is clear from context, we shall also suppress the dependence of Φ on µ and Λ.

In particular, we will choose Λ to be the diagonal matrix with the eigenvalues of XTX.

Therefore, n−1Λj is the jth largest eigenvalue of the sample covariance matrix of the features,

Σ̂ = n−1XTX, and Φ(k; 0,Λ)j = 1 if j > rank(X).

In Section 5.2.1, we will derive explicit expressions for the function φ for a variety of

standard learning rates. The following result exactly characterizes the trajectory of βk, and

is completely generic in that it makes no assumptions on the data, the learning rate schedule,

or the initialization.

Proposition 5.2.2 (Trajectory). Let X = UΣXV
T be any feature matrix and y = Xβ∗+ε.

If βk are the parameters after k steps of gradient descent for the ridge regression problem (5.1)

with regularization parameter µ ≥ 0, initialized at β0 and with arbitrary learning rate schedule
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{ηk}k≥1, then we have

βk = VΦ(k;µ)VTβ0 + (I−VΦ(k;µ)VT)(µnI+XTX)†XTy. (5.9)

Moreover, recalling that β̃k = VTβk, β̃∗ = VTβ∗, and ε̌ = UTε, we have

β̃k − β̃∗ = Φ(k;µ)(β̃0 − β̃∗) + (µnI+Λ)†(I−Φ(k;µ))(ΣT
Xε̌− µnβ̃∗). (5.10)

Remark 5.2.3 (Why is early stopping beneficial?). Proposition 5.2.2 suggests that early

stopping can be beneficial for a wide variety of learning rate schedules {ηk}k≥1. Specifically,

if the step size is sufficiently small and Φ(k) is monotonically decreasing, then the error

from learning the signal Φ(k)(β̃0 − β̃∗) is monotonically decreasing, while the second term

(µnI+Λ)†(I−Φ(k;µ))(ΣT
Xε̌−µnβ̃∗), which corresponds to fitting the noise, is monotonically

increasing. Thus, stopping early may allow for the minimum to be achieved by balancing

the two quantities. We make this intuition precise in Section 5.4 by providing conditions on

the learning rates under which early stopping is beneficial (or not).

Remark 5.2.4 (Decoupling of the learning dynamics). Equation (5.9) shows that βk can

be thought of as a convex combination of the initialization β0 and the minimum norm

solution (µnI + XTX)†XTy with weights given by VΦ(k)VT. Equation (5.10) also shows

that the dynamics of βk − β∗ decouple when the parameters are expressed in the eigenbasis

V: recalling that Φ(k;µ) is a diagonal matrix, it can be rearranged to

β̃k − β̃∗ = Φ(k;µ)
[
(β̃0 − β̃∗)− (µnI+Λ)†(ΣT

Xε̌− µnβ̃∗)
]
+ (µnI+Λ)†(ΣT

Xε̌− µnβ̃∗).

(5.11)

Thus, each coordinate of β̃k − β̃∗ evolves independently of the others.

The proof of Proposition 5.2.2 follows from matrix computations. We present it below

to illuminate the notation and for completeness.
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Proof of Proposition 5.2.2. From (5.2), the gradient update is given by

βk+1 = βk −
ηk+1

n
XT(Xβk −Xβ∗ − ε)− ηk+1µβk.

Subtracting β∗ from both sides, we obtain

βk+1 − β∗ = (1− ηk+1µ)(βk − β∗)−
ηk+1

n
XTX(βk − β∗) +

ηk+1

n
(XTε− µnβ∗)

=
[
(1− ηk+1µ)I−

ηk+1

n
XTX

]
(βk − β∗) +

ηk+1

n

(
XTε− µnβ∗

)
= V

[
(1− ηk+1µ)I−

ηk+1

n
Λ
]
VT(βk − β∗) +

ηk+1

n
V
(
ΣT

XU
Tε− µnVTβ∗

)
.

By multiplying both sides by VT to perform a change of basis and using the notations

in (5.4), we have

β̃k+1 − β̃∗ =
[
(1− ηk+1µ)I−

ηk+1

n
Λ
]
(β̃k − β̃∗) +

ηk+1

n

(
ΣT

Xε̌− µnβ̃∗

)
.

We can rewrite this as the matrix equation

 β̃k+1 − β̃∗

ΣT
Xε̌− µnβ̃∗

 =

[(1− ηk+1µ)I− ηk+1n
−1Λ] ηk+1n

−1I

0 I


 β̃k − β̃∗

ΣT
Xε̌− µnβ̃∗

 .

Note that the product of block upper triangular matrices is also block upper triangular.

Thus, we have

 β̃k+1 − β̃∗

ΣT
Xε̌− µnβ̃∗

 =
k+1∏
i=1

[(1− ηiµ)I− ηin
−1Λ] ηin

−1I

0 I


 β̃0 − β̃∗

ΣT
Xε̌− µnβ̃∗


=

∏k+1
i=1 [(1− ηiµ)I− ηin

−1Λ]
∑k+1

i=1

(∏k+1
j=i+1 [(1− ηjµ)I− ηjn

−1Λ]
)
ηin

−1I

0 I


 β̃0 − β̃∗

ΣT
Xε̌− µnβ̃∗

 .
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By inserting the notation (5.8) from Definition 5.2.1, we have shown that

 β̃k+1 − β̃∗

ΣT
Xε̌− µnβ̃∗

 =

Φ(k + 1;µ,Λ)
∑k+1

i=1

(∏k+1
j=i+1 [(1− ηjµ)I− ηjn

−1Λ]
)
ηin

−1I

0 I


 β̃0 − β̃∗

ΣT
Xε̌− µnβ̃∗

 .

We can rewrite the sum in the top right block as follows. For the ℓth diagonal entry, writing

aℓ := µ+ n−1Λℓ for brevity, we have

1

n

k+1∑
i=1

ηi

(
k+1∏
j=i+1

[
1− ηj(µ+ n−1Λℓ)

])
=

1

n

k+1∑
i=1

ηi

(∏k+1
j=1 [1− ηj(µ+ n−1Λℓ)]∏i
j=1 [1− ηj(µ+ n−1Λℓ)]

)

=
1

n

k+1∑
i=1

ηi

(
φ(k + 1; aℓ)

φ(i; aℓ)

)
. (5.12)

If aℓ ̸= 0, then we have the following identity, which is formally stated and proved in

Lemma 5.2.5 below:

1

n

k+1∑
i=1

ηi

(
φ(k + 1; aℓ)

φ(i; aℓ)

)
=

1

n

1

aℓ

(
1− φ(k + 1; aℓ)

φ(0; aℓ)

)
.

If aℓ = 0, then µ = Λℓ = (ΣT
XΣX)ℓ,ℓ = 0, and so the corresponding entry of the vector

(ΣT
Xε̌− µnβ̃∗)ℓ is also zero. Thus, we obtain

 β̃k+1 − β̃∗

ΣT
Xε̌− µnβ̃∗

 =

Φ(k + 1;µ,Λ) (µnI+Λ)† (I−Φ(k + 1;µ,Λ))

0 I


 β̃0 − β̃∗

ΣT
Xε̌− µnβ̃∗

 .
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This implies that (5.10) holds. Now, we will show how this implies (5.9). Since Λ and

Φ(k;µ) are diagonal, we have

β̃k = Φ(k;µ)(β̃0 − β̃∗) + (I−Φ(k;µ))(µnI+Λ)†(ΣT
Xε̌− µnβ̃∗) + β̃∗

= Φ(k;µ)(β̃0 − β̃∗) + (I−Φ(k;µ))(µnI+Λ)†(ΣT
Xε̌+Λβ̃∗)

− (I−Φ(k;µ))(µnI+Λ)†(µnI+Λ)β̃∗ + β̃∗

= Φ(k;µ)β̃0 + (I−Φ(k;µ))(µnI+Λ)†(ΣT
Xε̌+Λβ̃∗).

The last step holds since Λ is a diagonal matrix whose leading r × r principal submatrix is

non-zero, recalling that rank(X) = r, and Φ(k;µ) is diagonal with entries Φ(k;µ)j = 1 for

j > r, so that

(I−Φ(k;µ))(µnI+Λ)†(µnI+Λ) = I−Φ(k;µ).

By multiplying by V to change back to the original basis, recalling that VΛVT = XTX, we

have

βk = VΦ(k;µ)VTβ0 + (I−VΦ(k;µ)VT)(µnI+XTX)†XT(Xβ∗ + ε).

Since y = Xβ∗ + ε, this implies (5.9), which completes the proof.

Lemma 5.2.5 (Technical sum identity). For any non-zero real number ζ, we have

k∑
i=1

ηi
1

φ(i; ζ)
=

1

ζ

(
1

φ(k; ζ)
− 1

φ(0; ζ)

)
.

Proof of Lemma 5.2.5. For notational simplicity, we will write φ(i) = φ(i; ζ). We will prove

the identity using induction. For the base case with k = 1, the left hand side is η1/φ(1), and

the right hand side is equal to

1

ζ

(
1

φ(1)
− 1

φ(0)

)
=

1

ζ

(
1− (1− η1ζ)

φ(1)

)
=

η1
φ(1)

.
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Hence, the base case holds. For the inductive step, assuming that the identity holds for some

k, we can write

k+1∑
i=1

ηi
1

φ(i)
=

ηk+1

φ(k + 1)
+

k∑
i=1

ηi
1

φ(i)
=

ηk+1

φ(k + 1)
+

1

ζ

(
1

φ(k)
− 1

φ(0)

)
=

ηk+1ζ

φ(k + 1)ζ
+

(1− ηk+1ζ)

φ(k + 1)ζ
− 1

ζφ(0)
=

1

ζ

(
1

φ(k + 1)
− 1

φ(0)

)
.

This shows that the identity also holds for k + 1. This completes the proof.

5.2.1 Formulas for the function φ

For generic learning rate schedules {ηi}i≥1, we may not have closed-form expressions for

φ(k; ζ, {ηi}). However, for many common learning rate schedules, φ can indeed be evaluated

in terms of analytic functions. For constant learning rate schedules (i.e., ηk ≡ η), we can see

that Definition 5.2.1 is satisfied by

φ(k; ζ, {η}) = (1− ηζ)k and φ(0; ζ) = 1.

The following two results give expressions for φ in terms of the Gamma function for learning

rates with polynomial decay or constant additive decay.

Proposition 5.2.6 (Polynomial decay). If ηk = η/km for some integer m ≥ 1, then we have

φ(k; ζ) =
1

Γ(k + 1)m

m∏
j=1

Γ
(
k+1−ωj(ηζ)

1/m
)

and φ(0; ζ) =
m∏
j=1

Γ
(
1−ωj(ηζ)

1/m
)
, (5.13)

where ω1, . . . , ωm are the mth roots of unity, and Γ(z) =
∫∞
0

tz−1e−t dt is the Gamma function.

Proof. First, note that using the roots of unity, we have the following polynomial factoriza-

tion:

1− η

km
ζ =

m∏
j=1

(
1− ωj

k
(ηζ)1/m

)
.
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Thus, given a learning rate schedule with polynomial decay with ηk = η/km, by using this

identity and switching the order of the products, φ(k; ζ) and φ(0; ζ) must satisfy

φ(k; ζ) = φ(0; ζ) ·
k∏
i=1

(
1− η

km
ζ
)

= φ(0; ζ) ·
k∏
i=1

m∏
j=1

(
1− ωj

i
(ηζ)1/m

)
=

φ(0; ζ)

Γ(k + 1)m
·
m∏
j=1

k∏
i=1

(
i− ωj(ηζ)

1/m
)
.

From the fundamental property Γ(z + 1) = zΓ(z) of the Gamma function, we have

k∏
i=1

(
i− ωj(ηζ)

1/m
)
=

Γ(k + 1− ωj(ηζ)
1/m)

Γ(1− ωj(ηζ)1/m)
.

Thus, defining φ(k; ζ) and φ(0; ζ) as in (5.13) leads to a valid expression according to Defi-

nition 5.2.1.

Proposition 5.2.7 (Constant additive decay). If ηk = η0 − kη, then we have that

φ(k; ζ) = (ηζ)k · Γ
(
k + 1 +

1− η0ζ

ηζ

)
and φ(0; ζ) = Γ

(
1 +

1− η0ζ

ηζ

)
, (5.14)

where Γ(z) =
∫∞
0

tz−1e−t dt is the Gamma function.

Proof. The function φ(k; ζ) and φ(0; ζ) must satisfy

φ(k; ζ) = φ(0; ζ) ·
k∏
i=1

(1− η0ζ + iηζ) = φ(0; ζ) · (ηζ)k
k∏
i=1

(
i+

1− η0ζ

ηζ

)
.

Using the property Γ(z+1) = zΓ(z) again verifies the validity of the claimed expressions.

Finally, for learning rates with exponential decay, φ can be evaluated in terms of a function

known as the q-Pochhammer symbol, which is defined by

(a; q)n =
n−1∏
i=0

(1− aqi). (5.15)
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From the definition of the q-Pochhammer symbol (5.15), we immediately obtain the following:

Proposition 5.2.8 (Exponential decay). If ηk = ηk, then we have that

φ(k; ζ) = (ζ; η)k+1 and φ(0; ζ) = 1− ζ. (5.16)

We can also obtain a formula for composite learning schedules by multiplying the corre-

sponding φ functions. For example, given a cyclic learning rate schedule with period T such

that ηk+T = ηk, for any iteration k = qT + r, we have that

φ(k; ζ) =

(
φ(T ; ζ)

φ(0; ζ)

)q
· φ(r; ζ).

In summary, we can obtain closed-form expressions for φ for many (but not all) learning

rate schedules used in practice. One prominent learning rate schedule that we do not have

a formula for is cosine annealing [LH17].

5.3 Early stopping and generalized ridge regularization

In this section, we show an equivalence between early stopping for the least squares problem

(with µ = 0) and generalized ridge regularization. Specifically, given a matrix D ∈ Rp×p,

the generalized ridge regression problem is the following:

argmin
β∈Rp

1

2n
∥Xβ − y∥22 +

1

2
∥Dβ∥22. (5.17)

The generalized ridge regression parameter allows for a different regularization strength

for each coordinate of β̃k in the eigenspaces of XTX. Recall that Φ(T ) ≡ Φ(T ; 0,Λ) is the

diagonal matrix defined in (5.8). Using Proposition 5.2.2, we can show that the early stopped

solution after T iterations solves a generalized ridge regression problem corresponding to

some matrix D that depends on Φ(T ):
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Theorem 5.3.1 (Early stopping =⇒ generalized ridge regression). Let X be any feature

matrix and y = Xβ∗ + ε. Suppose that βT are the parameters after T steps of gradient

descent for the least squares problem (5.1) with µ = 0, initialized at β0 = 0, and with

arbitrary learning rate schedule {ηk}k≥1. Then, the early stopped solution βT is the minimum

norm solution to the generalized ridge regression problem (5.17) with

D =

(
1

n
ΛΦ(T )(I−Φ(T ))†

)1/2

VT.

Remark 5.3.2. Crucially, note that Theorem 5.3.1 makes no assumptions on the data or

the learning rate schedule. In fact, if we consider large learning rates, then Φ(T ) could have

negative entries! In this case, the entries of D would be complex. Prior work [YH22] has

shown that the optimal ridge regularization parameter can be negative. Here, we see that

this is analogous to training with µ = 0 and large learning rates. A version of Theorem 5.3.1

was proved in [AKT19, Lemma 3] for constant step size schedules.

The main idea behind the proof is that we have a closed form expression for the minimum

norm solution of the generalized ridge regression problem, which can be shown to coincide

with the expression for βT from Proposition 5.2.2.

Proof of Theorem 5.3.1. First, observe that the generalized ridge regression problem can be

reformulated as an augmented least squares problem:

1

2n
∥Xβ − y∥22 +

1

2
∥Dβ∥22 =

1

2n

∥∥∥∥∥∥∥
y
0

−
 X

√
nD

β
∥∥∥∥∥∥∥
2

2

.
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The min-norm solution β(D) to the generalized ridge regression problem (5.17) is given by

β(D) =

[XT
√
nDT

] X

√
nD




† [
XT

√
nDT

]y
0


=
(
XTX+ nDTD

)†
XTy

= V
(
Λ+ nVTDTDV

)†
VTXT(Xβ∗ + ε)

= V
(
Λ+ nVTDTDV

)†
Λβ̃∗ +V

(
Λ+ nVTDTDV

)†
ΣT

Xε̌.

Let β̃(D) := VTβ(D). By multiplying by VT and subtracting β̃∗ on both sides, we obtain

β̃(D) − β̃∗ =
[(
Λ+ nVTDTDV

)†
Λ− I

]
β̃∗ +

(
Λ+ nVTDTDV

)†
ΣT

Xε̌. (5.18)

Next, substituting in the chosen value of D, we have that

Λ+ nVTDTDV = Λ+ΛΦ(T )(I−Φ(T ))†.

To simplify this expression, note that all of the matrices are diagonal matrices. Recalling

that r = rank(X), and writing A1:r,1:r to denote the leading r × r principal submatrix of a

matrix A, we have

Λ =

Λ1:r,1:r 0

0 0

 and Φ(T ) =

Φ(T )1:r,1:r 0

0 I

 .
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Thus, we see that

Λ+ nVTDTDV = Λ+ΛΦ(T )(I−Φ(T ))†

=

Λ1:r,1:r 0

0 0


I+

Φ(T )1:r,1:r 0

0 I


I−Φ(T )1:r,1:r 0

0 0


†

=

Λ1:r,1:r 0

0 0


I+Φ(T )1:r,1:r(I−Φ(T )1:r,1:r)

−1 0

0 I

 .

Observe that for the leading principal r × r submatrix, we have

I+Φ(T )1:r,1:r(I−Φ(T )1:r,1:r)
−1 = [(I−Φ(T )1:r,1:r) +Φ(T )1:r,1:r] (I−Φ(T )1:r,1:r)

−1

= (I−Φ(T )1:r,1:r)
−1.

Hence, we have shown that

(
Λ+ nVTDTDV

)†
=

(I−Φ(T )1:r,1:r)Λ
−1
1:r,1:r 0

0 0

 .

Substituting this back into (5.18) shows that

β̃(D) − β̃∗ =

Φ(T )1:r,1:r 0

0 I

 (−β̃∗) +Λ†(I−Φ(T )1:r,1:r)Σ
T
Xε̌.

From Proposition 5.2.2, we see that with µ = 0 and β0 = 0, the parameter estimate after T

iterations of gradient descent also satisfies

β̃T − β̃∗ =

Φ(T )1:r,1:r 0

0 I

 (−β̃∗) +Λ†(I−Φ(T )1:r,1:r)Σ
T
Xε̌,
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which completes the proof.

Next, we shall present a partial converse to Theorem 5.3.1. We show that for any reg-

ularization parameter µ, the minimum norm solution of the ridge regression problem (5.1)

can be obtained via early stopping. However, similar to Theorem 5.3.1 where we had to

regularize each component of β̃k in the eigenspaces of XTX independently, we require a

different (constant) learning rate for each direction.

Theorem 5.3.3 (Ridge regularization =⇒ early stopping). Let X be any feature matrix

and y = Xβ∗ + ε. For any regularization parameter µ, let β(µ) =
(
µnI +XTX

)†
XTy be the

minimum norm solution to the ridge regression problem (5.1). Suppose that for each j, we

choose

η(j) =
n

µn+ Λj

to be the learning rate for the jth coordinate of β̃ (if µn+ Λj = 0, then we choose η(j) = 0).

Then, after one step of gradient descent for the unregularized least squares problem (5.1),

initialized at β0 = 0, we obtain β(µ).

Proof. Recall that the dynamics of βk − β∗ decouple when expressed in the eigenbasis V

from (5.11). With β0 = 0, one step of gradient descent for the unregularized least squares
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problem with step size η(j) for each coordinate of β̃ can be written as

β̃1 =
1

n



η(1) 0 . . . 0

0 η(2) . . . 0

...
... . . . ...

η(p−1) 0

0 0 . . . 0 η(p)


[
Λβ̃∗ +ΣT

Xε̌
]

= (µnI+Λ)†
[
Λβ̃∗ +ΣT

Xε̌
]

= VT
(
µnI+VΛVT

)† [
VΛVTβ∗ +XTε

]
= VT

(
µnI+XTX

)†
XT [Xβ∗ + ε]

= VT
(
µnI+XTX

)†
XTy.

Multiplying both sides by V shows that β1 =
(
µnI+XTX

)†
XTy = β(µ), as desired.

Remark 5.3.4. A version of Theorem 5.3.3 can be presented given any learning rate schedule

{ηi}i≥1 such that φ(k; ζ, {ηi})→ 0 monotonically as k →∞ for any ζ. In this case, for each

coordinate j of β̃, we would choose a separate stopping time Tj such that φ(Tj;n−1Λj, {ηi})

is closest to n/(µn + Λj). However, since we cannot guarantee equality for generic learning

rate schedules {ηi}i≥1, we can only obtain an approximation in this way.

5.4 Should we stop early?

In the previous section, we showed that early stopping acts like a form of ℓ2 regularization.

However, that does not tell us whether (a) regularization is beneficial for improving gener-

alization; and (b) if it is beneficial, what the optimal stopping time is. In this section, we

provide conditions for when early stopping is beneficial (or not).
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5.4.1 Early stopped risk

To determine when to stop, we need to understand the dynamics of the expected excess risk

RX(βk) := Eε[RX(βk) | X] = Eε[∥β − β∗∥2Σ | X] (5.19)

during training, where the expectation is taken over the residual ε = y −Xβ∗ (which has

i.i.d. coordinates εi = yi − xTi β∗), conditional on the feature matrix X. To formulate our

result, we shall impose the following assumption on the first and second moments of the

residual ε:

Assumption 1. The coordinates of ε satisfy E[εi | xi] = 0 and E[ε2i | xi] = τ 2 < ∞ for all

1 ≤ i ≤ n.

Note that Assumption 1 is more general than the common assumption that the con-

ditional distribution of the residual ε given X is subgaussian [Bar+20; Xu+23; Zou+23;

RWY14].

Recall that Φ(k;µ) is the diagonal matrix defined in (5.8), and β̃k = VTβk and β̃∗ =

VTβ∗ from (5.4). We can leverage the formula for β̃k − β̃∗ given in Proposition 5.2.2 to

obtain the following exact formula for the expected excess risk RX(βk):

Proposition 5.4.1 (Risk with ridge regularization). Let X = UΣXV
T be any feature matrix

and y = Xβ∗ + ε. Assume that Assumption 1 holds. If βk are the parameters after k steps

of gradient descent for the ridge regression problem (5.1) with ridge regularization parameter

µ ≥ 0, initialized at any β0, and with arbitrary learning rate schedule {ηk}k≥1, then

RX(βk) =
∥∥∥Σ1/2V

[
Φ(k;µ)(β̃0 − β̃∗)− µn(µnI+Λ)†(I−Φ(k;µ))β̃∗

]∥∥∥2
2

+ τ 2
∥∥Σ1/2V(µnI+Λ)†(I−Φ(k;µ))Λ1/2

∥∥2
F
.
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Proof. From Equation (5.10) of Proposition 5.2.2, we have that

β̃k − β̃∗ = Φ(k;µ)(β̃0 − β̃∗) + (µnI+Λ)†(I−Φ(k;µ))(ΣT
Xε̌− µnβ̃∗)

= Φ(k;µ)(β̃0 − β̃∗)− µn(µnI+Λ)†(I−Φ(k;µ))β̃∗︸ ︷︷ ︸
=:a

+(µnI+Λ)†(I−Φ(k;µ))ΣT
XU

Tε︸ ︷︷ ︸
=:b

.

(5.20)

Our goal is to compute the expected excess risk:

RX(βk) = Eε[RX(βk) | X] = Eε

[∥∥Σ1/2(βk − β∗)
∥∥2
2
| X
]
= Eε

[∥∥∥Σ1/2V
(
β̃k − β̃∗

)∥∥∥2
2
| X
]
.

By substituting in (5.20) and expanding the square, we have

Eε

[∥∥∥Σ1/2V(β̃k − β̃∗)
∥∥∥2
2
| X
]
= Eε

[∥∥Σ1/2Va
∥∥2
2
| X
]
+ Eε

[∥∥Σ1/2Vb
∥∥2
2
| X
]

+ 2Eε

[
aTVTΣVb | X

]
.

(5.21)

Recall that X = UΣXV
T, and that Λ = ΣT

XΣX is diagonal. Thus, VΛVT = XTX, and

from (5.8),

VΦ(k;µ)VT =
k∏
i=1

(I− ηi(µI+ n−1XTX)).

The significance of this observation is that VΦ(k;µ)VT is a function of the feature matrix

X. Hence, using the fact that V is orthogonal (i.e., VTV = VVT = I), we can write

Va = [VΦ(k;µ)VT](β∗ − β0)− µn[V(µnI+Λ)†VT][V(I−Φ(k;µ))VT]β∗

= [VΦ(k;µ)VT](β∗ − β0)− µn(µnI+XTX)†(I−VTΦ(k;µ)V)β∗ (5.22)
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Hence, for the first term of (5.21), we have Eε

[
∥Σ1/2Va∥22 | X

]
= ∥Σ1/2Va∥22 since Σ1/2Va

is a function of X. Similarly, to compute the second term of (5.21), we can write

Vb = [V(µnI+Λ)†VT][V(I−Φ(k;µ))VT][VΣT
XU

T]ε

= (µnI+XTX)†(I−VΦ(k;µ)VT)XTε. (5.23)

Also,

VbbTVT = (µnI+XTX)†(I−VΦ(k;µ)VT)XTεεTX(I−VΦ(k;µ)VT)(µnI+XTX)†. (5.24)

Since the residual has covariance matrix Eε[εε
T | X] = τ 2I by Assumption 1, it follows from

using the linearity of expectation and (5.24) that

E[Tr(ΣVbbTVT) | X]

= Tr(Σ(µnI+XTX)†(I−VΦ(k;µ)VT)XTE
[
εεT | X

]
X(I−VΦ(k;µ)VT)(µnI+XTX)†)

= τ 2Tr(Σ(µnI+XTX)†(I−VΦ(k;µ)VT)XTX(I−VΦ(k;µ)VT)(µnI+XTX)†)

= τ 2Tr(ΣV(µnI+Λ)†(I−Φ(k;µ))Λ(I−Φ(k;µ))(µnI+Λ)†VT).

Hence, by using the cyclic property of trace, the second term of (5.21) is equal to

Eε[∥Σ1/2Vb∥22 | X]

= Eε[Tr(b
TVTΣVb) | X] = Eε[Tr(ΣVbbTVT) | X]

= τ 2Tr(Σ1/2V(µnI+Λ)†(I−Φ(k;µ))ΣT
XΣX(I−Φ(k;µ))(µnI+Λ)†VTΣ1/2)

= τ 2
∥∥Σ1/2V(µnI+Λ)†(I−Φ(k;µ))ΣT

X

∥∥2
F
.
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Finally, for the third term of (5.21), using the observation (5.22) that Va is a function of X,

and the expression (5.23) for Vb, we have

Eε

[
aTVTΣVb | X

]
= Eε

[
aTVTΣ(µnI+XTX)†(I−VΦ(k;µ)VT)XTε | X

]
= aTVTΣ(µnI+XTX)†(I−VΦ(k;µ)VT)XTEε [ε | X] = 0,

since Eε[ε | X] = 0 by Assumption 1. Thus, the cross-term vanishes, and we conclude that

RX(βk) = ∥Σ1/2Va∥22 + Eε[∥Σ1/2Vb∥22 | X], which leads to the claimed result.

As an immediate corollary of Proposition 5.4.1, we can read off the expected excess risk

for the ridgeless case with µ = 0.

Corollary 5.4.2 (Ridgeless risk). Let X = UΣXV
T be any feature matrix and y = Xβ∗+ε.

Assume that Assumption 1 holds. If βk are the parameters after k steps of gradient descent

for the least squares problem (5.1) with µ = 0, initialized at any β0, and with arbitrary

learning rate schedule {ηk}k≥1, then, recalling that Φ(k) ≡ Φ(k; 0),

RX(βk) =
∥∥∥Σ1/2VΦ(k)(β̃0 − β̃∗)

∥∥∥2
2
+ τ 2

∥∥∥Σ1/2V(I−Φ(k))Σ†
X

∥∥∥2
F
.

Remark 5.4.3 (Early stopping as regularization). Corollary 5.4.2 offers another viewpoint

on the regularization effects of early stopping to complement Theorem 5.3.1, which describes

the regularizing effects of early stopping on the solution obtained from training the model

with a zero initialization. On the other hand, Corollary 5.4.2 allows us to understand early

stopping from the perspective of the generalization error with arbitrary initialization. Indeed,

prior work [DW18; CM24] has shown that for generic data, the expected excess risk for the

solution β(µ) to the ridge regression problem (5.1) with regularization parameter µ is given

by

RX(β
(µ)) = µ2βT

∗ (Σ̂+ µI)−1Σ(Σ̂+ µI)−1β∗ +
τ 2

n
Tr
(
ΣΣ̂(Σ̂+ µI)−2

)
.
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From Corollary 5.4.2, we see that the early stopped risk after k iterations of gradient descent

for the unregularized least squares problem (with µ = 0) is given by

RX(βk) = (β∗ − β0)
T(VΦ(k)VT)Σ(VΦ(k)VT)(β∗ − β0) +

τ 2

n
Tr
(
ΣΣ̂†(I−VΦ(k)VT)2

)
,

recalling that Σ̂ = n−1XTX. We see that this is similar to the risk for β(µ) under the

correspondence

VΦ(k)VT ↔ µ(Σ̂+ µI)−1.

Indeed, note that if I−VΦ(k)VT = I−µ(Σ̂+µI)−1 = Σ̂(Σ̂+µI)−1, then Σ̂†(I−VΦ(k)VT)2 =

Σ̂(Σ̂ + µI)−2. Recall that the jth diagonal entry of Φ(k) ≡ Φ(k; 0) is equal to
∏k

i=1

(
1 −

ηin
−1Λj

)
.

5.4.2 When is early stopping beneficial?

Given Proposition 5.4.1, all we need to do to find the optimal iteration k to minimize the

expected excess risk is, in principle, to differentiate RX(βk) with respect to k and compute

the critical points. However, the expression is only defined for discrete values of k. To

circumvent this technicality, we impose the following assumption on the function φ, which

implies that Φ(k;µ) can be extended to a differentiable function of k:

Assumption 2. For all fixed ζ and learning rate schedules {ηi}i≥1 such that for all i,

ηi ≤ ζ−1, the function k 7→ φ(k; ζ, {ηi}) can be extended to a monotonic differentiable

function on [1,∞).

The differentiability of the extension is satisfied by many learning rate schedules. For

example, recall that with constant step sizes ηk ≡ η, φ(k; ζ) = (1 − ηζ)k, which can clearly

be extended to the differentiable function x 7→ (1− ηζ)x on R. Propositions 5.2.6 and 5.2.7

show that learning rate schedules with polynomial decay (ηk = η/km) and constant additive

decay (ηk = η0 − kη) also satisfy Assumption 2 since the Gamma function is known to
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be differentiable on [1,∞). Finally, learning rates with exponential decay (ηk = ηk) also

satisfy this assumption; this is implied by Proposition 5.2.8 and the differentiability of the

q-Pochhammer symbol, the technical details of which are established in Section 5.7.

Additionally, we shall also make the following statistical assumption on β∗ − β0, which

is similar to a common statistical spherical prior assumption that β∗ ∼ N(0, σ2I) with zero

initialization [DW18; ASS20; AKT19]:

Assumption 3. The entries of β∗ − β0 are i.i.d. and have mean 0 and variance σ2.

This means that the results address the performance of generic signals on average. Under

Assumption 3, we shall also take an additional expectation over β∗ − β0 and analyze the

Bayes excess risk :

R̄X(βk) := Eβ∗−β0 [RX(βk)] (5.25)

To build intuition, we begin by presenting our results on when early stopping for the

least squares problem (5.1) with regularization parameter µ = 0 is beneficial.

Theorem 5.4.4 (Early stopping). Let X = UΣXV
T be any feature matrix with rank(X) =

r, and y = Xβ∗+ ε. Recall that Λ1 is the largest eigenvalue of XTX. Suppose that Assump-

tions 1, 2, and 3 hold. Let βk be the parameters after k steps of gradient descent for the least

squares problem (5.1) with µ = 0, initialized at any β0. If the learning rate schedule {ηk}k≥1

is such that ηk ≤ 1/(n−1Λ1) for all k, and for all j ≤ r, we have that

lim
k→∞

φ(k;n−1Λj)

φ(0;n−1Λj)
<

τ 2

Λjσ2 + τ 2
, (5.26)

then there is a finite T such that for all k ≥ T , R̄X(βk) ≥ R̄X(βT ). That is, early stopping

is beneficial. Furthermore, if P = VTΣV, then for all k,

R̄X(βk) ≥ σ2

[
r∑
j=1

Pj,j
τ 2

Λjσ2 + τ 2
+

p∑
j=r+1

Pj,j

]
. (5.27)
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Proof. From Corollary 5.4.2, noting that Λ† = (ΣT
XΣX)

† is a rank r diagonal matrix, the

expected excess risk after k iterations is given by

RX(βk) = (β̃0 − β̃∗)
TΦ(k)PΦ(k)(β̃0 − β̃∗) + τ 2Tr

(
Λ†(I−Φ(k))P(I−Φ(k))

)
=

p∑
i,j=1

Pi,j

[
φ(k;n−1Λi)φ(k;n

−1Λj)

φ(0;n−1Λi)φ(0;n−1Λj)
(β̃0 − β̃∗)i(β̃0 − β̃∗)j

]

+
r∑
j=1

Pj,j · τ 2
1

Λj

(
1− φ(k;n−1Λj)

φ(0;n−1Λj)

)2

.

Taking the expectation over β∗−β0 under Assumption 3, we see that the cross terms vanish,

and the Bayes excess risk is given by

R̄X(βk) =

p∑
j=1

Pj,j ·
φ(k;n−1Λj)

2

φ(0;n−1Λj)2
· σ2 +

r∑
j=1

Pj,j · τ 2
1

Λj

(
1− φ(k;n−1Λj)

φ(0;n−1Λj)

)2

. (5.28)

Taking the derivative in k and noting that φ(k;n−1Λj) is constant for j > r, we get

∂kR̄X(βk) = 2
r∑
j=1

Pj,j ·
∂kφ(k;n

−1Λj)

φ(0;n−1Λj)

[
φ(k;n−1Λj)

φ(0;n−1Λj)
· σ2 − τ 2

1

Λj

(
1− φ(k;n−1Λj)

φ(0;n−1Λj)

)]

= 2
r∑
j=1

Pj,j
Λj
· ∂kφ(k;n

−1Λj)

φ(0;n−1Λj)

[
φ(k;n−1Λj)

φ(0;n−1Λj)

(
σ2Λj + τ 2

)
− τ 2

]
.

Note that since ηk ≤ 1/(n−1Λ1) for all k, φ(k;n−1Λj)/φ(0;n
−1Λj) is a non-increasing func-

tion of k by Assumption 2, and hence ∂kφ(k;n
−1Λj)/φ(0;n

−1Λj) ≤ 0. Since Λj ≥ 0 and

Pj,j ≥ 0 (because P is a positive semidefinite matrix), the sign of the derivative ∂kR̄X(βk)

is determined by
φ(k;n−1Λj)

φ(0;n−1Λj)

(
σ2Λj + τ 2

)
− τ 2.

Therefore, by using the assumption (5.26) that limk→∞ φ(k;n−1Λj)/φ(0;n
−1Λj) <

τ 2/(σ2Λj + τ 2), we deduce that for all sufficiently large k, ∂kR̄X(βk) ≥ 0. This shows

that the derivative of the Bayes excess risk is eventually positive, from which we conclude

that we should have stopped earlier to minimize the risk.
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To obtain the lower bound on the Bayes excess risk, observe that we can minimize the

expected excess risk independently in each eigendirection. Since φ is monotonic, we see that

solving
φ(kj;n

−1Λj)

φ(0;n−1Λj)
=

τ 2

σ2Λj + τ 2

for kj achieves a global minimum in the jth eigendirection for j ≤ r. By plugging this into

the expression (5.28) for the Bayes excess risk for each j ≤ r, we obtain the lower bound as

follows. For j ≤ r, the corresponding term in the summation is Pj,j times

σ2

(
τ 2

σ2Λj + τ 2

)2

+ τ 2
1

Λj

(
1− τ 2

σ2Λj + τ 2

)2

= σ2

(
τ 2

σ2Λj + τ 2

)2

+ τ 2
1

Λj

(
σ2Λj

σ2Λj + τ 2

)2

=
σ2τ 2

σ2Λj + τ 2
.

For j > r, note that φ(k;n−1Λj)/φ(0;n
−1Λj) = 1. This completes the proof.

Remark 5.4.5. The only reason that Assumption 3 is needed is to address the cross terms

in (5.28). However, another condition that would lead the cross terms to vanish is if the

matrix P = VTΣV is diagonal. This is satisfied if the features are isotropic, i.e., Σ =

I, or more generically, if Σ and Σ̂ are simultaneously diagonalizable by the same basis

of eigenvectors V. The latter is similar to a common requirement in works studying the

problem of covariate shift, where assumptions on the alignment between the eigenspaces

of the covariance matrices of the training and test distributions are required [TAP21]. If

P is diagonal, then a version of Theorem 5.4.4 showing that early stopping is beneficial

for minimizing the expected excess risk RX(βk) holds under the assumption that for all

j ≤ rank(X),

lim
k→∞

φ(k;n−1Λj)

φ(0;n−1Λj)
<

τ 2

Λj(β̃0 − β̃∗)2j + τ 2
,

and a lower bound on the expected excess risk is given by

RX(βk) ≥
r∑
j=1

Pj,j ·
τ 2(β̃0 − β̃∗)

2
j

Λj(β̃0 − β̃∗)2j + τ 2
+

p∑
j=r+1

Pj,j · (β̃0 − β̃∗)
2
j .
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Next, as a counterpart to Theorem 5.4.4, we shall provide sufficient conditions for when

early stopping for the least squares problem (5.1) with regularization parameter µ = 0 is not

beneficial.

Theorem 5.4.6 (Early stopping converse). Consider the same setup as Theorem 5.4.4.

If the learning rate schedule {ηk}k≥1 is such that ηk ≤ 1/(n−1Λ1) for all k, and for all

j ≤ rank(X), we have that

lim
k→∞

φ(k;n−1Λj)

φ(0;n−1Λj)
≥ τ 2

Λjσ2 + τ 2
, (5.29)

then early stopping is not beneficial.

Proof. The proof is the same as for Theorem 5.4.4, except that the inequality for ∂kR̄X(βk)

is reversed, and we deduce that the derivative of the Bayes excess risk is always negative.

Hence, early stopping is not beneficial since the risk can always be decreased by further

iterations.

Remark 5.4.7 (Step size schedules and late generalization). In summary, Theorems 5.4.4

and 5.4.6 show that the learning rate schedule affects whether early stopping is beneficial

or not. Theorem 5.4.4 provides a sufficient condition for when early stopping is beneficial.

In particular, if φ(k; ζ, {ηi}) → 0 as k → ∞ for all ζ, then we see that early stopping

is always beneficial, independent of the spectrum of the covariance matrices of the training

and test data. Examples of learning rate schedules {ηk}k≥1 that satisfy this assumption

include constant learning rates (ηk ≡ η < n−1Λ1) and learning rates with linear decay

(ηk = η/k). Furthermore, if the learning rates satisfy Assumption 2 along with the Robbins–

Monro conditions from stochastic optimization:

∞∑
k=1

ηk =∞ and
∞∑
k=1

η2k <∞, (5.30)

then φ(k; ζ)→ 0 as k →∞ for all ζ, and hence early stopping is always beneficial.
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We can interpret late generalization or grokking as the phenomena where we want to

keep training, even after overfitting the noise. On the other hand, when early stopping is

beneficial, we have shown that we do not want to overfit the noise. Hence, we show that

for many different learning rate schedules, linear models trained by gradient descent do not

exhibit late generalization.

Theorem 5.4.6 allows us to construct examples of learning rate schedules for which it

is possible that early stopping is not beneficial, including fast decaying step sizes such as

learning rates with polynomial decay (ηk = η/km with m > 1) or exponential decay (ηk = ηk

with η < 1).

Having built intuition in the ridgeless setting, we now characterize when early stopping is

beneficial for solving the ridge regression problem (5.1) with regularization parameter µ ≥ 0.

Theorem 5.4.8 (Early stopping with ridge regularization). Let X = UΣXV
T be any feature

matrix and y = Xβ∗ + ε. Recall that Λ1 is the largest eigenvalue of XTX. Suppose that

Assumptions 1, 2, and 3 hold. Let βk be the parameters after k steps of gradient descent for

the ridge regression problem (5.1) with regularization parameter µ > 0, initialized at β0 = 0.

If the learning rate schedule {ηk}k≥1 is such that ηk ≤ (µ + n−1Λ1)
−1 for all k, and for all

j = 1, . . . , p, we have that

lim
k→∞

φ(k;µ+ n−1Λj)

φ(0;µ+ n−1Λj)
<

τ 2 − σ2µn

τ 2 + σ2Λj
, (5.31)

then there exists a finite T such that for all k ≥ T , R̄X(βk) ≥ R̄X(βT ). That is, early

stopping is beneficial.

On the other hand, if for all j = 1, . . . , p, we have that

lim
k→∞

φ(k;µ+ n−1Λj)

φ(0;µ+ n−1Λj)
≥ τ 2 − σ2µn

τ 2 + σ2Λj
, (5.32)

then early stopping is not beneficial.
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Proof of Theorem 5.4.8. Let P = VTΣV as in the proof of Theorem 5.4.4. From Proposi-

tion 5.4.1, the expected excess risk after k iterations is given by

RX(βk) = γ
TPγ + τ 2Tr

(
P
[
(µnI+Λ)†

]2
(I− Φ(k;µ))2Λ

)
, (5.33)

where

γ :=
[
Φ(k;µ)(−β̃∗)− µn(µnI+Λ)†(I−Φ(k;µ))β̃∗

]
.

By expanding the inner product, we can write the first term of (5.33) as the sum of the

following three terms:

γTPγ =
[
Φ(k;µ)(−β̃∗)

]T
PΦ(k;µ)(−β̃∗)

+
[
µn(µnI+Λ)†(I−Φ(k;µ))β̃∗

]T
Pµn(µnI+Λ)†(I−Φ(k;µ))β̃∗

− 2
[
µn(µnI+Λ)†(I−Φ(k;µ))β̃∗

]T
PΦ(k;µ)(−β̃∗).

After taking expectations with respect to β∗ under Assumption 3, we see that the first

summand becomes
p∑
j=1

Pj,j · Φ(k)2j · σ2,

where Φ(k)j = φ(k;µ+n−1Λj)/φ(0;µ+n−1Λj) is the jth diagonal entry of Φ(k;µ). Similarly,

the second summand becomes

p∑
j=1

Pj,j ·
µ2n2

(µn+ Λj)2
(1− Φ(k)j)

2 · σ2,

and the third summand becomes

2

p∑
j=1

Pj,j ·
µn

µn+ Λj
Φ(k)j(1− Φ(k)j) · σ2.
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Next, we can write the second term of (5.33) as the following:

τ 2Tr
(
P
[
(µnI+Λ)†

]2
(I−Φ(k;µ))2Λ

)
=

p∑
j=1

Pj,j ·
τ 2Λj

(µn+ Λj)2
(1− Φ(k)j)

2.

Thus, summing the displayed expressions above shows that the Bayes excess risk is given by

R̄X(βk) =

p∑
j=1

Pj,j

[
Φ(k)2jσ

2 +

(
µ2n2σ2 + τ 2Λj
(µn+ Λj)2

)
(1− Φ(k)j)

2 + 2σ2 µn

µn+ Λj
Φ(k)j(1− Φ(k)j)

]
.

To analyze the benefit of early stopping, we compute the derivative with respect to k:

∂kR̄X(βk) = 2

p∑
j=1

Pj,j · ∂kΦ(k)j
[
Φ(k)jσ

2 − µ2n2σ2 + τ 2Λj
(µn+ Λj)2

(1− Φ(k)j) + σ2 µn

µn+ Λj
(1− 2Φ(k)j)

]
.

Note that with a ridge regularization parameter µ > 0, Φ(k)j is not necessarily constant for

j > rank(X). Since ∂kΦ(k)j ≤ 0, the sign of ∂kR̄X(βk) depends on the sign of the expression

inside the brackets:

Φ(k)jσ
2 − µ2n2σ2 + τ 2Λj

(µn+ Λj)2
(1− Φ(k)j) + σ2 µn

µn+ Λj
(1− 2Φ(k)j).

Simplifying, the coefficient of the term with Φ(k)j is given by

σ2

[
1 +

µ2n2

(µn+ Λj)2
− 2

µn

µn+ Λj

]
+

τ 2Λj
(µn+ Λj)2

= σ2
Λ2
j

(µn+ Λj)2
+

τ 2Λj
(µn+ Λj)2

= Λj ·
σ2Λj + τ 2

(µn+ Λj)2
,

and the coefficient for the remaining terms without Φ(k)j is given by

−µ2n2σ2 + τ 2Λj
(µn+ Λj)2

+ σ2 µn

µn+ Λj
= Λj ·

σ2µn− τ 2

(µn+ Λj)2
.
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Thus, we have shown that

∂kR̄X(βk) = 2
r∑
j=1

Pj,j · ∂kΦ(k)j ·
Λj

(µn+ Λj)2
[
Φ(k)j · (σ2Λj + τ 2) + (σ2µn− τ 2)

]
. (5.34)

Observe that for each j, solving for the value of Φ(k)j for which the square bracket is zero

yields

Φ(k)j =
τ 2 − σ2µn

τ 2 + σ2Λj
.

Therefore, if the condition (5.31) holds for all j = 1, . . . , p, then the gradient is eventually

positive, i.e., ∂kR̄X(βk) ≥ 0 for all sufficiently large k, which implies that early stopping is

beneficial. Conversely, if (5.32) holds for all j = 1, . . . , p, then we deduce that ∂kR̄X(βk) ≤ 0,

which implies that early stopping is not beneficial.

Remark 5.4.9 (Early stopping for ridge regression). Theorem 5.4.8 extends Theorems 5.4.4

and 5.4.6 by providing conditions under which early stopping remains beneficial (or not)

even in the presence of explicit ridge regularization. It reveals an interesting implication:

if µ ≥ τ 2/(nσ2), then early stopping is never beneficial. In other words, if the explicit

ridge regularization is too strong, then the benefits of early stopping diminish. As discussed

in the related works, this particular result was also established concurrently by Stark and

Steinerberger [SS25, Theorem 2.5] for gradient descent with constant learning rates.

Suppose that we train our model until convergence for the ridge regularized problem.

Then prior work [Nak+21] has shown that µ∗ = τ 2/(nσ2) is an optimal ridge regularization

parameter that minimizes the generalization error. Hence, if we choose µ = µ∗, then early

stopping is not beneficial! However, this does not imply that the expected excess risk cannot

be improved by using both ridge regularization and early stopping. In particular, the optimal

early stopped solution with µ < µ∗ may outperform the converged solution with µ = µ∗.

We validate this numerically in Figure 5.1. In this experiment, we sample 40 data points

x ∼ zΣ1/2 ∈ Rp with p = 100, where z ∼ N(0, p−1I) and Σ is a diagonal matrix with

entries Σj,j = j−2. We sample 2, 000 parameters β∗ ∼ N(0, p−1I) and independent mean-
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zero Gaussian noise with variance τ 2 = 1; i.e., we work in the spherical prior setting with

σ2 = 0.01. We consider gradient descent with constant learning rate ηk ≡ η = 0.01/(n−1Λ1)

for four ridge regression problems with regularization parameters µ = 0, 0.5, 2.5, 4, where Λ1

is the largest eigenvalue of XTX. Here, the optimal ridge regularization parameter µ∗ = 2.5.

We see that for µ < 2.5, early stopping is beneficial, while for µ ≥ 2.5 early stopping is not

beneficial. Additionally, we see that for µ > µ∗, the early stopped risk is very similar to the

converged risk with µ = µ∗. Hence, we can obtain computational advantages by training for

fewer iterations using smaller amounts of ridge regularization.

Figure 5.1: Bayes excess risk trajectories from using gradient descent with constant learning
rate ηk ≡ η = 0.01/(n−1Λ1) for four different ridge regression problems: from left to right, we
have µ = 0, 0.5 on the top, and µ = 2.5, 4 on the bottom. The optimal ridge regularization
parameter µ∗ = 2.5. When early stopping is beneficial (top), the purple line shows our
estimate for the stopping time that we give later in (5.37), and the green line shows the
empirical optimal stopping time.
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5.5 Optimal stopping time estimate

Having shown that early stopping is beneficial for a wide variety of learning rate schedules,

we will now provide an estimate for the optimal stopping time. Recall that from (5.34) in

the proof of Theorem 5.4.8, the derivative of the Bayes excess risk is given by

∂kR̄X(βk) = 2

p∑
j=1

Pj,j · ∂kΦ(k)j ·
Λj

(µn+ Λj)2
[
Φ(k)j · (σ2Λj + τ 2) + (σ2µn− τ 2)

]
.

Solving the equation above for a critical point is quite challenging. However, we can de-

termine the optimal stopping time for each eigendirection by setting each summand to zero

individually. That is, recalling that Φ(k)j = φ(k;µ+n−1Λj)/φ(0;µ+n−1Λj), for each j ≤ r,

we need to find kj such that

k∏
i=1

(1− ηi(µ+ n−1Λj)) =
τ 2 − σ2µn

τ 2 + σ2Λj
. (5.35)

We may assume that µ ≤ τ 2/(nσ2), otherwise early stopping is never beneficial. By taking

the logarithm of both sides and using the first order expansion of log(1 + x), we obtain

− log

(
τ 2 + σ2Λj
τ 2 − σ2µn

)
=

kj∑
i=1

log(1− ηi(µ+ n−1Λj)) ≈ −(µ+ n−1Λj) ·
kj∑
i=1

ηi.

Hence, the choice of kj should satisfy

kj∑
i=1

ηi ≈
log
(
τ2+σ2Λj

τ2−σ2µn

)
µ+ n−1Λj

. (5.36)

If µ = 0 and constant step sizes ηi ≡ η are used, then from (5.36), we obtain the estimate

k̂j ≈ log
(
1 + σ2

τ2
Λj

)
/(ηn−1Λj), which corresponds to the discrete version of the estimate

proposed in [ASS20]; see [ASS20, Eq. (16)]. However, the estimate (5.36) obtained from

our method allows for general step size schedules {ηk}k≥1 and the presence of explicit ridge
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regularization. Furthermore, note that as µ approaches τ 2/(nσ2), the optimal stopping time

goes to infinity. Finally, the expression (5.36) provides a stopping time estimate for each

eigendirection. A single estimate can be obtained by using the mean of the eigenvalues; i.e.,

replacing Λj in (5.36) by the mean Λ̄ := r−1
∑r

j=1 Λj.

Putting everything together, Theorem 5.4.8 and the heuristics discussed above lead to

the following estimate of the optimal stopping time:

k̂ = argmin
k


k∑
i=1

ηi >
log
(
τ2+σ2Λ̄
τ2−σ2µn

)
µ+ n−1Λ̄

 . (5.37)

Here, Λ̄ = Tr(XTX)/rank(XTX), recalling that µ is the ridge regularization parameter, τ 2

is the variance of each entry of the residual εi under Assumption 1 (i.e., the strength of the

noise), and σ2 is the variance of β∗ − β0 under the prior in Assumption 3 (i.e., the strength

of the signal). We test the performance of this estimate empirically in the next section.

5.5.1 Experimental validation

Synthetic data. In this experiment, we sample n data points x ∼ zΣ1/2 ∈ Rp, where

z ∼ N(0, p−1I) and Σ is a diagonal matrix with entries Σj,j = j−α. We consider gradient

descent for the unregularized least squares problem (µ = 0) with four different learning rate

schedules given by ηk = η/km for m = 0, 1/4, 1/2, 3/4 and η = 0.9/(n−1Λ1), where Λ1 is

the largest eigenvalue of XTX. We shall work in the spherical prior setup (Assumption 3).

For each setting, we sample 800 parameters β∗ ∼ N(0, p−1I) and independent, mean-zero

Gaussian noise with variance τ 2.

Figure 5.2 shows the Bayes excess risk curves, the empirical optimal stopping times, and

the predicted stopping times from the estimate (5.37). As shown by the plots, our estimate is

quite accurate. Furthermore, we see that the optimally early-stopped solutions with different

learning schedules essentially all have the same risk (keeping all the other parameters p, n,

τ , and α the same), which aligns with the lower bound from Theorem 5.4.4.
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(a) p = 40, n = 100, τ = 1, and α = 2.
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(b) p = 40, n = 100, τ = 1, and α = 4.
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(c) p = 100, n = 40, τ = 0.15, and α = 2.
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(d) p = 100, n = 40, τ = 0.15, and α = 4.

Figure 5.2: Bayes excess risk curves for different sets of parameters p, n, τ , and α, described
in the main text. From left to right, the plots show the results from using the learning rate
schedule ηk = η/km for m = 0, 1/4, 1/2, 3/4 with η = 0.9/(n−1Λ1). The purple line shows
the estimated stopping time from (5.37), and the green line shows the empirical optimal
stopping time.

Real data. We repeat the same experimental setup as above, where we sample n data

points x from the CIFAR10 and MNIST datasets instead. We consider gradient descent the

unregularized least squares problem (µ = 0) with three different learning rate schedules given

by ηk = η/km for m = 0, 1/4, 1/2 and η = 0.9/(n−1Λ1), where Λ1 is the largest eigenvalue

of XTX. The results, displayed in Figure 5.3, show that the same results also hold for real

data.
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(a) CIFAR10 dataset with p = 3, 072, n = 2, 000, τ = 150.
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(b) MNIST dataset with p = 784, n = 1, 000, τ = 50.

Figure 5.3: Bayes excess risk curves for the CIFAR10 (top) and MNIST (bottom) datasets
with different sets of parameters p, n, and τ . From left to right, the learning rate schedule
ηk = η/km for m = 0, 1/4, 1/2 with η = 0.9/(n−1Λ1) is used. The purple line shows the
estimated stopping time from (5.37), and the green line shows the empirical optimal stopping
time.

5.6 Concluding remarks

In this chapter, we analyzed the discrete dynamics of gradient descent for linear regression

with generic data and learning rate schedules. By determining expressions for the exact

trajectory of the parameters, we proved various results that formalize the intuition that

early stopping is similar to ℓ2 regularization. Furthermore, we established general conditions

on the learning rate and spectrum of the sample covariance matrix of the features that show

whether early stopping is beneficial or not. Finally, we provided an estimate for the optimal

stopping time, which we verified empirically.

An important direction for future work is to extend the results to the non-linear case.

While the current work is limited to linear models, we believe that our approach can serve

as a foundation for more complex models, such as multi-layer neural networks. For example,

a simple case that may be tractable is the analysis of two-layer neural networks with layer-
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wise training. Existing works such as [Mon+24; WWF24] describe how the spectrum of the

features learned by the first layer evolves during training. Once the spectrum is known, our

framework can be used to analyze the risk for the overall model by introducing two time

parameters, corresponding to the number of steps each layer is trained for, which can then be

optimized to minimize the risk. Understanding the dynamics of jointly training both layers

is a significant and challenging open problem.

Another natural direction for future work is to analyze early stopping for other training

algorithms, such as stochastic mini-batch gradient descent. Recent work [LSR25] shows that

the dynamics of mini-batch gradient descent evolves in a way that is analogous to full-batch

gradient descent, and depends on the spectrum of a modified cross-covariance matrix that

encodes dependencies between the mini-batches. An interesting question is to quantify early

stopping behavior in terms of the eigenvalues of this modified matrix.

Finally, our analysis shows that the optimal stopping time is, in general, different for each

eigendirection of the covariance of the features. This is impossible to implement in practice

with the usual gradient descent algorithm. However, it would be interesting to develop and

study principled methods that augment the learning dynamics in the later stages in order

to enhance the movement along the directions with longer stopping times.

5.7 Additional properties of the q-Pochhammer Symbol

In this section, our goal is to establish some technical facts about the q-Pochhammer symbol

(a; q)n =
∏n−1

i=0 (1− aqi). In particular, we would like to justify being able to take derivatives

in n when analyzing the risk of gradient descent with an exponentially decaying learning rate

schedule (see Proposition 5.2.8 and Assumption 2). Since (a; q)n is only defined for integer n

so far, we first need to find an extension to the set of real numbers. Throughout this section,

we shall assume that |q| < 1.
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First, observe that we can write

(a; q)x =
(a; q)∞
(aqx; q)∞

. (5.38)

Here we see that the right hand side is defined for all x ∈ R. The main result of this

section is the following, which shows that the extension (5.38) of the q-Pochhammer symbol

is differentiable.

Proposition 5.7.1. Let |q| < 1. The function

x 7→ (a; q)x :=
(a; q)∞
(aqx; q)∞

is differentiable in x, and the derivative is given by

∂x(a; q)x =
(a; q)∞
(aqx; q)2∞

aqx log(q)
∞∑
j=0

qj

1− aqx+j
(aqx; q)∞.

We shall build up towards the proof of Proposition 5.7.1 by proving some technical

lemmas.

Lemma 5.7.2. For |q| < 1, the function a 7→ (a; q)∞ is continuous.

Proof. Let ε > 0. We shall show continuity at a fixed point a0. Fix δ > 0, which we will

choose later, and let a be any point such that |a− a0| < δ. Define

M := max

{(
max

i,j=1,...,∞

j∏
k=i

|(1− aqk)|
)
·
(

max
i,j=1,...,∞

j∏
k=i

|(1− a0q
k)|
)
, 1

}
.

Note that M is finite because |q| < 1, and therefore only finitely many terms (1 − aqk),

(1− a0q
k) have magnitude greater than one. We claim that if |a− a0| < δ, then

|(a; q)n − (a0; q)n| ≤ δM
n−1∑
k=0

|q|k (5.39)
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for all n. Assuming that this is true for now, then by taking the limit as n→∞, we obtain

|(a; q)∞ − (a0; q)∞| ≤
δM

1− |q| .

Hence, choosing δ < (1 − |q|)ε/M implies that |(a; q)∞ − (a0; q)∞| < ε, as desired. To

complete the proof, we will prove the claim (5.39). Note that

|(a; q)n+1 − (a0; q)n+1|

= |(a; q)n(1− aqn)− (a0; q)n(1− a0q
n)− (a0; q)n(1− aqn) + (a0; q)n(1− aqn)|

≤ |1− aqn||(a; q)n − (a0; q)n|+ |(a0; q)n||a− a0||q|n

≤ |1− aqn||(a; q)n − (a0; q)n|+ δ|(a0; q)n||q|n

≤ |1− aqn|
[
|1− aqn−1||(a; q)n−1 − (a0; q)n−1|+ δ|(a0; q)n−1||q|n−1

]
+ δ|(a0; q)n||q|n

≤ . . . ≤ δ
n∑
k=0

ck|q|k,

where each ck is of the form ck =
(∏jk

ℓ=ik
|(1− aqℓ)|

)
·
(∏j′k

ℓ=i′k
|(1− a0q

ℓ)|
)
. Thus, ck ≤ M

for all k, which implies the claimed result.

Now that we have continuity, we want to bootstrap this to get differentiability. To do

this, we shall need to prove the following lemma:

Lemma 5.7.3. Let |q| < 1. Then, for all a, (a; q)n → (a; q)∞ locally uniformly as n→∞.

Proof. Let ε > 0 and a0 be any fixed point. We will prove uniform convergence in the closed

ball B(a0, ε) := {a : |a− a0| ≤ ε}. Let M = maxa∈B(a0,ε) |a|. For any a ∈ B(a0, ε), we have

|(a; q)n − (a; q)∞| = |(a; q)n||1− (aqn; q)∞|.
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By Lemma 5.7.2, the function a 7→ (a; q)∞ is continuous at zero. Thus, there exists a number

δ > 0 such that if |ã| < δ, then

|1− (ã; q)∞| ≤
ε

maxk |(a; q)k|
.

Note that maxk(a; q)k is again finite since |q| < 1 and |a| ≤ M . Thus, by choosing N such

that aqN < δ, we deduce that for all n ≥ N ,

|(a; q)n||1− (aqn; q)∞| ≤ |(a; q)n|
ε

maxk |(a; q)k|
≤ ε.

This establishes the uniform convergence of (a; q)n to (a; q)∞ on the closed ball B(a0, ε), as

desired.

Lemma 5.7.4. If |q| < 1, then

∂x(aq
x; q)∞ = −aqx log(q)

∞∑
k=0

qk

1− aqx+k
(aqx; q)∞.

Proof. Since we have locally uniform convergence from Lemma 5.7.3, we can use the formula

for the derivative of an infinite product of analytic functions to compute

∂x(aq
x; q)∞ =

∞∑
k=0

∂x(1− aqx+k)
∏
j ̸=k

(1− aqx+j)

= −
∞∑
k=0

aqx log(q)qk
∏
j ̸=k

(1− aqx+j)

= −aqx log(q)
∞∑
k=0

qk
∏
j ̸=k

(1− aqx+j)

= −aqx log(q)
∞∑
k=0

qk

(1− aqx+k)
(aqx; q)∞.

Proof of Proposition 5.7.1. The differentiability of (a; q)x in x and the formula for the deriva-

tive follow from Lemma 5.7.4.
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Chapter 6

Analysis of a randomly sparsified power

method

This chapter is based on a joint work with Robert J. Webber and Jonathan

Weare, currently in preparation.

6.1 Introduction

The problem of computing the leading eigenvalue and eigenvector of a square matrix A is a

fundamental problem in numerical linear algebra. The extremely large scale of the matrices

increasingly encountered in modern applications means that classical iterative approaches

can be too expensive, even if A is sparse—for instance, the solution vector x itself may be

too large to be stored.

In this chapter, we consider the problem of computing the leading eigenvector v ∈ [0, 1]n

of a column-stochastic matrix A ∈ [0, 1]n×n associated with the eigenvalue one, also known

as the Perron–Frobenius eigenvector [Sen81]. We will assume throughout that the second

largest-magnitude eigenvalue λ2(A) of A satisfies |λ2(A)| < 1, i.e., A has a spectral gap.

This implies that the eigenvector v satisfying Av = v is unique. We will assume that v is

normalized to be a stochastic vector with entries summing to one. Equivalently, the eigen-

246



vector v represents the unique stationary distribution of a Markov chain with probability

transition matrix given by A. We note that while the Markov chain perspective is good for

building intuition, it will not be needed in this work, which emphasizes a linear algebraic

perspective that focuses on the sparsity properties of A and v.

The power method is a classical iterative approach for computing the leading eigenvector

v, which, starting from any initial stochastic vector x0 ∈ [0, 1]n, has updates

xt = Axt−1. (6.1)

Under our assumption that A has a spectral gap, the power iterations converge geometrically

to the unique leading eigenvector ([Sen81, Theorem 4.7]). A natural way to quantify the

convergence rate of the power method for stochastic matrices is in terms of its contractivity

with respect to the ℓ1 norm.

Definition 6.1.1 (Contraction coefficients and mixing time). For any column-stochastic

matrix A ∈ [0, 1]n×n and index r ∈ N, define the r-step ℓ1 contraction coefficients:

αr(A) := max
z∈Rn,

∑n
i=1 z(i)=0

∥Arz∥1
∥z∥1

∈ [0, 1]. (6.2)

Furthermore, define the mixing time of A by

τmix(A) := argmin
τ∈N

{
max

i∈{1,...,n}
∥Aτei − v∥1 ≤

1

2

}
. (6.3)

This is the first time that the total variation distance (which is equal to half the ℓ1 norm)

between the distribution of the Markov chain with probability transition matrix A and its

stationary distribution v is less than 1/4.

Since Atx0 − v = At(x0 − v) and 1T(x0 − v) = 0, where 1 is the all-ones vector,

∥Atx0 − v∥1 ≤ αt(A) · ∥x0 − v∥1. (6.4)
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Some properties of the ℓ1 contraction coefficients will be discussed later in Section 6.4.2. In

particular, it can be shown that αt(A) ∼ |λ2(A)|t as t→∞, i.e., the power method converges

with rate |λ2(A)| asymptotically. Moreover, if R is an integer such that αR(A) ≤ 1/4, then

τmix(A) ≤ R (see Proposition 6.4.3).

The goal of this chapter is to develop the theoretical foundations of two algorithms—one

deterministic and the other randomized—that systematically impose sparsity in between

each power iteration in order to mitigate the computational and storage costs. Our results

will show that the sparsified methods with a relatively small user-chosen sparsity level are

effective if the underlying power method is performant, in the sense that its ℓ1 contraction

coefficients αr(A) decay quickly, and the leading eigenvector v is approximately sparse, in

the sense that its entries decay rapidly.

6.1.1 Deterministically sparsified power method

The first approach that we will study is a deterministic scheme. Given a sparsification

parameter m ≤ n, let ψ : [0, 1]n → [0, 1]n denote the deterministic sparsification operator

that keeps the m largest entries of an input stochastic vector, zeros out all the other entries,

and redistributes their mass evenly among the entries that are kept. (Any ties in choosing

the largest entries can be broken arbitrarily.) Then, the iterates of the deterministically

sparsified power method are given by

yt = Axt−1,

xt = ψ(yt).

(6.5)

This scheme is optimal in the sense that ψ deterministically outputs a m-sparse stochastic

vector that optimally controls the ℓp sparsification error for any p ∈ [1,∞]; see Lemma 6.5.1.

Remark 6.1.2 (Why sparsify?). Suppose that each column of A has at most q non-zero

entries. Then the sparsified power iteration (6.5) requires O(mq) operations, whereas each
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standard power iteration (6.1) requires O(nq) operations since the iterate xt will rapidly

become dense due to fill-in. Moreover, the cost of storing the iterate reduces from O(n) to

O(m). Thus, the sparsified power method with a relatively small sparsification parameter

m, ideally independent of or growing sublinearly with the underlying dimension n, has

significantly lower computational and storage costs.

If A is strictly contractive in the sense that the one-step ℓ1 contraction coefficient satisfies

α1(A) < 1, then we can prove the following convergence guarantee for the deterministically

sparsified power method. The bound is composed of a geometrically decaying error and an

irreducible component that is proportional to the ℓ1 tail mass of the leading eigenvector v.

Theorem 6.1.3 (Error with deterministic sparsification). Assume that α1(A) < 1. Let

v↓ ∈ [0, 1]n be a weakly decreasing rearrangement of the leading eigenvector v with |v↓(1)| ≥

. . . ≥ |v↓(n)|. Suppose that the sparsification parameter m ∈ N satisfies

m ≥ 2m⋆(A), where m⋆(A) :=
4α1(A)

1− α1(A)
.

Then, for any time t ≥ 1, the iterate xt after t steps of the deterministically sparsified power

method (6.5) satisfies

∥xt − v∥1 ≤
6α1(A)

1− α1(A)

(
1 + α1(A)

2

)t
∥x0 − v∥1 +

2(1 + α1(A))

(1− α1(A))2

n∑
i=⌈m/m⋆(A)⌉

v↓(i).

The proof of Theorem 6.1.3 will be given in Section 6.5. The requirement for strict

contractivity is very strong. A stochastic matrix A with a spectral gap is guaranteed to

have αR(A) < 1 for some R ≥ 1, but it will generally not satisfy α1(A) < 1.

A natural question is whether Theorem 6.1.3 can be generalized to allow for a contraction

over multiple steps, i.e., αR(A) < 1 for some R > 1. The following result shows that for

general matrices A and initializations x0, this cannot be done in a meaningful way. Namely,

for any dimension n, we can present a stochastic matrix A with constant mixing time and
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constant spectral gap (i.e., it is very well connected globally), such that the deterministically

sparsified power method, given a poor initialization, can remain stuck with maximal ℓ1 error,

even if an unreasonably large sparsification parameter m ∼ O(n) is used.

Theorem 6.1.4 (Failure mode of deterministic sparsification). Fix an integer n ∈ N. Then,

there exists a column-stochastic matrix A with leading eigenvector v that has one-step ℓ1

contraction coefficient α1(A) = 1 and spectral gap 1− |λ2(A)| ≥ 1/3, as well as a stochastic

vector x0 ∈ [0, 1]n, such that for any sparsification parameter m ≤ n/2, the iterates x1,x2, . . .

of the deterministically sparsified power method (6.5) initialized at x0 satisfy

∥xt − v∥1 = 2 for all t = 0, 1, 2, . . . .

The proof of Theorem 6.1.4 will also be given in Section 6.5. The main issue is that

the one-step nature of deterministic sparsification can be foiled by local bottlenecks in the

connectivity graph associated with A, which can trap mass in a suboptimal solution and

inhibit movement towards the leading eigenvector.

6.1.2 Randomly sparsified power method

The second approach that we will study is a randomized scheme. Let φ : Rn → Rn be

a random sparsification operator, parameterized by a user-chosen sparsification parameter

m ∈ N, whose output is (i) unbiased, i.e., E[φ(x)] = x, and (ii) m-sparse, i.e., the number of

non-zero entries ∥φ(x)∥0 is at most m for all x. Then, the iterates of the randomly sparsified

power method are given by

yt = Axt−1,

xt = φt(yt),

(6.6)

where each φt is an independent realization of the random sparsification operator φ. In

particular, we will choose φ to be the pivotal sparsification operator, which exactly preserves

some of the largest-magnitude entries of the input vector, and randomly samples a subset
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of the remaining entries to produce an unbiased approximation with m entries in total. We

will defer a detailed description of pivotal sparsification to Section 6.4.1.

When the sparsification parameter m = 1, the iterates xt produced by (6.6) are equivalent

to a Markov chain with probability transition matrix A. Hence, in the context of column-

stochastic matrices, the randomly sparsified power method is a generalization of the Markov

chain Monte Carlo (MCMC) sampler.

Because of the random sparsification, the iterates x1,x2, . . . are noisy. However, we can

reduce the noise by averaging after some burn-in time tb ≥ 0 and reporting the tail-averaged

iterate:

xt =
1

t− tb

t∑
r=tb+1

xr, t > tb. (6.7)

Observe that the sparsity of the tail-averaged iterate xt is also controlled: ∥xt∥0 ≤ m(t− tb).

If it is not even possible to store a full dense vector due to fill-in for t≫ 1, it is still possible to

estimate low-dimensional projections of v by simply keeping track of the numbers u∗xr ∈ C

for any fixed vector u ∈ Cn, and reporting

u∗xt =
1

t− tb

t∑
r=tb+1

u∗xr. (6.8)

Note that computing (6.8) aligns with the goals of many MCMC schemes, where the object

of interest is typically an average with respect to the stationary distribution v, instead of

completely characterizing the vector itself.

Our main result for the randomly sparsified power method shows that if the sparsification

parameter m is large enough, relative to the mixing time τmix(A) of A, then we can bound the

error of the tail-averaged iterate by a bias component that decays geometrically in multiples

of the mixing time, and a variance component that is proportional to the ℓ1 tail mass of the

leading eigenvector v.

Theorem 6.1.5 (Error with random sparsification). Let τmix ≡ τmix(A) be the mixing time

of A and v↓ ∈ [0, 1]n be a weakly decreasing rearrangement of the leading eigenvector v with
251



|v↓(1)| ≥ . . . ≥ |v↓(n)|. Suppose that the sparsification parameter m ∈ N satisfies

m ≥ 256τmix(A).

Then, for any time t after a burn-in time of tb = ⌊t/2⌋, the randomly sparsified power

method (6.6) produces a tail-averaged iterate xt = (t− tb)
−1
∑t

r=tb+1 xr that satisfies

E∥xt − v∥22 ≤
86τ 2mix

t2

(
1 +

12t

m

)(
7

8

)t/τmix

∥x0 − v∥21 +
1,024τ 2mix

mt

(
n∑

i=⌈m/2⌉

v↓(i)

)2

.

This result is a simplified version of Theorem 6.6.2, which is stated and proved in Sec-

tion 6.6. The error bound in Theorem 6.1.5 is stated in terms of the L2 error for simplicity.

The full version implies that the same bound holds in terms of a stronger “triple norm”∣∣∣∣∣∣xt − v
∣∣∣∣∣∣ (see Definition 6.6.1), which implies the following guarantee for any estimate u∗xt

of u∗v as in (6.8): √
E
∣∣u∗xt − u∗v

∣∣2 ≤ ∥u∥∞∣∣∣∣∣∣xt − v
∣∣∣∣∣∣.

Note that if α1(A) < 1, then τmix(A) ≤ ⌈log(4)/ log(1/α1(A))⌉; see Proposition 6.4.3

and (6.20). Therefore, if A is strictly contractive, we can compare Theorem 6.1.5 with

our error bound for the deterministically sparsified power method given in Theorem 6.1.3.

Although the bound with deterministic sparsification is in terms of the stronger ℓ1 norm,

the bound with random sparsification has a better irreducible component that exhibits an

improved dependence on the ℓ1 tail mass of the leading eigenvector (i.e., it is deeper and

smaller by a factor of m−1/2), and reflects the possibility for further improvement with rate

t−1/2 by tail-averaging.

More importantly, Theorem 6.1.5 applies far more generally. For example, it implies that

the randomly sparsified power method rapidly converges for the counterexample described

in Theorem 6.1.4 for the deterministically sparsified power method, which is not strictly

contractive (see Remark 6.5.5).
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6.1.3 Beyond-Monte Carlo rates

Intuitively, we would expect the sparsified iterations to be effective if the leading eigenvector

v is approximately sparse, in the sense that its entries decay rapidly. For example, if v

were truly m-sparse, then it would indeed remain a fixed point of the (deterministically or

randomly) sparsified iterations. To make this intuition more precise, we can make some

idealized assumptions on the decay of the entries of v to derive the consequences on the

convergence rate implied by our bounds. We will write v↓ ∈ [0, 1]n to denote a weakly

decreasing rearrangement of v such that v↓(1) ≥ v↓(2) ≥ . . . ≥ v↓(n).

1. (Exponential decay). If v↓(i) ≤ Ce−ci for some constants C, c > 0, then

n∑
i=s

v↓(i) ≤
n∑
i=s

Ce−ci ≤ Ce−cs

1− e−c
.

2. (Polynomial decay). If v↓(i) ≤ Ci−(1+c) for some constants C, c > 0, then

n∑
i=s+1

v↓(i) ≤
n∑

i=s+1

Ci−(1+c) ≤ C

∫ ∞

s

x−(1+c) dx =
C

c
s−c.

By applying these calculations with s = ⌈m/2⌉ in Theorem 6.1.5, we see that the ran-

domly sparsified power method can achieve beyond-Monte Carlo rates as a function of the

sparsification parameter m based on the ℓ1 tail decay of the leading eigenvector v, i.e., faster

than O(m−1/2). More precisely, after a sufficiently long burn-in period tb = O(τmix(A))

such that the bias component is negligible, the error
∣∣∣∣∣∣xt − v

∣∣∣∣∣∣ can scale as O(e−cm) or

O(m−(1/2+c)) for some constant c > 0 if the entries of v↓ decay exponentially or polynomi-

ally, respectively.

6.1.4 Numerical demonstration with the Ising model

Consider the ferromagnetic Ising model on a graph G = (V,E) with inverse temperature

β > 0 and external field h ∈ R. This is a probability measure on each configuration σ ∈
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{±1}V , which is an assignment of spins from {+1,−1} to every vertex, defined by

µβ,h(σ) =
e−βH(σ)

Z(β, h)
, where H(σ) = −

∑
(u,v)∈E

σ(u)σ(v)− h
∑
v∈V

σ(v) (6.9)

is the Hamiltonian, and Z(β, h) is the normalization constant known as the partition func-

tion, which is computationally intractable.

The (heat-bath) Glauber dynamics is a classical dynamical system for simulating the

Ising model that is studied in non-equilibrium statistical mechanics [Gla63] and related con-

texts [Lig85; CFL09]. From any given configuration σ ∈ {±1}V , the next configuration

σ′ is sampled by choosing a vertex v ∈ V uniformly at random, and sampling a new spin

σ′(v) ∈ {±1} from the Ising model (6.9), conditional on all other vertices being fixed. Each

update is extremely local and easily computable. The Glauber dynamics is an irreducible,

aperiodic, and reversible Markov chain that has the Ising model (6.9) as its unique station-

ary distribution (e.g., see [LPW17]). For additional background on the Ising model, see

Section 6.8.

As a test of our theory, we will numerically investigate the performance of the determin-

istically and randomly sparsified power methods for solving the eigenvalue problem Av = v,

where A is the column-stochastic transition matrix corresponding to the Glauber dynamics

on an ℓ× ℓ lattice with nearest-neighbor interactions and periodic boundary conditions (i.e.,

torus). The leading eigenvector v corresponds to the Ising model (6.9), and expectations

of quantities with respect to the Ising measure (e.g., magnetization or correlations) can be

estimated by estimates of the form u∗xt as in (6.8). Note that A is very sparse: each column

has ℓ2 + 1 non-zero entries, significantly smaller than the size of the state space 2ℓ×ℓ, which

grows exponentially in the number of vertices. For example, on a 2 × 2 torus, the 16 × 16
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matrix A with each configuration indexed by its bitstring looks like

A =
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.

Here, p(ℓ)+ = (1+e−2β(ℓ+h))−1/4 and p
(ℓ)
− = (1+e2β(ℓ+h))−1/4 for ℓ ∈ {−2, 0, 2}, corresponding

to the sum of the neighboring spins of the vertex to be updated, and the diagonal entries

are left implicitly defined such that A is column-stochastic.

Figure 6.1 presents the numerical results for the Ising model on a 4 × 4 torus with

inverse temperature β = 0.45 and external field h = 0.25. The size of the grid is chosen for

computational simplicity, since the size of the state space (24×4 = 65, 536) is non-trivial, yet

small enough to handle explicitly. The parameters β and h are chosen to situate the Ising

model in a low-temperature and strong external field regime, which speeds up the mixing of

the underlying Glauber dynamics and promotes approximate sparsity of the Ising measure v

(i.e., such that the entries v↓(i) ≤ Ci−(1+c) exhibit polynomial decay; see Proposition 6.8.1

in Section 6.8 for a precise statement).

The left plot shows that the ℓ2 error of the randomly sparsified power method decreases at

a beyond-Monte Carlo rate in m that follows the shape of the best m-sparse approximation

of the leading eigenvector v and improves with tail-averaging, as predicted by Theorem 6.1.5.

The deterministically sparsified power method, for which we do not have any guarantees in

this case since A is not strictly contractive, is much less effective for this problem. The
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Figure 6.1: The ℓ2 error ∥xt−v∥2 from solving the eigenvalue problem Av = v corresponding
to the Glauber dynamics for the Ising model (6.9) on a 4 × 4 torus in a low-temperature
and strong external field regime with β = 0.45 and h = 0.25 using the deterministically
and randomly sparsified power methods (with and without tail-averaging), initialized from a
random configuration. The optimal m-sparse error represents the ℓ2 error

(∑n
i=m+1 v

↓(i)2
)1/2

from the best m-sparse approximation of the Ising model. (Left) The errors at time t =
20, 000 after a sufficiently long burn-in time of tb = 10, 000 as a function of the sparsification
parameter m. (Right) The dynamics of the error with a fixed sparsification parameter
m = 2, 000. The mean errors over 30 independent runs of the randomized algorithms are
reported, with the corresponding 0.2/0.8th quantiles indicated by the shaded intervals.

right plot shows the dynamics of the ℓ2 error for m = 2, 000 as a function of the number of

iterations t, confirming that tail-averaging helps the randomly sparsified power method to

achieve lower errors with further iterations. However, it does not help the deterministically

sparsified power method since the solution vector is stuck in a suboptimal solution.

6.1.5 Outline

The rest of this chapter is structured as follows. Section 6.3 describes another application

of the deterministically and randomly sparsified power methods for the PageRank problem.

In Section 6.4, mathematical preliminaries related to the pivotal sparsification operator and

ergodic coefficients for stochastic matrices are presented. The proofs of our main results

are provided in Sections 6.5 and 6.6 for the deterministically and randomly sparsified power
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methods, respectively. We present some concluding remarks in Section 6.7. Additional

technical details are presented in Sections 6.8 and 6.9.

6.1.6 Notation

We will write vectors v ∈ Rn and matrices A ∈ Rn×n in boldface, and denote their entries

by v(i) and A(i, j). We write I ∈ Rn×n for the identity matrix, ei ∈ Rn for the ith standard

basis vector in Rn, and 1 for the all-ones vector. We will use the vector ℓ1, ℓ2, and ℓ∞

norms given by ∥v∥1 =
∑n

i=1 |v(i)|, ∥v∥2 =
√∑n

i=1 |v(i)|2, and ∥v∥∞ = maxi=1,...,n |v(i)|,

respectively. We will use the notation ∥v∥0 to count the number of non-zero entries of a

vector v. We will also write v↓ ∈ Rn to denote any weakly decreasing rearrangement of a

vector v such that |v↓(1)| ≥ |v↓(2)| ≥ . . . ≥ |v↓(n)|. We will use the matrix ℓ1 operator

norm ∥A∥1 = max∥z∥1=1∥Az∥1 = maxi=1,...,n∥Aei∥1.

6.2 Related works

6.2.1 Deterministically sparsified power method

The deterministically sparsified power method is most closely related to the truncated power

method analyzed by Yuan and Zhang in [YZ13], which also preserves the m largest-magnitude

entries after each iteration. It is also similar to the power method with iterative hard

thresholding studied in [Ma13], which uses a fixed threshold designed to filter out noise

rather than an adaptive threshold for maintaining a fixed sparsity. The main difference is that

these iterative algorithms, which are proposed for the problem of sparse principal component

analysis (PCA) [ZHT06; ZX18], are studied from a statistically-oriented perspective, focusing

on the statistical consistency and rates of the procedure for the recovery of an underlying

sparse eigenvector. Our analysis focuses on the implications of maintaining a user-chosen

sparsity level for computational reasons on the convergence rate.
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6.2.2 Randomly sparsified power method

The randomly sparsified power method is an instance of a general approach based on impos-

ing sparsity in between each update of an iterative method called fast randomized iteration

(FRI), which was proposed by Lim and Weare [LW17] to mitigate the computational and

storage costs for large-scale numerical linear algebra problems. These algorithms are moti-

vated by the success of diffusion Monte Carlo algorithms, which have been applied to solve

eigenproblems as large as 10108 × 10108 [She+12].

Soon after, the research groups of Weare and Berkelbach developed more intricate versions

of the randomly sparsified power method and applied them to solve large-scale eigenvalue

problems in quantum chemistry [Gre+19; Gre+20; Gre+22a; Gre+22b]. However, these

works leave open a range of mathematical questions, including:

• What is the smallest possible sparsification parameter m needed so that the randomized

iteration is stable?

• What is the effect of increasing the sparsification parameter m on the convergence

rate?

• What can be proved for a deterministically sparsified power method, where a deter-

ministic sparsification operator is applied in each iteration, and how does it compare

to the randomly sparsified case?

In this chapter, we provide mathematical analysis of the randomly and deterministically

sparsified power methods for stochastic matrices that answer these questions.

More recently, Weare and Webber [WW25] analyzed a randomly sparsified Richardson

iteration for solving linear systems Ax = b. Based on the observation that the solution

of the linear system satisfies the fixed-point formula x = Gx + b, where G := I −A, the
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randomly sparsified Richardson iteration begins with x0 = 0 and iterates:

yt = (I−A)xt−1 + b,

xt = φt(yt).

(6.10)

The authors prove that if G is a strict 1-norm contraction (∥G∥1 < 1) and a sufficiently

large sparsification parameter m ≥ 1/(1 − ∥G∥21) is used, then the error of the randomly

sparsified Richardson iteration can decay at a faster-than-Monte Carlo rate—e.g., polynomial

m−c or exponential e−cm in m for some constant c > 0—for problems where the entries

of the solution vector decrease quickly ([WW25, Theorem 2.1]). In our main result for

the randomly sparsified power method (Theorem 6.1.5), we establish a similar result for

eigenvalue problems.

6.3 Application to PageRank

Consider the PageRank problem [Gle15]: given a directed graph on n vertices {1, 2, . . . , n},

a column-stochastic transition matrix Q ∈ [0, 1]n×n, and a stochastic vector r ∈ [0, 1]n, a

random walker flips a biased coin at each time step. If the coin lands heads with probability

θ ∈ [0, 1], the walker travels from its current state i to an outgoing neighbor with probability

Q(j, i). Otherwise, if the coin lands tails with probability 1− θ, the walker travels to a node

randomly selected from the renewal distribution r.

We are interested in the long-run behavior of the random walker, which is given by the

stationary distribution v ∈ [0, 1]n that solves

Av = v, where A := θQ+ (1− θ)r1T. (6.11)

In other words, v is the Perron–Frobenius eigenvector of the column-stochastic matrix A. If

θ ∈ [0, 1), then a unique stationary distribution v always exists [Gle15, §2]. Otherwise, if θ =
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1, then a unique stationary distribution exists if the graph is irreducible and aperiodic [Sen81,

§1].

The PageRank problem was originally proposed by Google to find the most relevant

websites in response to a search query [Pag+99]. The entries of the PageRank vector v can

be used as a centrality measure for the importance of nodes in the graph: intuitively, nodes

that are “important” have incoming edges from other “important” nodes. In particular, if

θ < 1 and r is sparse, the PageRank vector v conveys localized information about a region

of the graph corresponding to the support of r, and the problem is typically referred to as

personalized PageRank. The PageRank problem has found numerous other applications in

the analysis of social, physical, and information networks. For a more detailed discussion,

we refer to the survey [Gle15].

6.3.1 Computing the PageRank vector

We may compute the stationary distribution v by applying the power method (6.1) to solve

the eigenvalue problem (6.11). Starting from any initial stochastic vector x0 ∈ [0, 1]n (e.g.,

x0 = r), we iterate:

xt = Axt−1 = θQxt−1 + (1− θ)r. (6.12)

Note that Az = θQz+(1− θ)r1Tz = θQz for any z with 1Tz = 0. Therefore, we can bound

the one-step ℓ1 contraction coefficient by the parameter θ:

α1(A) = max∑n
i=1 z(i)=0
∥z∥1=1

∥Az∥1 = θ · max∑n
i=1 z(i)=0
∥z∥1=1

∥Qz∥1 = θ · α1(Q) ≤ θ. (6.13)

From (6.4), combined with the submultiplicativity of the ℓ1 contraction coefficients (Propo-

sition 6.4.3), this immediately furnishes the following convergence guarantee for solving the

PageRank problem using the power method (6.12):

∥xt − v∥1 ≤ θt · ∥x0 − v∥1. (6.14)
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We may also compute the PageRank eigenvector using the deterministically sparsified

power method (6.5):

yt = Axt−1 = θQxt−1 + (1− θ)r,

xt = ψ(yt).

(6.15)

If θ < 1, then we can bound the error ∥xt−v∥1 by applying Theorem 6.1.3 with α1(A) ≤ θ.

Alternatively, we can compute the PageRank vector using the randomly sparsified power

method (6.6):

yt = Axt−1 = θQxt−1 + (1− θ)r,

xt = φt(yt).

(6.16)

If θ < 1, then we can also obtain a bound on the error E∥xt−v∥22 by applying Theorem 6.1.5

with τmix(A) ≤ ⌈log(4)/ log(1/θ)⌉. However, if θ = 1, we can also bound the error using

Theorem 6.1.5 in terms of the mixing time of the random walk on the graph.

6.3.2 Numerical demonstration

We consider solving the personalized PageRank problem on the largest strongly connected

component from the twitter_combined dataset [ML12], which consists of a social net-

work where there is a directed edge from vertex A to vertex B if user A follows user B.

The graph is irreducible, aperiodic, and has n = 68, 413 vertices and 1, 685, 163 edges. We

construct a 10-sparse renewal distribution r by placing mass equally over 10 vertices chosen

uniformly at random.

Figure 6.2 shows the ℓ2 error from applying the deterministically and randomly sparsified

power methods using various sparsification parameters m for the PageRank problem with

θ ∈ {0.85, 1}. For each θ, the burn-in time was chosen to be large enough for the random

errors to stabilize, and the final tail-averaged iterate xt is averaged over the last 1, 000

iterations.

The plot on the left shows the results with θ = 0.85, which adds a significant amount

of regularization that makes the power iterations much more effective. In particular, Theo-
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Figure 6.2: The ℓ2 error ∥xt−v∥2 from solving the personalized PageRank problem (6.11) on
the twitter_combined dataset using the deterministically and randomly sparsified power
methods (with and without tail-averaging), initialized from x0 = r. The optimal m-sparse
error represents the ℓ2 error

(∑n
i=m+1 v

↓(i)2
)1/2 from the best m-sparse approximation of

the leading eigenvector. (Left) The errors with θ = 0.85 at t = 1, 100 after a burn-in time
of tb = 100. (Right) The errors with θ = 1 at t = 3, 000 after a burn-in time of tb = 2, 000.
The mean errors over 10 independent runs of the randomized algorithms are reported.

rems 6.1.3 and 6.1.5 apply since A is strictly contractive, and we observe that deterministic

and random sparsification are both effective and perform equally well in this setting, pro-

ducing an error after a sufficiently long burn-in period close to the optimal m-sparse error.

However, random sparsification allows for further improvement from tail-averaging, in con-

trast to deterministic sparsification which produces a fixed point that cannot be improved

with tail-averaging.

The plot on the right shows the results with θ = 1, where the power method is less

effective and its convergence properties depend on the mixing time of the random walk on

the underlying graph. Since A is not strictly contractive, we do not have any guarantees for

the deterministically sparsified power method, but we can apply Theorem 6.1.5 to bound the

error of the randomly sparsified power method. We observe a greater separation between

the deterministically and randomly sparsified power methods, illustrating how deterministic

sparsification can result in mass being trapped in a suboptimal solution.

262



6.3.3 Comparison with randomly sparsified Richardson iteration

Note that computing the leading eigenvector v of the PageRank problem (6.11) with θ < 1

is equivalent to finding a solution of the following linear system (see [Gle15]):

(I− θQ)v = (1− θ)r. (6.17)

The randomly sparsified Richardson iteration [WW25], applied to solving this linear sys-

tem with zero initial vector x0 = 0 instead, results in the same iterations as the randomly

sparsified power method (6.12). Therefore, Theorem 6.1.5 can be compared with the con-

vergence bound obtained in [WW25, Proposition 3.1], which produces qualitatively similar

predictions. In practice, initializing with the stochastic vector x0 = r is preferable ([Gle15,

Remark 2.3]), in which case only our results on the power iterations are applicable. Moreover,

if θ = 1 and the matrix A is not strictly contractive, only Theorem 6.1.5 can be applied.

6.4 Preliminaries

In this section, we discuss some mathematical preliminaries for the pivotal sparsification

operator used in the randomly sparsified power method, and ergodic coefficients for stochastic

matrices.

6.4.1 Pivotal sparsification

For the randomly sparsified power method (6.6), we will use the pivotal sparsification operator

φ : Rn → Rn with sparsification parameter m. This procedure exactly preserves some of the

largest-magnitude entries of the input vector based on an adaptive threshold, and randomly

samples (without replacement) and rescales a subset of the remaining entries to produce an

unbiased approximation with m entries in total.
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More precisely, for any input vector y ∈ Rn, let y↓ ∈ Rn denote a rearrangement of the

entries of y with weakly decreasing magnitudes, |y↓(1)| ≥ |y↓(2)| ≥ . . . ≥ |y↓(n)|, and σ

be the corresponding permutation such that y(σ(i)) = y↓(i) for all i ∈ {1, 2, . . . , n}. Then,

pivotal sparsification y 7→ φ(y) is applied as follows:

(1) Determine a threshold

q∗ = min

{
0 ≤ q ≤ m : |y↓(q + 1)| < 1

m− q

n∑
i=q+1

|y↓(i)|
}
.

(2) Calculate a vector of inclusion probabilities p ∈ [0, 1]n by the formula

p(i) = 1 if σ(i) ≤ q∗,

p(i) =
m− q∗∑
j>q∗
|y↓(j)| |y(i)| < 1 if σ(i) > q∗.

(3) Sample a subset K ⊆ {1, 2, . . . , n} with exactly m entries based on the inclusion prob-

abilities p: that is, P{i ∈ K} = p(i) for all i ∈ {1, 2, . . . , n}.

(4) Setφ(y)(i) = y(i)/p(i) for each entry i ∈ K that is kept, and setφ(y)(i) = 0 otherwise.

Remark 6.4.1 (Implementation). The threshold q∗ for Step (1) can be computed in

O(∥y∥0 logm) time in a single pass by finding the top m entries of y using a min-heap.

Alternatively, it can be done in O(∥y∥0 + q∗ logm) average time using a selection method

based on QuickSelect.

The subset K in Step (3) can be computed using pivotal sampling [DT98], which can be

implemented using a single pass through the non-zero entries of y in O(∥y∥0) operations;

see [WW25, Algorithm 5.2] for a pseudocode. For additional discussion on the practical im-

plementation of pivotal sparsification, including strategies for parallelization, see [Gre+22a,

Appendix A].
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As the most important feature, pivotal sparsification leads to a high-accuracy approxi-

mation whenever the entries |y↓(i)| decrease rapidly in magnitude. The following explicit

bound was proved in [WW25, Proposition 5.2]:

E∥φ(y)− y∥22 ≤ min
0≤s≤m

1

m− s

(
n∑

i=s+1

|y↓(i)|
)2

. (6.18)

In fact, it was also established in [WW25] that pivotal sparsification is the optimal unbiased,

m-sparse sparsification scheme in terms of L2 error.

In order to control the variance of the randomly sparsified power method, we will use

the following bound on the triple norm error of pivotal sparsification for vectors with non-

negative entries from [WW25]:

Lemma 6.4.2 ([WW25, Corollary 5.5]). Let φ be the pivotal sparsification operator. Then

for all non-negative valued vectors y ∈ Rn
+ and subsets E ⊆ {1, . . . , n}, it holds:

∣∣∣∣∣∣y −φ(y)∣∣∣∣∣∣2 = max
∥u∥∞≤1

E
∣∣u∗(y −φ(y))∣∣2 ≤ 1

m− |E|

(∑
i/∈E

y(i)

)2

.

6.4.2 Stochastic matrices

Recall that the matrix A ∈ [0, 1]n×n represents a column-stochastic matrix throughout the

chapter, which has leading eigenvalue λ1(A) = 1 with corresponding left eigenvector 1T =

1TA and a right eigenvector v ∈ [0, 1]n by Perron–Frobenius theory [Sen81]. It is beneficial

to identify A as the probability transition matrix of an associated Markov chain [LPW17], so

that v represents a stationary distribution of A. We also assume that A exhibits a spectral

gap: i.e., the second-largest magnitude eigenvalue λ2(A) satisfies |λ2(A)| < 1. A typical

structural condition that guarantees this is that the matrix A is irreducible and aperiodic;

see, e.g., [Sen81, §1] for the precise definitions of these terms related to the classification of

non-negative matrices.
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Let P := I − v1T be the oblique projector onto {x : 1Tx = 0} along v that annihilates

the leading left and right eigenvectors of A. Observe that P commutes with A, and 1Tw = 0

for any eigenvector w of A corresponding to eigenvalue λ ̸= 1. Moreover, note that for any

index r ∈ N, the ℓ1 operator norm of ArP is given by

∥ArP∥1 = max
i∈{1,...,n}

∥ArPei∥1 = max
i∈{1,...,n}

∥Arei − v∥1 ∈ [0, 2], (6.19)

where ei the ith standard basis vector in Rn. That is, ∥ArP∥1 is twice the total variation

distance between the distribution of the Markov chain with transition matrix A after r steps

and its stationary distribution v in the worst-case initialization.

The following proposition collects various properties of the ℓ1 contraction coefficients

αr(A) defined in Definition 6.1.1. These are known in various forms throughout the liter-

ature; e.g., see the survey [IS11] on ergodic coefficients. For completeness, we will include

elementary proofs of the properties in Section 6.9.

Proposition 6.4.3 (Properties of ℓ1 contraction coefficients). Let A ∈ [0, 1]n×n be a column-

stochastic matrix with leading right eigenvector v ∈ [0, 1]n, and P = I− v1T. Then:

1. (Scrambling identity). The ℓ1 contraction coefficients of A can be written:

αr(A) =
1

2
max
i,j
∥Ar(ei − ej)∥1 = 1−min

i,j

n∑
k=1

min{Ar(k, i),Ar(k, j)}.

2. (Submultiplicativity). The ℓ1 contraction coefficients of A are submultiplicative:

αr(A) ≤ αs(A)αr−s(A) for each s ≤ r.

3. (Oblique projection bounds). The ℓ1 contraction coefficients of A satisfy

1

2
∥ArP∥1 ≤ αr(A) ≤ ∥ArP∥1.
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4. (Eigenvalue bounds). Let λ2(A) be the second-largest magnitude eigenvalue of A. If

|λ2(A)| < 1, then the ℓ1 contraction coefficients of A satisfy

|λ2(A)|r ≤ αr(A) and lim
r→∞

αr(A)1/r = |λ2(A)|.

Example 6.4.4. As an illustrative example, consider a random walk on a circle with four

vertices that stays put with probability 1/2 and moves clockwise with probability 1/2 as

depicted in Figure 6.3, which is an irreducible and aperiodic Markov chain.

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

Figure 6.3: A random walk on a clockwise directed 4-cycle with self-loops.

The transition matrix A, where A(j, i) contains the probability of moving from i to j,

and its powers for r ≥ 1 are given by

Ar =
1

4



1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1


+

(
1√
2

)r−2



cos θr − sin θr − cos θr sin θr

sin θr cos θr − sin θr − cos θr

− cos θr sin θr cos θr − sin θr

− sin θr − cos θr sin θr cos θr


,

where θr := rπ/4. Even though the matrix A is irreducible and aperiodic, the ℓ1 contraction

coefficients αr(A), using Proposition 6.4.3, part 1, are given by 1, 1, 1
2
, 1
2
, 1
4
, 1
4
, . . . for r =
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0, 1, 2, 3, 4, 5, . . .. In general,

αr(A) =


(1/
√
2)r if r is even,

(1/
√
2)r−1 if r is odd.

Furthermore, |λ2(A)| = 1/
√
2. This confirms that αr(A) ≥ |λ2(A)|r = (1/

√
2)r and

limr→∞ αr(A)1/r = |λ2(A)| = 1/
√
2, which is consistent with Proposition 6.4.3, part 4.

Remark 6.4.5 (Scrambling matrices). Assuming α1(A) < 1 is much stronger than assuming

the spectral gap condition |λ2(A)| < 1. Indeed, from Proposition 6.4.3, part 1, the condition

α1(A) < 1 is equivalent to requiring that A is “scrambling”, i.e., every pair of columns A(:, i)

and A(:, j) shares a common positive element. The proof of [LW17, Corollary 1] claims that

α1(A) < 1 whenever the column-stochastic matrix A is irreducible and aperiodic. However,

this is apparently false.

Next, recall the definition of the mixing time τmix(A) from Definition 6.1.1. From (6.19),

we see that equivalently,

τmix(A) = argmin
τ∈N

{
∥AτP∥1 ≤

1

2

}
. (6.20)

Since the Markov chain corresponding to A converges to v under a spectral gap assumption,

we know that the mixing time is finite: i.e., there exists an integer R such that ∥ARP∥1 ≤

1/2. However, this does not say anything about the rate of convergence, and understanding

the dependence of the mixing time on the size of the state space for different Markov chains

is a fascinating and active area of research that is beyond the scope of our investigations.

For a comprehensive treatise on the mixing times of Markov chains, we refer to [LPW17].

In the context of exponentially-sized state spaces with n = 2d, a Markov chain that mixes in

O(polylog d) steps is commonly said to be rapid mixing, while one that mixes in O(exp(cd))

steps is slow mixing.
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The mixing time τmix(A) can be lower bounded by the reciprocal of the spectral gap of

A ([LPW17, Theorem 12.5]):

τmix(A) ≥
(

1

1− λ2(A)
− 1

)
log(2), (6.21)

recalling that λ2(A) denotes the second largest-eigenvalue of A. Thus, while the mixing time

is a natural quantity for stochastic matrices, Theorem 6.1.5 suggests that a sparsification

parameter that is at least of order m ≥ O
(
1/(1− λ2(A))

)
is necessary for the effectiveness

of the randomly sparsified power method for more general (e.g., Hermitian) matrices.

6.5 Proofs for deterministically sparsified power method

In this section, we describe the proofs of our main results (Theorems 6.1.3 and 6.1.4) for the

deterministically sparsified power method (6.5).

6.5.1 Properties of deterministic sparsification

We begin by establishing some properties of the deterministic sparsification operator ψ.

First, we prove that the deterministic sparsification operator ψ is optimal for stochastic

vectors in an ℓp sense for any p ∈ [1,∞].

Lemma 6.5.1 (Optimality of deterministic sparsification). Let y ∈ [0, 1]n be any stochastic

vector and ψ(y) be the output of deterministic sparsification with sparsification parameter

m. Then, for any m-sparse stochastic vector z ∈ [0, 1]n and p ∈ [1,∞],

∥y −ψ(y)∥p ≤ ∥y − z∥p.
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Proof. Suppose that we are given any m-sparse stochastic vector z supported on S ⊆

{1, 2, . . . , n}. First, consider the ℓp error with 1 ≤ p <∞,

∥y − z∥pp =
∑
i∈S

|y(i)− z(i)|p +
∑
i/∈S

y(i)p.

Note that by using |S| = m and Hölder’s inequality, we have

(∑
i∈S

|z(i)− y(i)|
)p

≤ mp−1
∑
i∈S

|z(i)− y(i)|p,

with equality if and only if z(i) − y(i) is constant for i ∈ S. Furthermore, by applying the

triangle inequality, using the fact that
∑

i∈S z(i) = 1 and y is a stochastic vector, we have

∑
i/∈S

y(i) = 1−
∑
i∈S

y(i) =
∑
i∈S

z(i)−
∑
i∈S

y(i) ≤
∑
i∈S

|z(i)− y(i)|.

Hence, we deduce that

∥y − z∥pp ≥ m1−p

(∑
i/∈S

y(i)

)p

+
∑
i/∈S

y(i)p

≥ m1−p

(
n∑

i=m+1

y↓(i)

)p

+
n∑

i=m+1

y↓(i)p = ∥y −ψ(y)∥pp.

For the ℓ∞ error, we can apply the following bespoke argument that uses the same ideas.

Note that

∥y − z∥∞ = max

{
max
i∈S
|y(i)− z(i)|,max

i/∈S
y(i)

}
.

Observe that because |S| = m, maxi/∈S y(i) ≥ y↓(m+1). Next, notice that the maximum over

the set S is at least as large as the average over S. Therefore, using the triangle inequality
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and the fact that
∑

i∈S z(i) = 1 and y is a stochastic vector again, we deduce that

max
i∈S
|y(i)− z(i)| ≥ 1

m

∑
i∈S

|y(i)− z(i)|

≥
∑
i∈S

z(i)−
∑
i∈S

y(i) = 1−
∑
i∈S

y(i) =
∑
i/∈S

y(i) ≥
n∑

i=m+1

y↓(i).

Hence,

∥y − z∥∞ ≥ max

{
1

m

n∑
i=m+1

y↓(i),y↓(m+ 1)

}
= y↓(m+ 1) = ∥y −ψ(y)∥∞.

We conclude that for p ∈ [1,∞], the ℓp error of any m-sparse approximation z of y is

minimized by choosing the support S to be the m largest entries of y and evenly redistributing

the mass of y outside the support, i.e., z(i) = y(i) +m−1
∑

i/∈S y(i) for i ∈ S and z(i) = 0

otherwise.

Next, we prove the following bound on the error from applying the deterministic sparsi-

fication operator.

Proposition 6.5.2 (Bounded truncation error). Fix two stochastic vectors y,v ∈ [0, 1]n,

and let ψ(y) denote the output of the deterministic sparsification operator applied to y with

sparsification parameter m. Then, for any s ≤ m, we have

∥ψ(y)− v∥1 ≤
[
1 +

2s

m

]
∥y − v∥1 + 2

(
n∑

i=s+1

v↓(i)

)
. (6.22)

Furthermore,

∥ψ(y)− y∥1 ≤ ∥y − v∥1 +
(

n∑
i=s+1

v↓(i)

)
. (6.23)
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Remark 6.5.3 (Optimality of the bound). For fixed integers s ≤ m, consider the following

example of a bad vector in Rm+s for deterministic sparsification:

v =
(
1/s, . . . , 1/s︸ ︷︷ ︸

s times

, 0, . . . , 0
)
, y =

(
1/(s+m), . . . , 1/(s+m)︸ ︷︷ ︸

s+m times

)
,

ψ(y) =
(
0, . . . , 0, 1/m, . . . , 1/m︸ ︷︷ ︸

m times

)
.

Essentially, the method is picking all the wrong entries to truncate. We can calculate

∥ψ(y)− v∥1 = 2,
m∑

i=s+1

v↓(i) = 0,

∥y − v∥1 = s

(
1

s
− 1

s+m

)
+m

(
1

s+m

)
=

sm+ sm

s(s+m)
=

2m

s+m
=

2

(s/m) + 1
,

Therefore, in this case, the deterministic sparsification error is given by

∥ψ(y)− v∥1 =
[
1 +

s

m

]
∥y − v∥1.

This shows that the first term of the bound (6.22) in Proposition 6.5.2 is near-optimal, up to a

constant factor of two. Furthermore, note that for general y, ∥y−ψ(y)∥1 = 2
∑n

i=m+1 y
↓(i),

which shows that the second term in Proposition 6.5.2 is also optimal.

Proof of Proposition 6.5.2. Let the s largest entries in v be denoted T for “target”, and the m

largest entries in y be denoted K for “kept”. By definition of the deterministic sparsification

operator ψ,

∥ψ(y)− v∥1 =
∑
i∈K

|ψ(y)(i)− v(i)|+
∑
i/∈K

|ψ(y)(i)− v(i)|

≤
∑
i∈K

|ψ(y)(i)− y(i)|+
∑
i∈K

|y(i)− v(i)|+
∑
i/∈K

|ψ(y)(i)− v(i)|

=
∑
i/∈K

y(i) +
∑
i∈K

|y(i)− v(i)|+
∑
i/∈K

v(i).
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Next, observe that we can bound

∑
i/∈K

v(i) =
∑

i∈Kc∩Tc

v(i) +
∑
i∈T\K

v(i)

≤
∑

i∈Kc∩Tc

v(i) +
∑
i∈T\K

|v(i)− y(i)|+
∑
i∈T\K

y(i).

Similarly,

∑
i/∈K

y(i) =
∑
i∈T\K

y(i) +
∑

i∈Kc∩Tc

y(i)

≤
∑
i∈T\K

y(i) +
∑

i∈Kc∩Tc

|y(i)− v(i)|+
∑

i∈Kc∩Tc

v(i).

Combining the preceding displayed bounds yields

∥ψ(y)− v∥1 ≤ 2
∑
i∈T\K

y(i) + ∥y − v∥1 + 2
∑

i∈Kc∩Tc

v(i).

Now, since K consists of the m largest entries of y, we have the following inequality between

the average entry of y in T \ K and K \ T, assuming that |T \ K| > 0 and |K \ T| > 0:

1

|T \ K|
∑
i∈T\K

y(i) ≤ 1

|K \ T|
∑
i∈K\T

y(i).

Note that
|T \ K|
|K \ T| =

s− |T ∩ K|
m− |T ∩ K| ≤

s

m
.

Therefore,

∥ψ(y)− v∥1 ≤ 2
|T \ K|
|K \ T|

∑
i∈K\T

y(i) + ∥y − v∥1 + 2
∑

i∈Kc∩Tc

v(i)

≤ 2
s

m

∑
i∈K\T

y(i) + ∥y − v∥1 + 2
∑

i∈Kc∩Tc

v(i).
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If T ⊆ K and hence |T \ K| = 0, then this bound also holds trivially. By further routine

application of the triangle inequality, we deduce that

∥ψ(y)− v∥1 ≤ 2
s

m

∑
i∈K\T

v(i) + 2
s

m

∑
i∈K\T

|y(i)− v(i)|+ ∥y − v∥1 + 2
∑

i∈Kc∩Tc

v(i)

≤ 2max

{
s

m
, 1

}∑
i/∈T

v(i) +

[
1 +

2s

m

]
∥y − v∥1.

After inserting the definition of T and using s ≤ m, we obtain the first inequality.

For the second inequality, by a similar argument, we know that

∥ψ(y)− y∥1 ≤
∑
i∈T\K

y(i) +
∑

i∈Kc∩Tc

|y(i)− v(i)|+
∑

i∈Kc∩Tc

v(i)

≤ s

m

∑
i∈K\T

y(i) +
∑

i∈Kc∩Tc

|y(i)− v(i)|+
∑

i∈Kc∩Tc

v(i).

By using s/m ≤ 1 and combining terms, we conclude that

∥ψ(y)− y∥1 ≤
∑
i∈Tc

|y(i)− v(i)|+
∑
i∈Tc

v(i)

≤ ∥y − v∥1 +
∑
i∈Tc

v(i).

6.5.2 Error bound with strict contractivity

We will now prove Theorem 6.1.3, which establishes a non-asymptotic error bound for

the deterministically sparsified power method, assuming that A is strictly contractive with

α1(A) < 1.

Proof of Theorem 6.1.3. By the triangle inequality, we have

∥xt − v∥1 ≤ ∥Atx0 − v∥1 + ∥xt −Atx0∥1

≤ α1(A)t∥x0 − v∥1 + ∥xt −Atx0∥1.
(6.24)
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The first term corresponds to the error from the full power iterations without any sparsifica-

tion (6.4), where we have used the fact that Atx0−v = At(x0−v) and 1T(x0−v) = 0. The

second term corresponds to the deviation of the deterministically sparsified power method

from this trajectory, and our goal is to show that this can be controlled with a sufficiently

large sparsification parameter m.

To do so, we will first write the deviation as a telescoping sum:

∥xt −Atx0∥1 =
∥∥∥∥∥
t−1∑
r=0

At−r−1
[
Axr −ψ(Axr)

]∥∥∥∥∥
1

≤
t−1∑
r=0

∥∥At−r−1
[
Axr −ψ(Axr)

]∥∥
1

≤
t−1∑
r=0

α1(A)t−r−1
∥∥Axr −ψ(Axr)

∥∥
1
.

Fix integers s ≤ m. By using Proposition 6.5.2 to bound the one-step sparsification error,

we obtain

∥xt −Atx0∥1 ≤
t−1∑
r=0

α1(A)t−r−1

(
∥Axr − v∥1 +

n∑
i=s+1

v↓(i)

)

≤
t−1∑
r=0

α1(A)t−r∥xr − v∥1 +
1− α1(A)t

1− α1(A)

n∑
i=s+1

v↓(i).

(6.25)

Now, for r ≤ t− 1, by using Proposition 6.5.2 again, we have

∥xr − v∥1 = ∥ψ(Axr−1)− v∥1

≤
(
1 +

2s

m

)
∥Axr−1 − v∥1 + 2

n∑
i=s+1

v↓(i)

≤ α1(A)

(
1 +

2s

m

)
∥xr−1 − v∥1 + 2

n∑
i=s+1

v↓(i).
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Let β := α1(A)(1 + 2s/m). Clearly α1(A) < β. By iterating the previous inequality, we

deduce that

∥xr − v∥1 ≤ βr∥x0 − v∥1 + 2

(
1 + β + . . .+ βr−1

) n∑
i=s+1

v↓(i)

≤ βr∥x0 − v∥1 +
2(1− βr)

1− β

n∑
i=s+1

v↓(i).

(6.26)

For the contribution from the initial error to decay, this suggests that we require a large

enough sparsification parameter m such that

β = α1(A)

(
1 +

2s

m

)
< 1 ⇐⇒ 2s

m
<

1

α1(A)
− 1. (6.27)

Under this assumption, inserting (6.26) back into (6.25) yields

∥xt −Atx0∥1 ≤
t−1∑
r=0

α1(A)t−r
(
βr∥x0 − v∥1 +

2(1− βr)

1− β

n∑
i=s+1

v↓(i)

)

+
1− α1(A)t

1− α1(A)

n∑
i=s+1

v↓(i)

= α1(A)t
t−1∑
r=0

(
β

α1(A)

)r
∥x0 − v∥1

+

[
t−1∑
r=0

2α1(A)t−r(1− βr)

1− β
+

1− α1(A)t

1− α1(A)

]
n∑

i=s+1

v↓(i).

Note that

α1(A)t
t−1∑
r=0

(
β

α1(A)

)r
= α1(A)t · (1 + 2s/m)t − 1

2s/m
≤ m

2s
βt.

Furthermore,

t−1∑
r=0

α1(A)t−r(1− βr) = α1(A)t · α1(A)−t − 1

α1(A)−1 − 1
− α1(A)t · (1 + 2s/m)t − 1

2s/m

≤ α1(A) · 1− α1(A)t

1− α1(A)
.
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Hence, we deduce that

∥xt −Atx0∥1 ≤
m

2s
βt∥x0 − v∥1 +

[
2α1(A)

1− β
+ 1

]
1− α1(A)t

1− α1(A)

n∑
i=s+1

v↓(i)

≤ m

2s
βt∥x0 − v∥1 +

1

1− β

1 + α1(A)

1− α1(A)

n∑
i=s+1

v↓(i).

Finally, inserting this back into (6.24) yields

∥xt − v∥1 ≤
(
α1(A)t +

m

2s
βt
)
∥x0 − v∥1 +

1

1− β

1 + α1(A)

1− α1(A)

n∑
i=s+1

v↓(i). (6.28)

To conclude, we will provide a choice of s for any given m that satisfies (6.27) to derive

an explicit form for β. Suppose that we choose

s =

⌊
1− α1(A)

4α1(A)
m

⌋
=

⌊
m

m⋆(A)

⌋
. (6.29)

Note that the assumption m ≥ 2m∗(A) implies s is non-trivial (i.e., s ≥ 1). Then,

2s

m
≤ 1

2

(
1

α1(A)
− 1

)
and β = α1(A)

(
1 +

2s

m

)
≤ 1 + α1(A)

2
.

Furthermore, using the assumption on m,

m

2s
≤ m

2
(

1−α1(A)
4α1(A)

m− 1
) =

2α1(A)

1− α1(A)
· 1

1− 4α1(A)
1−α1(A)

1
m

≤ 4α1(A)

1− α1(A)
.

Inserting the choice (6.29) of s for the depth of the tail into (6.28) and applying the simpli-

fications above completes the proof.

6.5.3 Failure mode of deterministic sparsification

Finally, we will prove Theorem 6.1.4, which constructs a counterexample showing how the

deterministically sparsified power method can fail.
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K1

4
3n

K2

4
3n

M
2
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1
3

Figure 6.4: Markov chain on n+1 vertices with n even: K1 and K2 are two complete graphs
on n/2 vertices with self-loops, directed edges in both directions, and edge weights 4/(3n).
Each vertex in K2 has a directed edge with weight 2/(3n) to each of the vertices in K1,
and each vertex in K1 has a directed edge to a special vertex M with weight 1/3. M has a
self-loop with weight one.

Proof of Theorem 6.1.4. For simplicity, we will describe the construction for when n for when

n is even. Consider the following column-stochastic matrix A ∈ [0, 1](n+1)×(n+1), written in

block form:

A =


1 1

3
1Tn/2 0T

0 4
3n
1n/2×n/2

2
3n
1n/2×n/2

0 0 4
3n
1n/2×n/2

 .

Here, 1n/2 ∈ Rn/2 and 1n/2×n/2 ∈ Rn/2×n/2 denotes the all-ones vector and all-ones matrix,

respectively. That is, A is the probability transition matrix corresponding to the random

walk on the graph in Figure 6.4, where A(j, i) gives the probability that a random walker

at state i moves to state j in the next step. The first index corresponds to the special

vertex M , the next n/2 indices correspond to the vertices in the clique K1, and the last n/2

indices corresponding to the vertices in the clique K2. (If n is odd, we can simply modify the

construction by adding an extra vertex to the special cluster M , and the argument essentially

remains the same.)

Note that the states in K1 and K2 are inessential, and therefore the stationary distribution

of the Markov chain is supported on the special vertex M , which is an absorbing state. That

278



is, the leading eigenvector solving Av = v is given by

v = (1, 0, . . . , 0).

Next, note that from Proposition 6.4.3, part 1, we see that α1(A) = 1; i.e., A is not

scrambling. Using the block representation of A, it can be verified that λ2(A) = 2/3 is an

eigenvalue with corresponding eigenvector

v2 = (−n/2, 1, . . . , 1︸ ︷︷ ︸
n/2 times

, 0, . . . , 0︸ ︷︷ ︸
n/2 times

),

The remaining eigenvalues are equal to 0, with n/2− 1 eigenvectors coming from placing a

permutation of (1,−1, 0, . . . , 0) ∈ Rn/2 in the n/2 indices corresponding to K1, and similarly

n/2− 1 eigenvectors coming from placing a permutation of the same vector in the last n/2

indices corresponding to K2. Since the trace of A is equal to 1 + 2(2/3), it follows that the

second largest-magnitude eigenvalue is indeed λ2(A) = 2/3, which has algebraic multiplicity

two. Thus, the spectral gap of A is 1− λ2(A) = 1/3.

Now, we will show that with the initialization

x0 = en+1 = (0, . . . , 0, 1)

in K2, the deterministically sparsified power method with any sparsification parameter m ≤

n/2 remains stuck in K2. After the first iteration, we have

y1 = Ax0 =
2

3n
(0, 1, . . . 1︸ ︷︷ ︸

n/2 times

, 2, . . . , 2︸ ︷︷ ︸
n/2 times

).

After deterministic sparsification, the resulting vector consists of the unit mass equally dis-

tributed among m entries over the last n/2 indices in K2. Without loss of generality, we
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may assume that the indices {n/2 + 1 + 1, . . . , n/2 + 1 +m} are chosen. Thus,

x1 = ψ(y1) =
1

m
(0, 0, . . . 0︸ ︷︷ ︸

n/2 times

, 1, . . . , 1︸ ︷︷ ︸
m times

, 0, . . . , 0).

By computing another deterministically sparsified power iteration, we have y2 = y1 and

x2 = x1. Hence, by induction, we conclude that ∥xt − v∥1 = 2 for all times t = 0, 1, 2, . . .,

which is the maximal ℓ1 distance between two stochastic vectors.

Remark 6.5.4 (Better initializations). Note that the counterexample described in Theo-

rem 6.1.4 can be “fixed” by a better initialization. For example, if x0 has enough mass in

K1 instead of K2, then the deterministically sparsified power method will indeed converge

geometrically to the leading eigenvector. Moreover, the matrix A in the counterexample can

also easily be modified into an irreducible matrix by adding a single directed edge with tiny

edge weight from the vertex M to any vertex in K2, and the conclusions will not materially

change.

Remark 6.5.5 (Convergence with random sparsification). We can show that the randomly

sparsified power method effectively converges for the counterexample described in Theo-

rem 6.1.4. Using the same matrix A and notation from the proof (see Figure 6.4), we

can compute the mixing time τmix(A) by calculating the maximal distance to stationarity:

∥AτP∥1 = maxi∈{1,2,...,n+1}∥Aτei − v∥1. Clearly, the worst case corresponds to an initializa-

tion in K2, say en+1 = (0, . . . , 0, 1). Similar to the calculations in the proof of Theorem 6.1.4,

we can compute

Aen+1 =
(
0,

2

3n
1n/2,

4

3n
1n/2

)
, A2en+1 =

(1
9
,
8

9n
1n/2,

8

9n
1n/2

)
,

and so forth, with corresponding ℓ1 errors

∥Aen+1 − v∥1 = 2, ∥A2en+1 − v∥1 =
16

9
, . . . .
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Observe that ∥Atx0 − v∥1 is independent of n for all 5 ≥ 0. By continuing the elementary

computations, we find that τmix(A) = 8; i.e., ∥A8en+1 − v∥1 ≤ 1/2. Hence, because v

is a truly sparse vector, Theorem 6.1.5 implies that there exists an absolute constant C

(independent of n) such that the randomly sparsified power method with a sparsification

parameter m ≥ C converges geometrically to v in the triple norm.

6.6 Proofs for randomly sparsified power method

In this section, we will prove the full version of our main result (Theorem 6.1.5) for the

randomly sparsified power method (6.6). Before stating the full result, we will define a

stronger error metric than the L2 error that was introduced by [LW17].

Definition 6.6.1 (Triple norm). For any random vector Z ∈ Cn, define

∣∣∣∣∣∣Z∣∣∣∣∣∣ := ( max
u∈Cn, ∥u∥∞≤1

E
∣∣u∗Z

∣∣2)1/2

. (6.30)

From [LW17, Eq. (27)], we have the relationship

E∥Z∥22 ≤
∣∣∣∣∣∣Z∣∣∣∣∣∣2 ≤ E∥Z∥21. (6.31)

Both inequalities can be saturated, since
∣∣∣∣∣∣Z∣∣∣∣∣∣ = ∥Z∥1 if Z is deterministic, and

∣∣∣∣∣∣Z∣∣∣∣∣∣2 =

E∥Z∥22 if Z has independent, mean-zero components.

The triple norm
∣∣∣∣∣∣xt − v

∣∣∣∣∣∣ bounds the error of any low-dimensional projection of the

tail-averaged iterate xt from the corresponding projection of the leading eigenvector v, and

is stronger than the L2 error by (6.31).
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6.6.1 Full version of the main result

We will prove the following fine-grained bound on the triple norm error of the randomly

sparsified power method that depends on the ℓ1 tail decay of the leading eigenvector v as

long as the sparsification parameter m is large enough:

Theorem 6.6.2 (Fine-grained error bound). Let R ≥ 1 be an integer such that ∥ARP∥1 < 1.

Suppose that the sparsification parameter m ∈ N satisfies

m ≥ 12∥AP∥21R
(1− δ)

(
1− ∥ARP∥21

) + s for some δ ∈ [1/2, 1) and integer s ∈ N.

Then, for any time t after a burn-in time of tb, the randomly sparsified power method (6.6)

produces a tail-averaged iterate xt = (t− tb)
−1
∑t

r=tb+1 xr that satisfies

∣∣∣∣∣∣xt − v
∣∣∣∣∣∣2 ≤

(∑R−1
ℓ=0 ∥AℓP∥1

)2(∑⌈(t−tb)/R⌉
u=0 ∥ARP∥u1

)2
(t− tb)2

×
{(

1 +
6t

m− s

)(
δ∥ARP∥21 + (1− δ)

)⌊tb/R⌋∥x0 − v∥21 +
8t

m− s

(
n∑

i=s+1

v↓(i)

)2}
.

(6.32)

Assuming that Theorem 6.6.2 holds for now, we will show how it implies Theorem 6.1.5

after some simplifications.

Proof of Theorem 6.1.5. Let R = τmix(A) so that ∥ARP∥1 ≤ 1/2 by (6.20). Let δ = 1/2

and s = ⌊m/2⌋. Then, we have δ∥ARP∥21 + (1 − δ) ≤ 3/4 and m − s ≥ m/2. For 0 ≤

ℓ ≤ R − 1, we can use the (very loose) bound ∥AℓP∥1 ≤ 2, so that
(∑R−1

ℓ=0 ∥AℓP∥1
)2 ≤

4R2. Furthermore, we can bound the sum in multiples of the mixing time by a geometric

series:
(∑⌈(t−tb)/R⌉

u=0 ∥ARP∥u1
)2 ≤ (∑∞

u=0(1/2)
u
)2

= 4. By applying Theorem 6.6.2 with these
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parameter choices and simplifications, we obtain the bound

∣∣∣∣∣∣xt − v
∣∣∣∣∣∣2 ≤ 16τ 2mix(A)

(t− tb)2

{(
1 +

12t

m

)(
3

4

)⌊ tb
τmix(A)

⌋
∥x0 − v∥21 +

16t

m

(
n∑

i=⌈m/2⌉

v↓(i)

)2}
.

The stated bound in Theorem 6.1.5 follows from bounding E∥xt−v∥22 ≤
∣∣∣∣∣∣xt − v

∣∣∣∣∣∣2 by (6.31),

and inserting the numerical simplifications tb = ⌊t/2⌋ and
√

3/4 ≤ 7/8.

Finally, it remains to verify the lower bound on m required. Since 12∥AP∥21 ≤ 48 and

(1− δ)(1− ∥ARP∥21) ≥ 3/8, the condition m− s ≥ m/2 ≥ 128 suffices. This completes the

proof.

Note that if α1(A) < 1, then by using the submultiplicativity of the ℓ1 contractiv-

ity coefficients (Proposition 6.4.3), we deduce that αr(A) ≤ αr1(A) ≤ 1/4 whenever r ≥

log(4)/ log(1/α1(A)), which implies that τmix(A) ≤ ⌈log(4)/ log(1/α1(A))⌉.

Remark 6.6.3 (Asymptotic rate with large m). Note that if m = n, then the randomly

sparsified power iterations reduces to the usual power iteration (6.1), which we know has

error decaying like |λ2(A)|2tb asymptotically from (6.4). From Theorem 6.6.2, we can deduce

a similar qualitative prediction for the randomly sparsified power method if m is very large.

More precisely, by choosing δ = 1−∥ARP∥21 and s = ⌊m/2⌋ in Theorem 6.6.2 and simplifying

the expression, we deduce that if

m ≥ 24∥AP∥21τmix(A)

∥ARP∥21
(
1− ∥ARP∥21

) ,
then the contribution of the initial error ∥x0 − v∥21 towards the error

∣∣∣∣∣∣xt − v
∣∣∣∣∣∣2 decays as(

2∥ARP∥21
)tb/R ∼ |λ2(A)|2tb as R → ∞, where we use the fact that ∥ARP∥1/R1 ∼ |λ2(A)|.

Thus, the bound can capture the correct asymptotic dependence of the bias component on

the second eigenvalue of A.
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6.6.2 Proof outline

The proof of Theorem 6.6.2 is based on a bias-variance decomposition for the triple norm.

For any u ∈ Cn with ∥u∥∞ ≤ 1, note that we have the following equality:

E
∣∣u∗(xt − v

)∣∣2 = ∣∣u∗(E[xt]− v
)∣∣2 + E

∣∣u∗(xt − E
[
xt
])∣∣2.

By taking the supremum over u, it follows that

∣∣∣∣∣∣xt − v
∣∣∣∣∣∣2 ≤ ∥E[xt]− v∥21 +

∣∣∣∣∣∣xt − E[xt]
∣∣∣∣∣∣2. (6.33)

The bias is bounded in Section 6.6.3, and a general variance bound is derived in Section 6.6.4.

These are sufficient to derive a simple bound (Proposition 6.6.7) showing that the randomly

sparsified power method converges with Monte Carlo rates for any choice of sparsification

parameter m, which is discussed in Section 6.6.5.

In order to prove the more fine-grained bound in Theorem 6.6.2, the most technically

involved part of the proof is to control the variance more carefully. To this end, fixed-

time error bounds on
∣∣∣∣∣∣xT − v

∣∣∣∣∣∣2 with improved rates are obtained in Section 6.6.6 by

resolving a recursive inequality. These are then leveraged in Section 6.6.7 to bound the

variance of the tail-averaged iterate xt, which can then be combined with the bias-variance

decomposition (6.33) to complete the proof.

6.6.3 Analysis of bias

The bias of the randomly sparsified power method is the same as the error of the deterministic

power method with tail-averaging.
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Lemma 6.6.4 (Bias bound). The randomly sparsified power method (6.6) produces a tail-

averaged iterate xt = (t− tb)
−1
∑t

r=tb+1 xr that satisfies

∥E[xt]− v∥1 ≤
αtb+1(A)

t− tb

[
t−tb−1∑
r=0

αr(A)

]
· ∥x0 − v∥1.

Proof. Observe that E[xr] = Arx0 for all r ≥ 0. Therefore,

E[xt]− v =
1

t− tb
(Atb+1 + . . .+At)(x0 − v).

Note that 1TAr(x0−v) = 1T(x0−v) = 0 for all r ≥ 0. Thus, applying the triangle inequality

and the definition of the ℓ1 contraction coefficients αr(A) yields

∥E[xt]− v∥1 ≤
1

t− tb

t∑
r=tb+1

∥Ar
(
x0 − v

)
∥1

≤ 1

t− tb

[
t∑

r=tb+1

αr(A)

]
∥x0 − v∥1.

Finally, we use the submultiplicativity of the ℓ1 contraction coefficients αr(A) (Proposi-

tion 6.4.3, part 2) to complete the proof.

6.6.4 Analysis of variance: general framework

Next, we provide a general bound on the variance of the randomly sparsified power method

in terms of the sparsification errors that are induced at each step.

Lemma 6.6.5 (General variance bound). The randomly sparsified power method (6.6) pro-

duces a tail-averaged iterate xt = (t− tb)
−1
∑t

r=tb+1 xr that satisfies

∣∣∣∣∣∣xt − E[xt]
∣∣∣∣∣∣2 ≤ 1

(t− tb)2

t∑
r=1

[
t∑

ℓ=max{tb+1,r}

∥Aℓ−rP∥1
]2∣∣∣∣∣∣φr(yr)− yr

∣∣∣∣∣∣2.
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Proof. Introduce the Doob martingale Mr = E[xt |x1, . . . ,xr], and write

xt − E[xt] =
t∑

r=1

(Mr −Mr−1).

For any u ∈ Cn with ∥u∥∞ ≤ 1, it follows that

E
∣∣u∗(xt − E[xt]

)∣∣2 = t∑
r=1

E
∣∣u∗(Mr −Mr−1

)∣∣2.
We will proceed to bound each of the summands

∣∣u∗(Mr −Mr−1

)∣∣2. For r = 1, 2, . . . , t, a

calculation using the unbiasedness of the random sparsification operator yields

Mr −Mr−1 =
1

t− tb

t∑
ℓ=max{tb+1,r}

(
E[xℓ |xr]− E[xℓ |xr−1]

)
=

1

t− tb

t∑
ℓ=max{tb+1,r}

Aℓ−r(xr − yr).

Therefore, since xr = φr(yr),

∣∣u∗(Mr −Mr−1

)∣∣ ≤ 1

t− tb

t∑
ℓ=max{tb+1,r}

∣∣u∗Aℓ−r(φr(yr)− yr)
∣∣.

Since 1T
(
φr(yr) − yr

)
= 0, Aℓ−r(φr(yr) − yr) = Aℓ−rP(φr(yr) − yr). Because ∥u∥∞ ≤ 1,

the vector (Aℓ−rP)∗u satisfies ∥(Aℓ−rP)∗u∥∞ ≤ ∥Aℓ−rP∥1. Therefore,

∣∣u∗Aℓ−r(φr(yr)− yr)
∣∣ = ∣∣u∗Aℓ−rP(φr(yr)− yr)

∣∣
≤ ∥Aℓ−rP∥1 ·

∣∣∣∣∣∣φr(yr)− yr
∣∣∣∣∣∣.
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Putting this all together, we have shown that for any u ∈ Cn with ∥u∥∞ ≤ 1,

E
∣∣u∗(xt − E[xt]

)∣∣2 = t∑
r=1

E
∣∣u∗(Mr −Mr−1

)∣∣2
≤ 1

(t− tb)2

t∑
r=1

[
t∑

ℓ=max{tb+1,r}

∥Aℓ−rP∥1
]2∣∣∣∣∣∣φr(yr)− yr

∣∣∣∣∣∣2.
Since the right hand side is independent of u, we can take another supremum over u to

deduce that it is also an upper bound for
∣∣∣∣∣∣xt − E[xt]

∣∣∣∣∣∣2.
6.6.5 Variance bounds with Monte Carlo rates

Since each yr is a stochastic vector, combining Lemmas 6.6.5 and 6.4.2 immediately implies

that the variance is of order O(1/m) for any choice of sparsification parameter m.

Corollary 6.6.6 (Variance bound I). The randomly sparsified power method (6.6) produces

a tail-averaged iterate xt = (t− tb)
−1
∑t

r=tb+1 xr that satisfies

∣∣∣∣∣∣xt − E[xt]
∣∣∣∣∣∣2 ≤ 1

m

t

(t− tb)2

[
t−tb−1∑
r=0

∥(AP)r∥1
]2

.

Proof. Since 1Tyr = 1 for any r, Lemma 6.4.2 with E chosen to be the empty set implies

that ∣∣∣∣∣∣φr(yr)− yr
∣∣∣∣∣∣2 ≤ 1

m

(
n∑
i=1

yr(i)

)2

≤ 1

m
.

Therefore, from Lemma 6.6.5, we deduce that

∣∣∣∣∣∣xt − E[xt]
∣∣∣∣∣∣2 ≤ 1

m

1

(t− tb)2

t∑
r=1

[
t∑

ℓ=max{tb+1,r}

∥Aℓ−rP∥1
]2

≤ 1

m

1

(t− tb)2

t∑
r=1

[
t−tb−1∑
ℓ=0

∥AℓP∥1
]2
.
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By combining Lemma 6.6.4 and Corollary 6.6.6, we can immediately that the randomly

sparsified power method converges with a bias component that decays in terms of the

ℓ1 contraction coefficients αr(A) from Definition 6.1.1—which can be compared with the

bound (6.4) for the vanilla power method—and a variance component that scales with Monte

Carlo rates with respect to the sparsification parameter m (i.e., m−1/2).

Proposition 6.6.7 (Monte Carlo rates). For any t > tb, the randomly sparsified power

method (6.6) with any sparsification parameter m ∈ N produces a tail-averaged iterate xt =

(t− tb)
−1
∑t

r=tb+1 xr that satisfies

∣∣∣∣∣∣xt − v
∣∣∣∣∣∣2 ≤ [t−tb−1∑

r=0

αr(A)

]2{
α2
tb+1(A)

(t− tb)2
· ∥x0 − v∥21 +

4t

m(t− tb)2

}
.

Proof. By inserting the bounds in Lemma 6.6.4 and Corollary 6.6.6 into the bias-variance

decomposition (6.33), we obtain

∣∣∣∣∣∣xt − v
∣∣∣∣∣∣2 ≤ α2

tb+1(A)

(t− tb)2

[
t−tb−1∑
r=0

αr(A)

]2
· ∥x0 − v∥21 +

1

m

t

(t− tb)2

[
t−tb−1∑
r=0

∥(AP)r∥1
]2

.

By using the inequality ∥ArP∥1 ≤ 2αr(A) from Proposition 6.4.3, part 3, and simplifying

the expression, the proof is completed.

6.6.6 Error bounds at fixed times

To prove the fine-grained bound in Theorem 6.6.2, we will need to control the variance more

carefully. We begin by obtaining bounds on the error
∣∣∣∣∣∣xT − v

∣∣∣∣∣∣2 at any fixed time T .

The general variance bound from Lemma 6.6.5, combined with Lemma 6.4.2, implies that

the variance of xt is bounded by the mean squared error of a subset of the entries of all the

iterates yr = Axr−1 prior to xt. We would like to transfer this error to the target eigenvector

v, which is the limit of the usual deterministic power iterations: Eyr = Arx0 → v as r →∞.

The first technical observation provides a link between the error of yr and v.
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Lemma 6.6.8. For any iterate yr of the randomly sparsified power method (6.6) and subset

of indices E ⊆ {1, 2, . . . , n},

E
∣∣1TEcyr

∣∣2 ≤ 2
∣∣1TEcv

∣∣2 + 2E
∣∣1TEc(yr − v)

∣∣2.
In particular, this implies that

E
∣∣1TEcyr

∣∣2 ≤ 2
∣∣1TEcv

∣∣2 + 2
∣∣∣∣∣∣yr − v

∣∣∣∣∣∣2.
Proof. The first displayed equation follows from applying the triangle inequality:

E
∣∣1TEcyr

∣∣2 = E
∣∣1TEcv + 1TEc(yr − v)

∣∣2 ≤ 2
∣∣1TEcv

∣∣2 + 2E
∣∣1TEc(yr − v)

∣∣2.
The second displayed equation follows from the observation ∥1TEc∥∞ ≤ 1 and the definition

of the triple norm.

The next technical result bounds the error
∣∣∣∣∣∣xT − v

∣∣∣∣∣∣2 at any fixed time T recursively in

terms of the error incurred previously, up to any reference point t < T .

Lemma 6.6.9 (Recursive bound). For any t < T and s < m, the iterate xT of the randomly

sparsified power method (6.6) satisfies

∣∣∣∣∣∣xT − v
∣∣∣∣∣∣2 ≤ ∥AT−tP∥21 ·

∣∣∣∣∣∣xt − v
∣∣∣∣∣∣2 + 2∥AP∥21

m− s

T−1∑
r=t

∥AT−r−1P∥21 ·
∣∣∣∣∣∣xr − v

∣∣∣∣∣∣2
+

2

m− s

(
T−t−1∑
r=0

∥ArP∥21

)(
n∑

i=s+1

v↓(i)

)2

.

Proof. Let Et denote the expectation conditional on xt. Then, for any u ∈ Cn with ∥u∥∞ ≤

1, we have the conditional bias-variance decomposition:

Et
∣∣u∗(xT − v

)∣∣2 = ∣∣u∗(Et[xT ]− v
)∣∣2 + Et

∣∣u∗(xT − Et
[
xt
])∣∣2.
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First, for the bias term, note that Et[xT ] = AT−txt. Since 1T(xt−v) = 0, AT−t(xt−v) =

AT−tP(xt−v). Furthermore, since ∥u∥∞ ≤ 1, ∥(AT−tP)∗u∥∞ ≤ ∥AT−tP∥1. Thus, we have

∣∣u∗(Et[xT ]− v
)∣∣2 = ∣∣u∗AT−tP

(
xt − v

)∣∣2
≤ ∥AT−tP∥21 ·

∣∣∣∣∣∣xt − v
∣∣∣∣∣∣2. (6.34)

Next, for the variance component, we can apply Lemma 6.6.5, conditional on xt (i.e.,

treating xt as the fixed initial iterate) and without tail averaging (i.e., tb = t− 1), to obtain

Et
∣∣u∗(xT − Et

[
xT
])∣∣2 ≤ T∑

r=t+1

∥AT−rP∥21 ·
∣∣∣∣∣∣φr(yr)− yr

∣∣∣∣∣∣2.
Then, for any subset E ⊆ {1, 2, . . . , n} with |E| = s, applying Lemma 6.4.2 yields

Et
∣∣u∗(xT − Et

[
xT
])∣∣2 ≤ 1

m− s

T∑
r=t+1

∥AT−rP∥21 · Et|1TEcyr|2.

In particular, by choosing E to be the set of indices corresponding to the s largest entries of

v and applying Lemma 6.6.8, conditional on xt, we deduce that

Et
∣∣u∗(xT − Et

[
xT
])∣∣2 ≤ 2

m− s

(
T−t−1∑
r=0

∥ArP∥21

)(
n∑

i=s+1

v↓(i)

)2

+
2

m− s

T∑
r=t+1

∥AT−rP∥21 · Et
∣∣1TEc(yr − v)

∣∣2.
Note that ∥1Ec∥∞ ≤ 1, so

∣∣1TEc(yr−v)
∣∣ ≤ ∣∣∣∣∣∣yr − v

∣∣∣∣∣∣. Since yr = Axr−1, a similar argument

as (6.34) implies that

∣∣∣∣∣∣yr − v
∣∣∣∣∣∣ = ∣∣∣∣∣∣A(xr−1 − v)

∣∣∣∣∣∣ = ∣∣∣∣∣∣AP(xr−1 − v)
∣∣∣∣∣∣ ≤ ∥AP∥1 ·

∣∣∣∣∣∣xr−1 − v
∣∣∣∣∣∣ (6.35)
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Therefore, by taking the full expectation, we deduce that

E
∣∣u∗(xT − Et

[
xT
])∣∣2 ≤ 2

m− s

(
T−t−1∑
r=0

∥ArP∥21

)(
n∑

i=s+1

v↓(i)

)2

+
2∥AP∥21
m− s

T∑
r=t+1

∥AT−rP∥21 ·
∣∣∣∣∣∣xr−1 − v

∣∣∣∣∣∣2. (6.36)

Combining (6.34) and (6.36) shows that

E
∣∣u∗(xT − v

)∣∣2 ≤ ∥AT−tP∥21 ·
∣∣∣∣∣∣xt − v

∣∣∣∣∣∣2 + 2∥AP∥21
m− s

T−1∑
r=t

∥AT−r−1P∥21 ·
∣∣∣∣∣∣xr − v

∣∣∣∣∣∣2
+

2

m− s

(
T−t−1∑
r=0

∥ArP∥21

)(
n∑

i=s+1

v↓(i)

)2

.

Since the upper bound is independent of u, we can take the supremum over ∥u∥∞ ≤ 1 to

deduce that it is also an upper bound for
∣∣∣∣∣∣xT − v

∣∣∣∣∣∣2, completing the proof.

By resolving the recursive bound in Lemma 6.6.9, we can deduce the following fixed-time

error bound on
∣∣∣∣∣∣xT − v

∣∣∣∣∣∣2, which is composed of a decaying bias component and a variance

component that is proportional to the ℓ1 tail mass of the limiting eigenvector v. It requires

the sparsification parameter m to be larger than a threshold of order O(R), where R is a

natural time scale related to the mixing time of A for which AR is sufficiently contractive.

Lemma 6.6.10 (Fixed-time error bound). Suppose that ∥ARP∥1 < 1 for some R ≥ 1. If

the sparsification parameter m satisfies

m ≥ 12∥AP∥21R
(1− δ)

(
1− ∥ARP∥21

) + s for some δ ∈ [0, 1) and integer s ∈ N, (6.37)

then

ρ := ∥ARP∥21 + 2

((
1 +

4∥AP∥21
m− s

)R
− 1

)
< δ∥ARP∥21 + (1− δ). (6.38)
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Furthermore, for any t ≥ 0, the iterate xRt from the randomly sparsified power method (6.6)

satisfies

∣∣∣∣∣∣xRt − v
∣∣∣∣∣∣2 ≤ ρt · ∥x0 − v∥21 +

3
∑R−1

r=0 ∥ArP∥21
1− ρ

· 1

m− s

(
n∑

i=s+1

v↓(i)

)2

. (6.39)

Additionally, for any 0 < q < R,

∣∣∣∣∣∣xRt+q − v
∣∣∣∣∣∣2 ≤ 3ρt · ∥x0 − v∥21 +

3
∑R−1

r=0 ∥ArP∥21
1− ρ

· 1

m− s

(
n∑

i=s+1

v↓(i)

)2

. (6.40)

Proof. Our goal is to extract an explicit bound on
∣∣∣∣∣∣xRt − v

∣∣∣∣∣∣2 from the discrete recursive

inequality in Lemma 6.6.9. For notational simplicity, define the following scalar quantities:

• x(t) :=
∣∣∣∣∣∣xt − v

∣∣∣∣∣∣2,
• a(t) := ∥AtP∥21,

• c := 2/(m− s),

• v :=
(∑n

i=s+1 v
↓(i)
)2.

Then, Lemma 6.6.9 (with T ← t and t← 0) is equivalent to the following recursive inequality:

x(t) ≤ a(t)x(0) + cv
t−1∑
r=0

a(r) + ca(1)
t−1∑
r=0

a(t− r − 1)x(r), t ≥ 0. (6.41)

To upper bound x(t), we will define two separate sequences x0(t) and xv(t). The first is

a decaying component related to the initial error, recursively defined by

x0(t) = a(t)x(0) + ca(1)
t−1∑
r=0

a(t− r − 1)x0(r), t ≥ 1, (6.42)
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with x0(0) = x(0). The second is a residual component related to the limiting vector,

recursively defined by

xv(t) = cv

t−1∑
r=0

a(r) + ca(1)
t−1∑
r=0

a(t− r − 1)xv(r), t ≥ 1, (6.43)

with xv(0) = 0. We can obtain upper bounds for these two sequences separately since (6.41),

combined with an inductive argument, implies that they majorize x(t) together:

x(t) ≤ x0(t) + xv(t), t ≥ 0. (6.44)

We will derive a bound for x0(t) and xv(t) over the first R steps. Since we only assume

a(R) < 1, we will use the bound a(r) ≤ 2 for 1 ≤ r ≤ R − 1 in the worst-case scenario.

Specifically, considering x0(t) first, (6.42) implies that

x0(R) ≤ a(R)x(0) + 2ca(1)
R−1∑
r=0

x0(r), (6.45)

x0(r) ≤ 2x(0) + 2ca(1)
r−1∑
u=0

x0(u), 1 ≤ r ≤ R− 1. (6.46)

Let β := 2ca(1). Define the function h : N→ R by h(0) := 1, and for t ≥ 1,

h(t) :=
t∑

m=1

βm

( ∑
t1+...+tm=t
t1,...,tm≥1

1

)
. (6.47)

Note that h(t) effectively counts the number of paths connecting 0 and t with segments of

integral length at least one. By using the classical stars-and-bars technique to resolve the

combinatorics, we obtain the formula

h(t) =
t∑

m=1

βm
(
t− 1

m− 1

)
= β

t−1∑
m=0

βm
(
t− 1

m

)
= β(1 + β)t−1. (6.48)
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By using the function h, the bound for the decaying component x0(r) for r ≤ R−1 from (6.46)

can be written as follows:

x0(r) ≤ 2x(0)
r∑
ℓ=0

h(ℓ), 1 ≤ r ≤ R− 1. (6.49)

The sum over ℓ counts the number of times the recursive inequality in the sum in (6.46) is

accessed in the path from x0(r) to x(0), each contributing a factor of β = 2ca(1). Concretely,

for a given ℓ, the recursion continues up to x0(r − ℓ), and then the term 2x(0) is picked out

to exit the recursion. For example, the edge case ℓ = 0 captures the scenario where the term

2x(0) is immediately picked out, and the edge case ℓ = r captures the contribution through

a path of length r entirely through the recursive sum.

Hence, by inserting (6.48) into (6.49), we have

x0(r) ≤ 2x(0)

(
1 +

r∑
ℓ=1

β(1 + β)ℓ−1

)
= 2x(0)(1 + β)r, 1 ≤ r ≤ R− 1. (6.50)

Using this bound at the endpoint (6.45) yields

x0(R) ≤ a(R)x(0) + 2β
R−1∑
r=0

(1 + β)rx(0)

=
(
a(R) + 2

(
(1 + β)R − 1

))
· x(0). (6.51)

Note that ρ = a(R) + 2
(
(1 + β)R − 1

)
. We want x0(R) to decay, so we require ρ < 1.

Next, we will bound the residual component xv(t) over the first R steps. Similar to the

argument above, using the bounds a(r) ≤ 2 and
∑r−1

t=0 a(t) ≤
∑R−1

t=0 a(t) for 1 ≤ r ≤ R − 1,

(6.43) implies that

xv(r) ≤ cv

(
R−1∑
t=0

a(t)

)
+ 2ca(1)

r−1∑
u=0

xv(u), 1 ≤ r ≤ R. (6.52)
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Following a similar argument as for (6.49), we can also write the upper bound (6.52) for

xv(r), 1 ≤ r ≤ R, using the function h from (6.48) as follows:

xv(r) ≤ cv

(
R−1∑
t=0

a(t)

)
r∑
ℓ=0

h(ℓ)

= cv

(
R−1∑
t=0

a(t)

)(
1 + β

r∑
ℓ=1

(1 + β)ℓ−1

)
= cv

(
R−1∑
t=0

a(t)

)
(1 + β)r. (6.53)

Note that ρ < 1 implies that (1+β)R < 1+ (1−a(R))/2 ≤ 3/2. Hence, we have shown that

at the endpoint,

xv(R) ≤ 3c

2

(
R−1∑
r=0

a(r)

)
v. (6.54)

To summarize, by combining the bounds on x0(R) and xv(R) from (6.51) and (6.54), we

have shown that, assuming ρ = a(R) + 2
(
(1 + β)R − 1

)
< 1,

x(R) ≤ x0(R) + xv(R)

≤ ρ · x(0) + 3c

2

(
R−1∑
r=0

a(r)

)
v. (6.55)

Finally, to obtain a bound on x(Rt + q) for some t ≥ 0 and 0 ≤ q < R, we will leverage

the R-step bound (6.55). Note that Lemma 6.6.9 (with T ← Rt + q and t ← R(t− 1) + q)

implies that

x(Rt+ q) ≤ a(R)x(R(t− 1) + q) + cv
R−1∑
r=0

a(r) + ca(1)
R−1∑
r=0

a(r)x(R(t− 1) + q). (6.56)

Observe that this takes the same form as (6.41), treating x(R(t− 1) + q) as the fixed initial

reference point. Therefore, by applying (6.55), along with a shift in indices, we deduce that

x(Rt+ q) ≤ ρ · x(R(t− 1) + q) +
3c

2

(
R−1∑
r=0

a(r)

)
v.
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By iteratively applying this bound, we obtain

x(Rt+ q) ≤ ρt · x(q) + 3c

2
(1 + ρ+ ρ2 + . . .+ ρt−1)

(
R−1∑
r=0

a(r)

)
· v

≤ ρt · x(q) + 3c(1− ρt)
∑R−1

r=0 a(r)

2(1− ρ)
· v. (6.57)

If q = 0 (i.e., T is a multiple of R), then (6.57) is equivalent to the claimed bound (6.39) for∣∣∣∣∣∣xRt − v
∣∣∣∣∣∣2 after translating back to our problem-specific notation.

Otherwise, for 0 < q < R, we can use the bound x0(q) ≤ 2x(0)(1+β)R from (6.50), recall-

ing (1 + β)R < 3/2 under the assumption ρ < 1, and the bound xv(q) ≤ cv
(∑R−1

r=0 a(r)
)
(1 +

β)R from (6.53) to deduce that

x(q) ≤ x0(q) + xv(q) ≤ 3x(0) +
3c

2

(
R−1∑
r=0

a(r)

)
v.

Inserting this bound into (6.57) yields

x(Rt+ q) ≤ 3ρt · x(0) + 3c
∑R

r=1 a(r)

2(1− ρ)
· v. (6.58)

This is equivalent to the claimed bound (6.40) for
∣∣∣∣∣∣xRt+q − v

∣∣∣∣∣∣2 after translating back to

our problem-specific notation.

To conclude, we will do some housekeeping to argue that the simplified condition (6.37)

implies the bound ρ < δa(R) + (1− δ) < 1 in (6.38). Note that for 0 ≤ ∆ < 1− a(R),

ρ < 1−∆ ⇐⇒
(
1 +

4a(1)

m− s

)R
<

1− a(R)−∆

2

⇐⇒ m− s >
4a(1)(

1 + 1−a(R)−∆
2

)1/R
− 1

.
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A standard calculus calculation furnishes the following inequality:

1

R
· 1(

1 + 1−a(R)−∆
2

)1/R
− 1

≤ 1

log
(
1 + 1−a(R)−∆

2

) for all R ≥ 1.

By using the elementary inequality log(1 + x) > x/(1 + x) for x > 0, we have

1

log
(
1 + 1−a(R)−∆

2

) <
2 + 1− a(R)−∆

1− a(R)−∆
≤ 3

1− a(R)−∆
.

In particular, if we choose ∆ = δ(1− a(R)), then we deduce that

m− s ≥ 12a(1)R

(1− δ)(1− a(R))
=⇒ ρ < 1− δ(1− a(R)).

This completes the proof.

6.6.7 Variance bounds with improved rates

Finally, we will use the fixed-time error bound obtained in Lemma 6.6.10 to derive a bound

on the variance of the tail-averaged estimator xt from the randomly sparsified power method.

Lemma 6.6.11 (Variance bound II). Suppose that ∥ARP∥1 < 1. Let ρ ∈ [0, 1) be defined

as in Lemma 6.6.10. If the sparsification parameter m satisfies

m ≥ 12∥AP∥21R
(1− δ)

(
1− ∥ARP∥21

) + s for some δ ∈ [1/2, 1) and integer s ∈ N,

then ρ < δ∥ARP∥21 + (1− δ), and for any time t after a burn-in time of tb, we have

∣∣∣∣∣∣xt − E[xt]
∣∣∣∣∣∣2

≤
t
(∑R−1

ℓ=0 ∥AℓP∥1
)2[∑⌈(t−tb)/R⌉

u=0 ∥ARP∥u1
]2

(t− tb)2(m− s)

{
6ρ⌊tb/R⌋∥x0 − v∥21 + 8

(
n∑

i=s+1

v↓(i)

)2}
.
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Proof. Let E ⊆ {1, 2, . . . , n} be the set of indices corresponding to the s largest entries of v.

By using the primitive bound on the variance of the tail-averaged iterate from Lemma 6.6.5,

combined with Lemmas 6.4.2 and 6.6.8, we have

∣∣∣∣∣∣xt − E[xt]
∣∣∣∣∣∣2 ≤ 2

(t− tb)2
1

m− s

t−1∑
r=0

[
t∑

ℓ=max{tb,r}+1

∥Aℓ−r−1P∥1
]2∣∣∣∣∣∣yr+1 − v

∣∣∣∣∣∣2
+

2t

(t− tb)2

[
t−tb−1∑
ℓ=0

∥AℓP∥1
]2
· 1

m− s

(
n∑

i=s+1

v↓(i)

)2

.

(6.59)

Recall from (6.35) that yr+1 = Axr satisfies

∣∣∣∣∣∣yr+1 − v
∣∣∣∣∣∣2 = ∣∣∣∣∣∣AP(xr − v)

∣∣∣∣∣∣2 ≤ ∥AP∥21 ·
∣∣∣∣∣∣xr − v

∣∣∣∣∣∣2.
From Lemma 6.6.10, we have the following bound on the error at any fixed time r:

∣∣∣∣∣∣xr − v
∣∣∣∣∣∣2 ≤ 3ρ⌊r/R⌋ · ∥x0 − v∥21 +

3
∑R−1

ℓ=0 ∥AℓP∥21
(1− ρ)(m− s)

(
n∑

i=s+1

v↓(i)

)2

.

To simplify this bound, note that 1−ρ > δ(1−∥ARP∥21). Since ∥AℓP∥1 ≤ 2 for 0 ≤ ℓ ≤ R−1,

by using our assumption on m− s and δ ≥ 1/2, we obtain

3
∑R−1

ℓ=0 ∥AℓP∥21
(1− ρ)(m− s)

≤ 12R

(1− ρ)(m− s)
<

(1− δ)(1− ∥ARP∥21)
(1− ρ)∥AP∥21

<
1− δ

δ∥AP∥21
≤ 1

∥AP∥21
.

Thus, ∣∣∣∣∣∣yr+1 − v
∣∣∣∣∣∣2 ≤ 3∥AP∥21ρ⌊r/R⌋ · ∥x0 − v∥21 + 3

(
n∑

i=s+1

v↓(i)

)2

.
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Inserting this bound into (6.59) yields

∣∣∣∣∣∣xt − E[xt]
∣∣∣∣∣∣2 ≤ 6

(t− tb)2
∥AP∥21
m− s

t−1∑
r=0

[
t∑

ℓ=max{tb,r}+1

∥Aℓ−r−1P∥1
]2
ρ⌊r/R⌋ · ∥x0 − v∥21

+
8t

(t− tb)2

[
t−tb−1∑
ℓ=0

∥AℓP∥1
]2
· 1

m− s

(
n∑

i=s+1

v↓(i)

)2

. (6.60)

It remains to control the contributions from the initial error, which is more delicate. To

do this, we will split the first sum over r in (6.60) into blocks of size R (possibly including

additional terms in the last block if t is not a multiple of R):

t−1∑
r=0

[
t∑

ℓ=max{tb,r}+1

∥Aℓ−r−1P∥1
]2
ρ⌊r/R⌋ ≤

⌊t/R⌋−1∑
τ=0

R(τ+1)−1∑
r=Rτ

ρτ

[
t∑

ℓ=max{tb,r}+1

∥Aℓ−r−1P∥1
]2
.

We further split the sum over τ from τ = 0 to τ = ⌊tb/R⌋ − 1, and from τ = ⌊tb/R⌋ to

τ = ⌊t/R⌋ − 1. For τ ≤ ⌊tb/R⌋ − 1, we will use the following bound for each block, which

follows from using submultiplicativity and ∥ARP∥1 < ρ1/2:

R(τ+1)−1∑
r=Rτ

ρτ

[
t∑

ℓ=max{tb,r}+1

∥Aℓ−r−1P∥1
]2

=

R(τ+1)−1∑
r=Rτ

ρτ

[
t∑

ℓ=tb+1

∥Aℓ−r−1P∥1
]2

≤
R(τ+1)−1∑
r=Rτ

ρτ

[ ⌈t/R⌉−1∑
u=⌊tb/R⌋

∥AR(u−τ)P∥1
(
R−1∑
ℓ=0

∥AℓP∥1
)]2

≤ R

(
R−1∑
ℓ=0

∥AℓP∥1
)2

· ρτ
[ ⌈t/R⌉−1∑
u=⌊tb/R⌋

∥ARP∥u−τ1

]2

≤ R

(
R−1∑
ℓ=0

∥AℓP∥1
)2

· ρ⌊tb/R⌋

[⌈t/R⌉−⌊tb/R⌋−1∑
u=0

∥ARP∥u1

]2
.

(6.61)
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For τ ≥ ⌊tb/R⌋, we will use the following bound for each block:

R(τ+1)−1∑
r=Rτ

ρτ

[
t∑

ℓ=max{tb,r}+1

∥Aℓ−r−1P∥1
]2

=

R(τ+1)−1∑
r=Rτ

ρτ

[
t∑

ℓ=r+1

∥Aℓ−r−1P∥1
]2

≤
R(τ+1)−1∑
r=Rτ

ρτ

[⌈t/R⌉−⌊tb/R⌋−1∑
u=0

∥ARu∥1
(
R−1∑
ℓ=0

∥AℓP∥1
)]2

≤ R

(
R−1∑
ℓ=0

∥AℓP∥1
)2

· ρτ
[⌈t/R⌉−⌊tb/R⌋−1∑

u=0

∥ARP∥u1

]2
.

(6.62)

For the first sum from τ = 0 to τ = ⌊tb/R⌋ − 1, we will apply (6.61) to each block to

derive the following upper bound:

⌊tb/R⌋−1∑
τ=0

R(τ+1)−1∑
r=Rτ

ρτ

[
t∑

ℓ=max{tb,r}+1

∥Aℓ−r−1P∥1
]2

≤ R⌊tb/R⌋
(
R−1∑
ℓ=0

∥AℓP∥1
)2

·
[⌈t/R⌉−⌊tb/R⌋−1∑

u=0

∥ARP∥u1

]2
· ρ⌊tb/R⌋. (6.63)

For the second sum from τ = ⌊tb/R⌋ to τ = ⌊t/R⌋− 1, we will apply (6.62) to each block to

derive the following upper bound:

⌊t/R⌋−1∑
τ=⌊tb/R⌋

R(τ+1)−1∑
r=Rτ

ρτ

[
t∑

ℓ=max{tb,r}+1

∥Aℓ−r−1P∥1
]2

≤ R

(
R−1∑
ℓ=0

∥AℓP∥1
)2

·
[⌈t/R⌉−⌊tb/R⌋−1∑

u=0

∥ARP∥u1

]2
·

⌊t/R⌋−1∑
τ=⌊tb/R⌋

ρτ

≤ R(⌊t/R⌋ − ⌊tb/R⌋)
(
R−1∑
ℓ=0

∥AℓP∥1
)2

·
[⌈t/R⌉−⌊tb/R⌋−1∑

u=0

∥ARP∥u1

]2
· ρ⌊tb/R⌋. (6.64)

We have used ρ ≤ 1 in the last inequality. Altogether, the geometric decay from ρ⌊tb/R⌋

dominates. By combining (6.63) and (6.64) in the majorization for (6.60), we have shown
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that

∣∣∣∣∣∣xt − E[xt]
∣∣∣∣∣∣2 ≤ 6t

(t− tb)2
∥AP∥21
m− s

(
R−1∑
ℓ=0

∥AℓP∥1
)2[⌈(t−tb)/R⌉∑

u=0

∥ARP∥u1

]2
ρ⌊tb/R⌋∥x0 − v∥21

+
8t

(t− tb)2

[
t−tb−1∑
ℓ=0

∥AℓP∥1
]2

1

m− s

(
n∑

i=s+1

v↓(i)

)2

.

We may further simplify the variance component by using submultiplicativity to peel off

multiples of ∥ARP∥1 in order to group terms. This completes the proof.

By combining the bounds on the bias and variance of the tail-averaged estimator xT in

Lemmas 6.6.4 and 6.6.11, respectively, we can now prove Theorem 6.6.2.

Proof of Theorem 6.6.2. Recall the bias-variance decomposition from (6.33):

∣∣∣∣∣∣xt − v
∣∣∣∣∣∣2 ≤ ∥E[xt]− v∥21 +

∣∣∣∣∣∣xt − E[xt]
∣∣∣∣∣∣2.

By combining the bias bound from Lemma 6.6.4 and the variance bound from Lemma 6.6.11,

we deduce that

∣∣∣∣∣∣xt − v
∣∣∣∣∣∣2 ≤ α2

tb+1(A)

(t− tb)2

[
t−tb−1∑
r=0

αr(A)

]2
∥x0 − v∥1

+
t
(∑R−1

ℓ=0 ∥AℓP∥1
)2(∑⌈(t−tb)/R⌉

u=0 ∥ARP∥u1
)2

(t− tb)2(m− s)

{
6ρ⌊tb/R⌋∥x0 − v∥21 + 8

(
n∑

i=s+1

v↓(i)

)2}
.

By using submultiplicativity and the fact that α2
R(A) ≤ ∥ARP∥21 < ρ, we can simplify this

expression to obtain

∣∣∣∣∣∣xt − v
∣∣∣∣∣∣2 ≤

(∑R−1
ℓ=0 ∥AℓP∥1

)2(∑⌈(t−tb)/R⌉
u=0 ∥ARP∥u1

)2
(t− tb)2

×
{(

1 +
6t

m− s

)
· ρ⌊tb/R⌋ · ∥x0 − v∥21 +

8t

m− s
·
(

n∑
i=s+1

v↓(i)

)2}
.
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After using the assumption on m to insert the bound ρ < δ∥ARP∥21 + (1 − δ), the proof is

completed.

6.7 Concluding remarks

We proved that the error of the randomly sparsified power method for computing the leading

eigenvector v of a column-stochastic matrix A can be bounded independently of the matrix

dimension, depending only on the mixing time of the stochastic matrix A and the rate of

decay of the entries of the solution vector v. We showed that the deterministically sparsified

power method can only provide guaranteed accuracy control when A is a strict ℓ1 contraction,

and can fail for a class of hard problems.

A natural future direction is to develop mathematical guarantees for the randomly spar-

sified power method applied to eigenproblems where A ∈ Cn×n is a Hermitian matrix [LW17;

Gre+19]. In this setting, the basic scheme has iterations

yt =
Axt−1

∥Axt−1∥2
,

xt = φt(yt).

The main difficulty is the additional bias introduced by sparsification due to the nonlinear

power iteration with normalization. It would also be interesting to prove theoretical guaran-

tees for variants of this algorithm for computing multiple eigenvectors such as randomized

subspace iteration [Gre+22a; Gre+22b]. Another direction is to develop a better understand-

ing and characterization of the gaps between randomized methods and their deterministic

counterparts in these settings. These efforts would contribute towards future developments

of the mathematical and algorithmic foundations of the fast randomized iteration frame-

work [LW17] and its applications.
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6.8 Additional discussion of the Ising model

6.8.1 Background

The Ising model is a classical model of a magnet at equilibrium and phase transitions.

Heuristically, at low temperatures and without an external field (i.e., large β and h = 0),

the system is in an ordered phase, and all the spins are aligned. At high temperatures, the

system is in a disordered phase, and the spins essentially behave independently.

The Ising model with zero external field (h = 0) has only been exactly solved in very spe-

cific cases. Notably, this includes the Ising model on the one-dimensional line by Ising [Isi25],

and on the two-dimensional lattice by Onsager [Ons44], who demonstrated that the Ising

model on the 2D lattice exhibits a second-order phase transition at the critical inverse tem-

perature βc =
1
2
log(1+

√
2) ≈ 0.4407. However, the exact solution of the Ising model on the

2D lattice with non-zero external field (h ̸= 0), or on any higher-dimensional lattice remains

open. Thus, the Ising model continues to be a source of deep mathematical questions (e.g.,

see [Dum22] for a recent survey).

Computing quantities related to the Ising model is a fundamental problem with ap-

plications in areas such as statistical physics [LB14], Bayesian statistics [RC04], image

processing [GG84], and machine learning [FI14]. For example, quantities of inter-

est may include the average magnetization f(σ) = |V |−1
∑

v∈V σ(v) and correlations

f(σ) = |V |−2
∑

u,v∈V σ(u)σ(v). The main difficulty with computation is the exponentially

large state space, which makes the normalization constant Z(β, h) intractable. Therefore,

Monte Carlo approaches are typically used in practice: MCMC algorithms are commonly

used to generate (nearly) independent samples σ̂(1), . . . , σ̂(m) of the Ising model, which can

then be used to approximate expectations with respect to the Ising model by averaging. For

MCMC, the goal is to design a Markov chain that quickly converges to stationarity.

We mainly consider the Glauber dynamics, which is an efficient algorithm for sampling

in certain regimes where it is rapid mixing (in the precise sense that its mixing time scales
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polylogarithmically in the number of vertices, as opposed to exponentially). Heuristically,

the Glauber dynamics mix rapidly at high temperatures or with a large external field. There

is a vast literature on proving these intuitions rigorously, which is beyond the scope of our

investigations: e.g., there are sufficient conditions for rapid mixing known as the Dobrushin–

Shlosman conditions [DGJ09], and a very precise picture on the lattice has been estab-

lished [LS12; LS16]. We refer to [LPW17, Chapter 15] for a detailed discussion.

Additionally, we note that there are other non-local Markov chains used to sample the

Ising model, such as the Swendsen–Wang and Wolff cluster algorithms [SW87; Wol89], which

can be significantly more effective near the point of critical slowdown. However, the columns

of the stochastic matrix associated with these dynamics are not sparse, which does not

integrate very well with the random sparsification framework.

6.8.2 Additional numerics

In this section, we will present additional plots to supplement our numerical demonstra-

tion for the Ising model in Figure 6.1, which shows the ℓ2 error. Specifically, we will

consider the average magnetization error |mTxt −mTv|, where the ith entry of the vector

m ∈ R2ℓ×ℓ denotes the average magnetization of the configuration σ(i) that it indexes, i.e.,

m(i) = ℓ−2
∑ℓ×ℓ

i=1 σ
(m)(i). Note that this measures the error in estimates of a low-dimensional

projection of v (i.e., an expectation with respect to the Ising measure) and ∥m∥∞ = 1, so

the error of the randomly sparsified power method is bounded by Figure 6.1.5. We will also

consider the scaled ℓ1 error 1
2
∥xt − v∥1, or equivalently the total variation distance between

the two probability distributions xt and v, which our theory does not cover.

Figures 6.5 and 6.6 present the plots in terms of the average magnetization error and the

scaled ℓ1 error 1
2
∥xt − v∥1, respectively, for the Ising model on a 4 × 4 torus with inverse

temperature β = 0.45 and external field h = 0.25. (With these parameters, the ground truth

average magnetization equals mTv = 0.841146.) The plots verify that the same observations
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made for the ℓ2 errors of the deterministically and randomly sparsified power methods in

Figure 6.1 continue to hold.
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Figure 6.5: The average magnetization error |mTxt − mTv| from solving the eigenvalue
problem Av = v corresponding to the Glauber dynamics for the Ising model (6.9) on a
4 × 4 torus in a low-temperature and strong external field regime. (Left) The errors at
time t = 20, 000 after a burn-in time of tb = 10, 000 as a function of the sparsification
parameter m. (Right) The dynamics of the error with m = 2, 000. The mean errors over
30 independent runs of the randomized algorithms are reported, with the corresponding
0.2/0.8th quantiles indicated by the shaded intervals.
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Figure 6.6: The scaled ℓ1 error 1
2
∥xt − v∥1 (i.e., total variation distance) from solving the

same eigenvalue problem Av = v as in Figure 6.5. The optimal m-sparse error represents
the ℓ1 error

∑n
i=m+1 v

↓(i) from the best m-sparse approximation of the Ising model.
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6.8.3 Approximate sparsity of the Ising model

Based on the error bound in Theorem 6.1.5, we would expect the randomly sparsified power

method to be effective only if the Ising model admits a sparse approximation. This is not

always the case: for example, all the configurations of the Ising model at infinitely high

temperatures without an external field (i.e., β = 0 and h = 0) are equally likely. Therefore,

the entries of the leading eigenvector v exhibits no decay, and exponentially many states

s = O(2ℓ×ℓ) are needed to achieve a constant factor tail sum
∑n

i=s+1 v
↓(i) = O(1).

However, when the temperature is very low and the external field is very strong, we

would expect the Ising model to be approximately sparse, with most of the probability mass

concentrated near the configuration with all positive spins. This is established more precisely

for our experimental setup on the ℓ× ℓ torus in the following result, which states the entries

of v exhibit polynomial decay in such a regime. In fact, it shows that a constant factor tail

sum can be achieved by a negligible proportion of the exponentially-sized state space.

Proposition 6.8.1 (Low temperature and strong external field regime). Let v ∈ [0, 1]ℓ×ℓ

contain the entries of the Ising model (6.9) with inverse temperature β > 0 and external field

h > 0 on the ℓ × ℓ lattice. Suppose that β and h satisfy β(h + 4) > log(ℓ). Then, for all

i = 1, . . . , 2ℓ×ℓ and s = 1, . . . , 2ℓ×ℓ, we have

v↓(i) ≤ Ci−(1+c) and
n∑

i=s+1

v↓(i) ≤ C

c
s−c

with c := β(h+ 4)/ log(ℓ)− 1 and C = 2c. Moreover,

v↓(1) ≥ exp
(
− exp

(
−2β(h+ 4) + 2 log(ℓ)

))
≥ e−1.

Proof. Let d = ℓ2 be the number of vertices, so that there are n = 2d states. Note in the

presence of a positive external field h > 0, the configuration with all positive spins, denoted
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by σ+, is the unique global minimizer of the Hamiltonian with H(σ+) = −(2 + h)d, where

we have used the fact that the square lattice with periodic boundary conditions is 4-regular.

For any configuration σ ∈ {±1}d, let N−(σ) := {u : σ(u) = −1} be the set of vertices with

spin −1, and ∂N−(σ) := {(u, v) : σ(u)σ(v) = −1} be the set of edges between two opposite

spins. Using the fact that the square lattice is 4-regular again, we have |∂N−(σ)| ≤ 4|N−(σ)|.

Hence, we have

H(σ)−H(σ+) = 2h|N−(σ)|+ 2|∂N−(σ)|

≥ 2(h+ 4)|N−(σ)|.
(6.65)

Let Ck = {σ ∈ {±1}d : |N−(σ)| = k} be the set of configurations with k spins that are −1.

Observe that |Ck| =
(
d
k

)
, and for all σ ∈ Ck, µβ,h(σ) takes on the same value, which we will

denote by µ
(k)
β,h. From (6.65), we have

µ
(k)
β,h = µβ,h(σ) ≤ e−2β(h+4)k · µβ,h(σ+) ≤

(
e−2β(h+4)

)k for any σ ∈ Ck. (6.66)

From our observations so far, we deduce that the sorted entries of the Ising measure are

given by

v↓ = (µβ,h(σ
+), µ

(1)
β,h, . . . , µ

(1)
β,h︸ ︷︷ ︸

(d1) times

, µ
(2)
β,h, . . . , µ

(2)
β,h︸ ︷︷ ︸

(d2) times

, . . . , µ
(k)
β,h, . . . , µ

(k)
β,h︸ ︷︷ ︸

(dk) times

, . . .),

consisting of the
(
d
k

)
configurations in the block Ck with k spins flipped to −1 as k =

0, 1, 2, . . . , d. From this structure, we are able to obtain the exact expression for the entries

of v↓: for i ≥ 2,

v↓(i) = µ
(k(i))
β,h , where k(i) = argmin

k

k∑
j=0

(
d

j

)
≥ i (6.67)
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To obtain a simple bound on how k(i) scales with i, note that we have, for d ≥ 2,

k∑
j=0

(
d

j

)
≤ 1 + d+ d2 + . . .+ dk =

dk+1

d− 1
≤ 2dk.

Thus, by rearranging the inequality 2dk ≤ i, we deduce that k(i) ≥ log(i/2)/ log(d).

From (6.67) and (6.66), we deduce that

v↓(i) ≤
(
e−2β(h+4)

)k(i) ≤ (e−2β(h+4)
)log(i/2)/ log(d)

=

(
i

2

)−2β(h+4)/ log(d)

.

Thus, the entries of v↓ exhibit polynomial decay as long as 2β(h+ 4) > log(d), i.e., v↓(i) ≤

Cs−(1+c) with c := 2β(h + 4)/ log(d) − 1 and C := 2α. In turn, this also implies that

the tail sums exhibit polynomial decay, i.e.,
∑n

i=s+1 v
↓(i) ≤ (C/c)s−c, following the same

calculations as in Section 6.1.3.

In fact, we can show that in the low-temperature and/or strong external field regime that

we are considering, a large proportion of the mass is actually taken up by the single state

σ+. More precisely, suppose that for some ∆ ∈ (0, 1),

2β(h+ 4) ≥ log(N)− log(log(1/∆)).

Then, using the elementary inequality log(1 + x) ≤ x, we have

log(1 + e−2β(h+4)) ≤ e−2β(h+4) ≤ 1

d
log(1/∆) ⇐⇒ (1 + e−2β(h+4))−d ≥ ∆.

308



Therefore, using (6.66), we can compute

v↓(1) = µβ,h(σ
+) =

e−βH(σ+)

e−βH(σ+) +
∑

σ ̸=σ+ e−βH(σ)

=
1

1 +
∑d

k=1

∑
σ∈Ck e

−β(H(σ)−H(σ+))

≥ 1

1 +
∑d

k=1

(
d
k

)
e−2β(h+4)k

=
1

(1 + e−2β(h+4))d
≥ ∆.

That is,
∑n

i=2 v
↓(i) ≤ 1−∆.

6.9 Proofs for properties of ℓ1 contraction coefficients

In this section, we verify the properties of αr(A) stated in Proposition 6.4.3.

Proof of Proposition 6.4.3. (Part 1). Note that the ℓ1 contraction coefficient αr(A) is the

solution of the maximization problem maxz∈Rn∥Arz∥1, subject to ∥z∥1 ≤ 1 and
∑n

i=1 z(i) =

0. This is a convex maximization problem in a convex and compact domain, so the solution

is attained at an extreme point, which takes the form z = ±1
2
(ei − ej) with i ̸= j. The

expression αr(A) = 1
2
maxi,j∥Ar(ei− ej)∥1 follows. By manipulating this explicit expression

and using the fact that columns of Ar are stochastic vectors, we can verify that

αr(A) =
1

2
max
i,j

n∑
k=1

|Ar(k, i)−Ar(k, j)|

=
1

2
max
i,j

n∑
k=1

[
Ar(k, i) +Ar(k, j)− 2min{Ar(k, i),Ar(k, j)}

]
= 1−min

i,j

n∑
k=1

min{Ar(k, i),Ar(k, j)}.

(Part 2). Fix any z ∈ Rn with
∑n

i=1 z(i) = 0. Observe that 1TAsz = 1Tz = 0 for each

s ≤ r. Consequently, using the definition of the ℓ1 contraction coefficients,

∥Arz∥1 = ∥Ar−sAsz∥1 ≤ αr−s(A)∥Asz∥1 ≤ αr−s(A)αs(A)∥z∥1.
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By optimizing over z, we confirm the submultiplicativity property.

(Part 3). We showed that ∥Arz∥1 = ∥ArPz∥1 ≤ ∥ArP∥1∥z∥1 for any z ∈ Rn with∑n
i=1 z(i) = 0, which implies that αr(A) ≤ ∥ArP∥1. To obtain a matching lower bound, we

explicitly calculate, using P = I− v1T,

∥P∥1 = max
i
∥P(:, i)∥1 = max

i

[
1− v(i) +

∑
j ̸=i

v(j)

]
= 2− 2min

i
v(i) ≤ 2.

Therefore, since 1TPz = 1Tz− (1Tv)(1Tz) = 0 for any z ∈ Rn with 1Tz = 0, we have

∥Ar(Pz)∥1 ≤ αr(A)∥Pz∥1 ≤ αr(A)∥P∥1∥z∥1 ≤ 2αr(A)∥z∥1.

By optimizing over z, we confirm that ∥ArP∥1 ≤ 2αr(A), as desired.

(Part 4). Let v2 be the eigenvector corresponding to λ2(A), so that Av2 = λ2(A)v2.

Since A is column-stochastic, multiplying both sides on the left by 1T implies that 1Tv2 =

1TAv2 = λ2(A)1Tv2. Since λ2(A) ̸= 1 by assumption, we must have 1Tv2 = 0. It follows

that

|λ2(A)|r = ∥A
rv2∥1
∥v2∥1

≤ αr(A).

Recall that P and A commute. By invoking Gelfand’s formula for matrix norms, we have

lim
r→∞
∥ArP∥1/r1 = lim

r→∞
∥(AP)r∥1/r1 = ρ(AP),

where ρ(AP) is the spectral radius of AP, which equals |λ2(A)|. In combination with the

oblique projection bounds in part 3, this confirms that limr→∞ αr(A)1/r = |λ2(A)|.
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