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Abstract

Randomized iterative algorithms are fundamental computational tools for efficiently pro-
cessing large-scale or high-dimensional data. The idea of introducing randomization allows
for the development of algorithms that are faster, more flexible, or more robust, which has
had a significant impact on the scale of problems that can be reliably solved. In this thesis,
we develop the theoretical foundations and algorithmic principles of randomized iterative
algorithms through the lens of numerical linear algebra.

In the first part, we study randomized iterative solvers for systems of linear equations.
We develop a subspace-constrained framework for the randomized Kaczmarz and randomized
coordinate descent methods, which are lightweight representatives of the sketch-and-project
family of solvers. This idea allows us to propose efficient solvers for linear systems with
approximately low-rank structure, based on a connection between the convergence rate and
the problem of low-rank matrix approximation, as well as a robust solver that can leverage
external knowledge to help solve corrupted linear systems.

In the second part, we analyze the learning dynamics of linear models trained by gradient
descent, which provides a simple and tractable setting for deriving insights into the behavior
of machine learning models. We investigate the dynamics of mini-batch gradient descent
with random reshuffling, which is analytically challenging due to the dependencies arising
from the sampling process, as well as the regularization effects of early stopping.

Finally, in the third part, we study an iterative approach for eigenvalue problems based on
repeated random sparsification that is motivated by applications where the solution vector
itself may be too large to be stored. We provide an analysis of a randomly sparsified power
method applied to stochastic matrices, establishing that it can exploit the approximate
sparsity of the leading eigenvector to achieve beyond-Monte Carlo convergence rates and

dimension-independent computational costs.
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Chapter 1

Introduction

The development of efficient algorithms that are principled and supported by rigorous theo-
retical guarantees is increasingly important in a world where the volume and variety of data
available continue to grow. The challenges posed by the massive datasets arising in machine
learning and data science have led to a tremendous growth in the development and use of
randomized iterative algorithms. These methods have the significant advantage of being
lightweight and having a low memory footprint, enabling the handling of data that cannot
be fully stored in memory.

Introducing randomization into numerical algorithms can lead to other key benefits. Ran-
domized algorithms can be faster, both in theory and in practice. Furthermore, randomiza-
tion allows for the design of flexible methods that are simple to implement and adaptable
to different computational architectures, e.g., to facilitate parallelism or to reduce commu-
nication costs and memory movement. Finally, randomized algorithms can be more robust,
since injecting randomness can protect against adversarial inputs and result in performance
that typically mirrors average-case behavior.

The idea of using randomness as a computational resource is not new, and can be traced
back to the introduction of the Monte Carlo method by S. Ulam and J. von Neumann for

approximating intractable quantities by random sampling [MU49; FL50; Met+53|. It is an

13



extremely active area of research within the theoretical computer science community, where
it is well-recognized that randomized algorithms can be faster or simpler than any known
deterministic alternative [MR95|. Furthermore, stochastic optimization techniques such as
stochastic gradient descent (SGD) and its variants are the workhorse of modern machine
learning [BCN18].

The field of randomized numerical linear algebra, which studies the use of randomized
algorithms for large-scale linear algebra computations—such as solving systems of linear
equations, least squares regression, low-rank matrix approximation, and eigenvalue prob-
lems [GV13]—has developed rapidly over the past two decades. The contemporary subject
originated in the theoretical computer science literature [FKV04; Pap+00; AM07; DKMO0Ga)
and has more recently attracted substantial contributions from the numerical analysis, statis-
tics, and machine learning communities. By now, the field has reached a meaningful stage of
maturity, as reflected by various surveys documenting its theoretical and algorithmic foun-
dations [Mah11; Wool4; DM16; KV17; MT20; Mur+23; KT23; DM24; Epp25; PM25].

Despite this establishment, the foundational role of numerical linear algebra in machine
learning, scientific computing, and data science continues to generate new applications and
motivating problems. Consequently, significant opportunities remain for future research,
including fundamental theoretical questions and the development of effective randomized

algorithms that can be reliably applied in practice.

1.1 Outline of thesis

In this thesis, we develop the theoretical foundations and algorithmic principles of random-
ized iterative algorithms in numerical linear algebra and related fields. In the first part, we
study randomized iterative algorithms for solving systems of linear equations (Chapters 2

and 3). The second part investigates the dynamics of (stochastic) gradient descent for linear
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models (Chapters 4 and 5). Finally, the third part analyzes a randomly sparsified power
method for eigenvalue problems (Chapter 6).
In the rest of this section, we will provide a brief outline of the problem studied in each

part and the main contributions that are made in this thesis.

1.1.1 Randomized iterative solvers for linear systems

The problem of solving a system of linear equations Ax = b, where A € R™*" is a matrix
and b € R™ is a vector, is a fundamental computational primitive. In some applications, such
as image reconstruction, signal processing, statistical inference, or the numerical solution of
differential equations, it is the primary computational task. In others, it arises as a subroutine
embedded within a larger algorithm, such as for optimization, that must be solved repeatedly.

The particular properties of the linear system to be solved—such as its size, sparsity
pattern, noise level, or any underlying algebraic, spectral or other exploitable problem-
specific structure—are key factors underlying the most suitable methods that are capable
of efficiently and reliably computing a solution to the desired accuracy. For large-scale
problems, iterative algorithms are an essential tool since direct methods, such as those based
on matrix factorizations [GV13], are often inefficient or simply infeasible if the matrix cannot
even be stored in memory.

For solving large-scale, highly overdetermined systems (i.e., m > n), the Kaczmarz
method |[Kac37| is an effective and extremely lightweight row-action method that solves one
equation at a time using a given row ordering (Figure 1.1). In each iteration of the Kaczmarz
method, a row a; € R" of the matrix A is selected, and the current iterate xF € R” is

projected onto the hyperplane {x € R" : ajx = b;} by

Tk

k+1 k
- +
||aJH%

.aj7
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where ||-]| denotes the 2 norm of a vector. The Kaczmarz method is a classical algorithm in
image reconstruction [Nat01l; KS01; Her09], where it was rediscovered under the name of al-
gebraic reconstruction technique (ART) and implemented in the first computed tomography

scanner [Hou73; GBH70; SL74; AK84].

Figure 1.1: The solution x* of a consistent linear system Ax = b lies at the intersection

of all of the hyperplanes corresponding to the solution space of each equation a}x = b, for
j=1,...,m. In the k™ iteration of the Kaczmarz method, a row a; is selected, and the
k+1

current iterate x”* is projected onto the associated hyperplane to obtain x

In their seminal paper, Strohmer and Vershynin [SV09] proposed the randomized Kacz-
marz (RK) algorithm, which samples each row independently with probability proportional
to its squared norm ||a;||3 in each iteration. They proved that if the linear system is consis-
tent and has full rank, then the RK method converges linearly in mean squared error to the

unique solution x* with a rate that depends on the geometric properties of A:

* O-nAQ g *
Eux’ﬂ—xués(l— ( )) i — x°2,

where 01(A) > ... > 0,(A) > 0 are the singular values of A and ||[A||p = /> 1, 0i(A)? is
the Frobenius norm of A. More precisely, the rate depends on the scaled condition number
|Al|F/0min(A) of A. If A is well-conditioned, then this guarantees that the RK method con-
verges very efficiently. For example, if the traditional condition number o;(A)/0,(A) is up-

per bounded by some absolute constant C', then O(nlog(1/¢)) iterations and O(n?log(1/¢))
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arithmetic operations suffice to obtain an e-relative error approximate solution X satisfying
ER - x[3 < & - [x0 — x7[I3

However, the convergence rate of randomized Kaczmarz rapidly deteriorates with the
presence of any spectral outliers—that is, a few leading singular values that are much larger
than the rest. This can easily arise if the rows of A are correlated with each other (i.e.,
ala; > 0 for many pairs i, j), or more generally if the matrix A exhibits approximate low-
rank (spectral) structure, which is ubiquitous in practice.

In Chapter 2, we propose and analyze a subspace-constrained randomized Kaczmarz
(SC-RK) method, where the dynamics of the Kaczmarz algorithm are confined within the
solution space of the linear subsystem Az, .x = bz, corresponding to a selected set of rows
To € {1,...,m} (see Figure 1.2). Given any initial iterate x° in the chosen affine subspace,

we derive the following update formula:

Tk

k+1 k
X =X 4
Pay 3

aj,
where P denotes the orthogonal projector onto null(Az,.). This resembles the Kaczmarz
algorithm, and retains the advantage of having a low computational and storage cost as long
as the size of the subspace constraint |Zy| is not too large.

We prove that the SC-RK method leads to an accelerated convergence rate, especially
for linear systems where the matrix A has approximate low-rank structure, in the sense that
S 0i(A)? < 3 0i(A)? = ||A]|% for some r < n. By connecting the improvement
in the convergence rate to the row subset selection problem in numerical linear algebra, we
demonstrate that a good subspace Z; can be found by randomized sampling. Our analysis
also covers the case where the linear system is inconsistent, showing that the iterates converge
to the least squares solution up to an error horizon.

Furthermore, we use the subspace constraint framework as a building block for a robust

randomized iterative solver for corrupted linear systems. In this setting, the goal is to re-
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Figure 1.2: In each iteration of the subspace-constrained randomized Kaczmarz algorithm,

a row a; is selected, and the current iterate is projected onto the solution space a}x = bj,

constrained to remain within a fixed affine subspace {x € R" : Az .x = bz }. The rows
corresponding to Zy can be learned algorithmically or specified using external knowledge.

construct the solution x* of an underlying linear system Ax = b given a set of corrupted
measurements b = b + be, where be is a sparse vector supported on some corrupted indices
C C {1,...,m}. This models applications where some measurements are corrupted by ar-
bitrarily large errors, which may occur during the data collection, transmission, or storage
process due to faulty components or adversarial attacks. Moreover, we suppose that we pos-
sess external knowledge in the form of a set Zy C {1, ..., m} of corruption-free measurements
that we would like to exploit to improve the stability of the recovery algorithm.

By taking inspiration from a quantile-based modification of the randomized Kaczmarz
algorithm by Haddock et al. [Had+22|, we develop the QuantileSC-RK algorithm, which
constrains the dynamics within the solution space of the trustworthy subsystem Az, .x = bz,.
We demonstrate that QuantileSC-RK is able to efficiently utilize external knowledge about
corruption-free equations to achieve convergence in difficult settings, such as when there are
many corruptions (e.g., scaling linearly with the total number of measurements) or when
there is not much redundancy in the measurements (i.e., the measurement matrix A is

near-square).
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x* 4 ker(SA)

x¥ +im(B1ATST)

Figure 1.3: In each iteration of the sketch-and-project algorithm, a sketching matrix S =
S* € R™ is drawn from a given distribution D, and the current iterate is projected onto
the solution space of the sketched linear system SAx = Sb with respect to the ||-||g norm.

In Chapter 3, we generalize the subspace-constrained framework to a wider family of
randomized iterative solvers. The randomized Kaczmarz algorithm is a special case of the
sketch-and-project method for solving Ax = b introduced by Gower and Richtéarik [GR15a].
Given a positive definite matrix parameter B > 0 and a distribution D over matrices in
R>™ with ¢ < min{m,n}, each iteration of sketch-and-project draws a sketching matrix
S* ~ D, forms a wide, underdetermined “sketch” S*Ax = S*b of the linear system, and

projects the current iterate x* onto the corresponding solution space with respect to the

norm ||z||g = Vz'Bz (see Figure 1.3):

x"t! = argmin||x — x"||g  such that S*Ax = S*b.
x€R™

For example, the randomized Kaczmarz algorithm follows from choosing the identity matrix
for the geometry parameter, B = I, and sketching matrices of the form S* = e}— € Rxm,
where e; is the standard basis vector in R™ corresponding to the coordinate that is sampled.

Specifically, we develop the subspace-constrained sketch-and-project method, which con-
strains the dynamics of sketch-and-project within the affine subspace {x € R" : QAx = Qb}

corresponding to an additional matrix parameter Q € R¥™ with d < m. We prove that the
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updates are essentially the same as for the usual sketch-and-project with APg in place of
A, where Py is the oblique projector onto null(QA) with respect to the ||-||g norm.

As a concrete application, we analyze a subspace-constrained (block) generalization of
the randomized coordinate descent (RCD) algorithm studied by Leventhal and Lewis [LL10]
for solving linear systems Ax = b where A € R"*" is a positive semidefinite (psd) matrix.
In our analysis, the rank-d Nystrom matrix approximation A(S) € R"*" corresponding to
a subset of d indices S C {1,2,...,n} selected for the subspace constraint emerges as a key
algorithmic component. By crystallizing the connection between the convergence rate and
the quality of the low-rank matrix approximation, we show that an efficient linear solver
can be developed if we can efficiently compute a good low-rank matrix approximation. For
the task of approximating the psd matrix A, we suggest using the RPCholesky algorithm,
recently proposed and analyzed by Chen et al. [Che+25], which is an effective algorithm
based on adaptive diagonal sampling that outputs a near-optimal Nystrom approximation.

We prove that the resulting subspace-constrained randomized coordinate descent (SC-
RCD) method can be used to compute an approximation X of the solution x* satisfying
Elxt — x*|3 < e E[x" — x*||4 using O((n* + nd?) - &.(A)log(1/¢)) arithmetic opera-
tions. Here, &, (A) = (n— 7)1 3,0 Mi(A) /AL (A) is the normalized tail condition number
of A for some r ~ d, where we denote the eigenvalues of A by \(A) > ... > A\, (A)
and the smallest non-zero eigenvalue by Af. (A). In particular, under a mild assumption
that A is not extremely ill-conditioned, this result implies that if %,.(A) = O(1) for some
r = O(y/n/logn), then the SC-RCD method can compute an e-approximate solution using
O(n*log(1/¢)) arithmetic operations, which is optimal in terms of n for dense n x n systems.

Thus, the SC-RCD method is an efficient solver for psd linear systems with approximate
low-rank structure, which is ubiquitous in many applications in machine learning and sci-

entific computing. For example, high-dimensional real-life datasets are often intrinsically

low-rank, and kernel matrices commonly exhibit rapid spectral decay. We provide numerical
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experiments that demonstrate the efficiency of the SC-RCD method for large-scale kernel

ridge regression problems.

1.1.2 Dynamics of gradient descent for linear models

Modern machine learning models are mainly trained using gradient-based methods on very
large datasets. Since it is typically impractical to compute the entire gradient using all of
the available data, stochastic gradient descent (SGD) and its variants are routinely used in
practice. Studying the dynamics of (stochastic) gradient descent is an important problem
for understanding the training dynamics and generalization capabilities of the model that
is learned, guiding important hyperparameter choices such as the learning rates used, the
amount of training to perform, or the mini-batch size.

We can develop theoretical insights into this problem by studying the dynamics of gradi-
ent descent for linear models, which provides a simple and tractable setting where many fas-
cinating empirical phenomena observed in more complex models can be reproduced. Suppose
that we are given n data points {(x;,y;)}/;, each drawn independently from an underlying
distribution D, where x; € RP is the feature vector and the y; € R is the associated response
variable. We assume that there is an underlying vector of parameters 3, € RP such that
y; = X! B, + &; for some random noise ;. The learning problem is to compute an estimate
,@ € RP using the training dataset that generalizes well: i.e., given an unseen feature vector
X, XTB is a good predictor of its associated response .

We can estimate the parameters using least squares regression. Let X € R"*P denote
the matrix obtained from stacking the n feature vectors in the training dataset as rows, and
y € R" denote the vector of the corresponding response variables. Note that in a linear
model, we can write y = X3, + €, where ¢ € R" denotes the vector of the noise terms.

Then, the goal is to solve

n

1 1
in L h LB)=—|XB—-yl|i=— 18— )
argmin L(B) where  L(B) = 71X — v 2niZl@clﬁ )
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We can use gradient descent to solve this optimization problem by iterating

Br = Br-1— mVL(Br-1) = Br-1— %XT(X@?A -y),

where {n;}r>1 is a sequence of step sizes or learning rates. In stochastic gradient descent,
the gradient VL(Bx_1) is replaced with an estimate @L(Bk_l). For example, since the loss
function is a sum over the individual loss for each training data point, the simplest estimate
can be obtained by sampling one of the n data points (x;,y;) and using the gradient of its

associated loss: @L(Bk_l) = (x] Br—1 — ¥;) - X;. In this case, the iterations of SGD read
B = Br—1 — (X} Br-1 — y5) - X

Note that the randomized Kaczmarz algorithm discussed in the previous section (with the
correspondence (A, b, x) <> (X,y,3) in notation) can be cast as an instance of SGD where
the data point (x;,y;) is sampled with probability proportional to |x;||3, and the specific
choice of step size n, = 1/||x;]|3 is used. Indeed, this correspondence, which was observed
by [NSW16], suggests that ideas and techniques can be transferred between separate bodies
of literature.

It is an interesting problem to study the dynamics of stochastic gradient descent even
though the underlying least squares optimization problem is fairly simple. An important
reason is that machine models are often highly overparameterized (i.e., p > n), meaning
that the solution is not unique. In this case, the choice of algorithm—including all of its
hyperparameters—provides an important implicit bias towards the solution that is computed:
e.g., gradient descent, initialized at zero, converges to the min-norm solution of the least
squares problem. Moreover, since iterative algorithms are not run to convergence in practice,
discerning the properties of the model B = (Br that is returned at some stopping time T’

requires a more delicate understanding of the dynamics.
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In Chapter 4, we study a variant of SGD known as mini-batch gradient descent, where
a subset of the training data is used in each iteration. We assume that random reshuffling
is used, which means the dataset is partitioned into B mini-batches {(Xy,y;)}2_,, randomly
permuted, and iterated through. This form of SGD is commonly used in practice. However,
the introduction of dependencies between mini-batches due to sampling without replacement
significantly complicates the theoretical analysis of the dynamics, compared to schemes where
mini-batches are sampled independently in each iteration. Our goal is to contribute towards
a better understanding of mini-batch gradient descent with random reshuffling by studying
the dynamics of the mean iterate for least squares regression.

We show that the training and generalization errors depend on a sample cross-covariance
matrix Z = n~'XTX between the original features X and a set of new features X in which
each feature is modified by the mini-batches that appear before it during the learning process
in an averaged way. Using this representation, we establish that the dynamics of mini-
batch and full-batch gradient descent agree up to leading order with respect to the step size
using the linear scaling rule. However, mini-batch gradient descent with random reshuffling
exhibits a subtle dependence on the step size that a gradient flow analysis cannot detect—
for example, it may converge to a limit that depends on the step size. By comparing Z, a
non-commutative polynomial of random matrices, with the sample covariance matrix of X
asymptotically, we demonstrate that batching affects the dynamics by resulting in a form of
shrinkage on the eigenvalue spectrum of the features matrix.

In Chapter 5, we study the effects of early stopping for (full-batch) gradient descent.
Since machine learning models are usually trained on noisy data, there is generally a trade-
off between fitting the signal (i.e., bias) and the noise (i.e., variance) as the number of
iterations increases. This raises fundamental questions related to the properties of early
stopped models and how to decide when to stop training. Heuristically, it is known that early
stopping induces a form of 2 regularization, also known as ridge or Tikhonov reqularization.

However, formalizing this intuition under minimal assumptions has proven to be challenging.
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By exactly characterizing the trajectory of the parameters and the expected generaliza-
tion error with arbitrary learning rates and data, we show that the early stopped solution
Br is equivalent to the minimum norm solution of a related generalized ridge regression
problem. We also establish that early stopping is beneficial for many common learning rate
schedules, but that it may not be advantageous for some others. We provide an estimate for
the optimal stopping time to minimize the generalization error and empirically demonstrate

the accuracy of our estimate.

1.1.3 Randomized iterative algorithms for eigenvalue problems

Solving eigenvalue problems Av = A\v with A € C™"*" and v € C" is another fundamental
computation in numerical linear algebra. For large-scale problems, iterative methods that
can exploit sparsity in the matrix A are crucial. The power method is perhaps the simplest
iterative algorithm for computing the leading eigenvector v; associated with the largest-

magnitude eigenvalue A\;(A) of a matrix A, which has iterations

Ax;
Xt = )
[AX; |
where ||| is some norm chosen for normalization in each iteration. It is well-known that if A

is normal and has a large spectral gap, i.e., [A2(A)|/|A\1(A)] < 1, where Ao(A) is the second
largest-magnitude eigenvalue of A, then the power iterations converge quickly.

However, the extremely large scale of the matrices increasingly encountered in modern
applications means that classical iterative approaches can be too expensive—for instance,
the solution vector x itself may be too large to be stored. Motivated by the need to mitigate
the computational and storage costs for such problems, randomized iterative algorithms
for “extreme-scale linear algebra” are receiving renewed interest to extend the boundary of

problems that can be solved.
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Motivated by the success of diffusion Monte Carlo algorithms that have been applied
to eigenvalue problems as large as 101 x 10'% [She+12|, a general approach called fast
randomized iteration, which is based on randomly imposing sparsity in between the updates
of an iterative method, was proposed by Lim and Weare [LW17|. The randomly sparsified

power method is a particular instantiation of this framework, which has iterations

Ax;
y: = |

ma X, = @i(ye),

where ¢, is an independent realization of an unbiased random sparsification operator ¢ :
C" — C" that maintains a user-chosen sparsity level; i.e., Ep(x) = x and ||¢(x)]|o < m for
all x € C" (see Figure 1.4). Here, ||x||o denotes the number of non-zero entries of a vector
X. More intricate versions of the randomly sparsified power method have been developed
and applied to large-scale eigenvalue problems in quantum chemistry [Gre+19; Gre+20;

Gre+22a; Gre+22b|.

* *
*

*

* ®

*

* *
*

* *
y e(y)

Figure 1.4: Representation of the sparsification operator ¢ with sparsification parameter m,
which is used to control computational and storage costs in an iterative scheme.

Note that if each column of A has at most ¢ non-zero entries, then each power iteration
typically costs O(nq) operations since the iterate x; will rapidly become dense due to fill-in.
However, each randomly sparsified power iteration costs O(mgq) operations, which can be

significantly lower if m < n. The hope is that a relatively small sparsification parameter m
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can be chosen—ideally independent of or growing sublinearly with the input dimension n—
to obtain a stable randomized iteration. Heuristically, this might be possible if the leading
eigenvector v; is approximately sparse, in the sense that the magnitudes of its entries decay
rapidly. However, a complete mathematical analysis of the algorithm, which would rigorously
justify its applicability for certain classes of problems, remains elusive.

In Chapter 6, we provide an analysis of the randomly sparsified power method applied
to computing the leading eigenvector of a column-stochastic matrix A € [0, 1]"*". This
is equivalent to computing the stationary distribution v € [0,1]" of a Markov chain with
probability transition matrix A that solves Av = v. In this setting, each iteration of the

randomly sparsified power method reads

Vi =Ax 1, X = CPt(Yt),

where ¢! normalization is chosen so that the power iteration step is linear, and a particular
sparsification scheme based on pivotal sampling is applied in each iteration to sample m
entries without replacement. In the context of column-stochastic matrices, this procedure is
a generalization of the Markov chain Monte Carlo (MCMC) sampler.

We establish error bounds in the general case where A has a spectral gap, showing that
the randomly sparsified power method can achieve beyond-Monte Carlo convergence rates—

1/2 as a function of the sparsification parameter m—by exploiting the approximate

ie, m~
sparsity of the leading eigenvector v. Specifically, we prove that as long as m is sufficiently
large, based on the mixing time of the Markov chain associated with A, then the error of the
randomly sparsified power method scales like m =2 multiplied by the tail sum Y 1 v*(i),
where v+ denotes any weakly decreasing rearrangement of v with v+(1) > ... > v¥(n).
Hence, the randomly sparsified power method can be used to produce a high-accuracy so-

lution of sparse eigenvalue problems with dimension-independent computational costs if the

entries of v rapidly decay. We also showed that a sparsified power iteration based on deter-
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ministic sparsification can only provide guaranteed accuracy control when A is a strict ¢!
contraction and can fail for a class of hard problems, which identifies a theoretical separation

between randomized algorithms and their deterministic counterparts in this setting.

1.2 Related publications

e Chapter 2 is based on the following joint work with Elizaveta Rebrova:
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pp- 220-260. arXiv: 2309.04889 [math.NA]. DOI: 10.1016/7j.1laa.2024.06.
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e Chapter 3 is based on the following joint work with Elizaveta Rebrova:
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Chapter 2

A subspace-constrained randomized
Kaczmarz method for structure or

external knowledge exploitation

This chapter is based on the following joint work with Elizaveta Rebrova:

J. Lok and E. Rebrova. “A subspace constrained randomized Kaczmarz method
for structure or external knowledge exploitation”. Linear Algebra and its Ap-
plications 698, 2024, pp. 220-260. arXiv: 2309.04889 [math.NA]. DOL

10.1016/73.1aa.2024.06.010

2.1 Introduction

A ubiquitous problem across the sciences is solving large-scale systems of linear equations
Ax = b, for which scalable and efficient iterative methods are useful when it is too slow
or infeasible to solve the system directly. Instead of solving such problems obliviously, it
is natural to have insights into the structural properties of the linear system of interest,
such as being approximately low-rank. Moreover, external knowledge about trustworthy

observations in the presence of corrupted measurements could be available.
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Now, additional information about the structure of a linear system influences the choice
of the most suitable solver. In this work, we take an adaptive, problem-aware approach to
account for various types of auxiliary information by augmenting the iterations of a generic
iterative linear solver based on a distinguished subsystem of equations.

The generic solver that we consider is the Kaczmarz algorithm [Kac37]|, which is an
iterative, row-action method for solving large-scale, typically overdetermined systems of
linear equations. It is a special case of the alternating projection method that has low
computational cost and storage per iteration, and can be used in the streaming setting
where a single row (or block of rows) of the system can be accessed at a time. Besides
its traditional applications in areas such as image reconstruction [NatO1l; Her09] and signal
processing [Cen+92|, the Kaczmarz algorithm has recently been used as a building block for
more sophisticated methods to design linear solvers [DY?24; Du+21], and to address problems
such as phase retrieval [TV19] and tensor recovery [CQ21].

In each iteration of the Kaczmarz algorithm, a row a; of the matrix A is selected, and

the current iterate x* is projected onto the hyperplane ajT.x =b; by

T ok
xF = xk 4 b — a;x LA (2.1)
lagll - llayll

In their seminal paper, Strohmer and Vershynin [SV09] show that if the system of linear
equations is consistent and has unique solution x*, then the randomized Kaczmarz (RK)
algorithm, which samples each row independently with probability ||a;||?/||Al|% at each iter-
ation, converges to x* in expectation with an exponential rate (i.e., linearly) that depends on
the geometric properties of A (or more precisely, its scaled condition number || A||z/0min(A)):

* Gmin(A)2 : *
Eflx* — x*||* < <1_—”A“2 ) [l — x*]. (2.2)
F

Subsequently, many variants of the randomized Kaczmarz method have been analyzed; we

defer a detailed discussion of related works to Section 2.2 after presenting our results.
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In this chapter, we propose two Kaczmarz-based algorithms that can exploit (a) ap-
prozimately low-rank structure and geometric properties of the matrix in a system of linear
equations to accelerate convergence; and (b) external knowledge about corruption-free equa-
tions for linear systems with arbitrary sparse corruptions to enable convergence even in the

highly corrupted regime.

2.1.1 Setup and notation

We consider a consistent, overdetermined (i.e., tall) system of linear equations Ax = b, or
linear system for short, where the rows of A € R™*" are denoted by aj,as,...,a,, € R",
b € R™, and m > n. We assume throughout that A has full rank, and denote the unique
solution of the linear system by x* € R™. We work in the real setting for simplicity, but
everything can be generalized to the complex setting.

Vectors, oriented as columns by default, and matrices are written in boldface. The vector
{y-norm is denoted by |||, and the matrix spectral and Frobenius norms are denoted by ||-||
and ||-||p. The singular values of a matrix A € R™ ™ are denoted by opax(A) = 01(A) >
02(A) > -+ > Ominfmn} (A) = 0min(A), and the smallest non-zero singular value is denoted
by of. (A). The Moore-Penrose pseudoinverse of A is denoted by AT. We refer to the
row submatrix of A (resp. subvector of b) indexed by I C [m] = {1,2,...,m} by A;

(resp. by). The solution space A;x = by of a linear system refers to the affine subspace

{X € R"™: A[X = b[}

2.1.2 Methods and main results
The SC-RK method

Fix a subset Iy C [m] of indices of rows of A with mg := |[y| < n, and denote the remaining
indices by I := [m] \ Iy. We define a variant of the RK algorithm that confines the iterates

within the solution space Ajx = by, which we will refer to as the subspace-constrained
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randomized Kaczmarz (SC-RK) method. Each update of the SC-RK algorithm consists of
a projection of the current iterate x* onto the solution space A ugx = byugy, where the
row corresponding to 5 € I is sampled according to an input probability distribution, and

can be algebraically expressed by
= x4 AT (Brugy — Asugy ). (2.3)

This is essentially a block Kaczmarz update [EIf80; NT14], but with I, fixed throughout the
iterations so that the iterates are confined within the selected solution space Ajx = by,.
Reusing the same block allows for properties of the distinguished subsystem A x = by, to

be exploited, and also leads to a more efficient update formula: in Lemma 2.3.1, we prove

that as long as x" satisfies A x" = by, and a; ¢ range(A] ), (2.3) simplifies to

b, —alxF Pa,
k41 ko, %4 j
x = x" 4 . , (2.4)
[Pa||  [[Pay]

where P =1 — A;OA I, is the orthogonal projector onto null(Az) = range(A] ). Unlike
the block update (2.3), this does not require a new pseudoinverse to be computed at every
iteration and thus can be performed faster. The SC-RK method, which leverages (2.4), is
summarized in Algorithm 2.1. For concreteness, we fix a particular sampling distribution
for the rows of A, that leads to an especially simple and interpretable analysis. By varying
the distribution, better convergence rates may be possible [GR15a; AWL14].

On a conceptual level, the SC-RK update (2.4) is reminiscent of the usual Kaczmarz
update (2.1), with the new direction Pa; representing the “extra information” offered by a;
beyond that which is already known from being in the solution space Ajx = by,.

The following result, proved in Section 2.3.1, shows that the SC-RK method converges

linearly in expectation to the solution x* of Ax = b under minimal assumptions.

Theorem 2.1.1. Suppose that the rows of A are partitioned into two blocks Ay, and Ay

of sizes mg and m — mg, respectively. Let P =1 — A}OAIO be the orthogonal projector onto
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Algorithm 2.1 Subspace-constrained randomized Kaczmarz (SC-RK)

1: procedure SC-RK(A, b, Iy, K)

2 P=1I- A}OAIO > Orthogonal projector onto null(Ay,)

3 initialize x° = A by, > Initial iterate x° solves A;,x° = by,

4 for k=1,...,K do

5: sample j € [m] \ Iy with prob. ||Pa;||*/||ALP]% > Sample row in A,
_ bj—alxk—1 Pa; .

6 xP = xFt 4 = Bl TPal > Project onto Ajuinx = brug

7 end for

8 return x

9: end procedure

null(Ay,), and o

min

(A, P) be the smallest non-zero singular value of A, P. Then the SC-RK
iterates x* from Algorithm 2.1 converge to the solution X* in expectation with

+. A P)2 k
E k _ * (12 < 1 _ Umln( I . 0 _ * 2‘ 25
R (B I (25)

In the special case that the row spaces of Aj, and A;, are orthogonal (i.e., A A} = 0),
the SC-RK updates (2.4) reduce to the usual Kaczmarz updates (2.1) since Pa; = a; for all

7 € I, and hence we immediately deduce the following:

Corollary 2.1.2. Consider the same setup as Theorem 2.1.1. If AIOA-IF1 =0, then

Bl - x| < (1- a;mmh)?)k I — x| (26)
AL

Noisy linear systems. In Section 2.3.2, we prove that for inconsistent systems of linear

equations where a noisy measurement vector b # b is observed, the SC-RK method converges

at the same rate up to an error horizon around the solution x* with a radius that depends on

the noise in Iy and I, as well as the geometries of A;, and A, P (Theorem 2.3.4). This ex-

pands on a phenomenon that is known from previous analyses of Kaczmarz methods [Neel0;

NT14].
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The analysis of inconsistent linear systems requires developing technical results involving
a two-step decomposition of the block update (2.3), which provides a partial generalization

of the two-subspace Kaczmarz method in [NW13] (see Remark 2.3.9).

Remark 2.1.3 (Per-iteration complexity). Each SC-RK iteration can be computed in
O(mgn) flops, with calculating Pa; = a; — A}OAIOaj being the most expensive step. This
requires directly computing A}O or an orthonormal basis for mnge(A}O)1 only once, using
a method based on QR decomposition or SVD. This per-iteration cost is comparable to
the O(n) flops per iteration of RK if mq is not too large. The overall complexity is then
determined by multiplying the per-iteration cost by the number of iterations required to
reach a desired error, which we will elaborate upon below.

Using SC-RK with a larger my may still be feasible if A;, possesses special structure
(e.g., it admits a fast multiply or is sparse). For example, an inner iterative least-squares
solver (e.g., CGLS) can be used to apply A}O using matrix-vector multiplies with A, and
A}U, which avoids forming the pseudoinverse explicitly. We refer to [NT14] for more related

discussion on the implementation of the block Kaczmarz method.

Exploiting low-rank structure with the SC-RK method. The convergence rate
of the SC-RK algorithm depends on the geometric properties of A and P: Theorem 2.1.1
shows that k. :== k(A P)?log (1/¢) iterations suffice to achieve the relative error guarantee
Ellx* — x*||> < ¢||x® — x*||?, where k(A P) = ||ALP||r/o (A, P) is a scaled condition
number of A7, P. For the same guarantee using RK, from (2.2), x(A)?log(1/e) iterations
are required, where k(A) = ||A||r/0min(A).

Since k(A P) < k(A), we see that the projector P acts as a right preconditioner for
A, improving the convergence rate of SC-RK compared to RK. In particular, we can expect

a significant per-iteration improvement (and hence overall advantage) if | A, P|lr < ||A|F

or o (A, P) > ouin(A). We examine the connection between the geometry of A and

min

IThe projector A}OAIO can be written as QQ" where Q € R™ ™0 is a matrix whose columns

form an orthonormal basis of range(AIO), which can be computed in O(mZn) flops.
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convergence rates in more detail in Section 2.3.3 to show that the SC-RK method is able
to exploit approximately low-rank structure and geometric properties of A to accelerate
convergence.

We also describe how a good subset Iy of rows, if not explicitly known, can actually be

efficiently found via a connection to low-rank matrix approximation in Section 2.3.3.

SC-RK on random data and dimension reduction. In a somewhat complementary
setting, we show that for “unstructured” matrices, the subspace constraint imposed by the
projector P acts as a form of dimension reduction that effectively increases the aspect ratio of
the system to reflect the dimensionality of the solution that remains unsolved in Section 2.3.4.
More precisely, we prove that when A € R™*" is drawn from a generic class of “Gaussian-like”
random matrices, the SC-RK method typically converges with a rate that is approximately
1 —1/(n — myg) as long as the “effective aspect ratio” (m — mg)/(n — mg) of the system
is sufficiently large (Theorem 2.3.17). Note that 1 — 1/(n — myg) is the best possible rate
that can be achieved by the RK algorithm (with any sampling distribution) on a consistent

(m —mg) X (n — myg) linear system (see [GR15al).

The QuantileSC-RK method

We also propose a modification of the SC-RK method for solving corrupted systems of
linear equations. This setting models applications where some measurements are corrupted
by arbitrarily large errors, which may occur during the data collection, transmission, and
storage process due to malfunctioning sensors or faulty components (for more examples,
see [Stu+12; HN19]). Unlike the noisy setting above, the error horizon is not very meaningful
since significant outliers can be introduced. Hence, the aim is to converge to the solution
x* ezactly by identifying and avoiding corruptions, which may be possible if the number of
corruptions is relatively small and the system is highly overdetermined.

Our model for corrupted linear systems is defined as follows. Let C C [m] and be € R”

be a sparse vector of arbitrary (possibly adversarial) corruptions supported on C. Moreover,
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suppose that we possess external knowledge in the form of a corruption-free subset I, C
[m] of size mg such that (be);, = 0; for example, this could reflect a set of trustworthy
measurements by a reliable source, or infallible equations arising from physical laws. The
goal is to reconstruct the solution x* of Ax = b given A, Iy, and the corrupted measurements
b :=b + be.

To achieve convergence, we take inspiration from the QuantileRK method proposed
in [Had+22], which modifies the RK algorithm so that each projection is sampled from
a set of admissible rows whose residuals |b; — ajx*| are smaller than the ¢"" quantile of
residual sizes at each iteration for some parameter ¢ € (0, 1]. This modification is based on
the heuristic that large residuals should be indicative of corrupted measurements, and small
residuals lead to small steps that cannot divert the iterate too far away from the solution.
We propose to exploit the auxiliary information by confining the iterates of QuantileRK
within the “trusted” solution space A x = bj,. We will refer to this procedure, summarized

in Algorithm 2.2, as the QuantileSC-RK method.

Algorithm 2.2 Quantile subspace-constrained randomized Kaczmarz (QuantileSC-RK)

1: procedure QUANTILESC-RK(A, b, Io, q, K)

2 P=1I- AJ}OAIO N > Orthogonal projector onto null(ANIO)
3:  initialize x* = Al by, > Initial iterate x° solves A;,x° = by,

0

4 for k=1,...,K do

5 Yy = g-quantile {|bj —ajx*|, j € [m]\ IO} > Threshold based on residuals
6 J = {j € [m]\ I : ’EJ —a;x"| < fyq} > Set of admissible rows
7 sample j € J with prob. proportional to ||Pa;||? > Sample admissible row

_ bj—alxk~1  pg. . ~

8: xP = xh14 2 Ba " TPal > Project onto A p,ugj3x = brugjy
9 end for
10: return x

11: end procedure

We prove the following result for QuantileSC-RK, a simplified version of Theorem 2.4.1
that we defer the precise statement of to Section 2.4. It shows that for unstructured matrices

modelled by continuous “Gaussian-like” random matrices, the QuantileSC-RK method ro-
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bustly and efficiently converges, provided that there is enough external knowledge (in terms
of my) to make the effective aspect ratio (m—myg)/(n—myg) large enough, and the proportion

of corrupted measurements, /3 := |C|/(m — my), is not too large:

Theorem 2.1.4 (Simplified version of Theorem 2.4.1). Assuming that A is a continuous
“Gaussian-like” random matriz, there exist positive constants R > 1, By < 1, ¢1 and co, which
are independent of m and n, such that if (m —mg)/(n —my) > R and § < By, then with

—c1(m—myg)

probability at least 1 —e over the randomness in A, the QuantileSC-RK iterates x*

from Algorithm 2.2 converge to the solution x* with

Mﬂ—fWSQ—nﬁmywﬂ—fW (2.7)

Since we are interested in large-scale systems with m,n > 1, the values of the constants
¢ and ¢y are dominated by m and n (e.g., the probability guarantee is exponentially close to
one for large m). Note that this result applies to almost-square matrices with m = (14o0(1))n
rows provided my is big enough, which lies outside the scope of existing QuantileRK theory.
Experimentally, we found that the QuantileSC-RK method works well for more general data
models than described by the theory, such as when A is a structured sparse matrix in an

image reconstruction problem (see Section 2.5.6).

Remark 2.1.5. (i) (Rejection sampling). To avoid recomputing the normalizing con-
stant Z; = > ;IIPa;||? in every iteration of Algorithm 2.2 for sampling a row from
the admissible set J, which depends on x*, rejection sampling (as originally proposed
in [Had+22]) can be used: i.e., in each iteration, a row j € I; is sampled with proba-

bility ||Pa;||/||A;,P||%, and the projection is made if and only if [b; — ajx*| < ~,.

(ii) (Uniform sampling). It is computationally more efficient to sample rows a; uniformly
at random from I, together with rejection sampling, in Algorithm 2.2. By using the
threshold 7, = ¢-quantile {|b; — a]x*|/||Pa;||, j € I}, which has been modified to

capture the heterogeneity of the projected row norms, instead of 7,, it can be shown
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that analogues of our results (e.g. Theorem 2.4.1 and Lemma 2.4.2) still hold, except
that the relevant spectral quantities come from the matrix DA P, where D is the

diagonal matrix with entries ||Pa;||™", j € Iy, instead of A P.

2.1.3 Organization

Section 2.2 discusses related works. Section 2.3 analyzes the SC-RK algorithm: we prove
the convergence result (Theorem 2.1.1) in Section 2.3.1 and generalize it to the noisy setting
in Section 2.3.2 (Theorem 2.3.4). We provide several results on using the SC-RK method
to exploit low-rank structure and geometric properties of A in Section 2.3.3. Furthermore,
we show that the subspace constraint acts as a form of dimension reduction when A is
a Gaussian-like random matrix in Section 2.3.4. Section 2.4 analyzes the QuantileSC-RK
algorithm for solving corrupted linear systems. We provide various numerical experiments

in Section 2.5 to complement our theoretical results, and conclude in Section 2.6.

2.2 Related works

Kaczmarz-type methods Kaczmarz-type algorithms are related to a variety of modern
algorithms in (randomized) numerical linear algebra and (stochastic) optimization. Random-
ized Kaczmarz (RK) can be viewed as an instance of the stochastic gradient descent (SGD)
algorithm with a particular step size, which, based on this connection, has led to new insights
into both methods, such as highlighting the role of weighted sampling for SGD [NSW16].
Furthermore, the RK method is one of the basic representatives of the sketch-and-project
method [GR15a], which provides a unified framework for iteratively solving linear systems—
including the randomized coordinate descent method, related block variants, and the ran-
domized Newton method—and can also be directly extended to non-linear optimization

problems [Gow-+19a].
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Recently, methods based on the Kaczmarz algorithm have been used in the design of
more sophisticated linear solvers. A GMRES-type solver preconditioned by randomized
and greedy Kaczmarz inner-iterations is studied in [Du+21|. Within the sketch-and-project
framework, a randomized block Kaczmarz algorithm that uses the preconditioned conjugate
gradient method to perform an inexact projection in each iteration is analyzed in [DY24],
and the method is proven to be especially computationally efficient when the matrix A has a
flat-tailed spectrum. An iterative solver that further combines these ideas with momentum
and sparse sketching matrices is analyzed in [Der+25al. In this chapter, we focus on the

randomized Kaczmarz algorithm for solving systems of linear equations.

Randomized Kaczmarz The analysis of the RK algorithm in [SV09] spurred many de-
velopments and variants, including randomized block Kaczmarz methods [NT14; Necl9]
and Kaczmarz-Motzkin methods that combine sampling and greedy row selection [DHN17;
HM21]. It is shown that the Kaczmarz method can be extended to solve least squares prob-
lems in |[ZF13; NZZ15; MNR15|, and systems of linear inequalities in [LL.10; BN15]. The du-
ality between RK and randomized coordinate descent (also called randomized Gauss-Seidel)
has motivated a unified description of the two methods and their extended versions [MNR15].
By using ideas from optimization, RK methods with varying step sizes [NSW16|, accelera-
tion [LW16], and that promote sparsity [Lor+14; SL19; Sch-+22] have also been studied.
The SC-RK method resembles the block Kaczmarz method studied in [NT14]: the dif-
ference is that the blocks differ by one row between iterations and thus the update simplifies
so that computing new pseudoinverses is not required. Therefore, the SC-RK method can
offer a similar advantage from using blocks in an efficient manner if a “good” block A, can
be found (see Section 2.3.3 for a discussion of what a good block is, and how one might be
found). In [NW13; Wu22|, a two-subspace Kaczmarz method that iteratively projects onto

the solution space associated with two rows is shown to significantly outperform the RK
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method when the system has correlated rows. The SC-RK method can be considered as an
extension of this idea to higher dimensional subspaces (see Remark 2.3.9).

The idea of constraining the iterates of the RK algorithm has also implicitly appeared in
the design of a fast solver for Laplacian systems in the theoretical computer science literature
in [Kel+13], where the row spaces of the blocks A, and Ay, are orthogonal by construction
and hence Corollary 2.1.2 applies. The SC-RK method offers a general framework for analyz-
ing convergence when A;, and Aj, are not orthogonal. Randomized sketch descent methods
for solving optimization problems subject to linear constraints are also studied in [NT21],
where in each iteration the coordinate space (corresponding to x) is randomly sketched for
dimensionality reduction and (random) projection matrices, analogous to P, enforce the

linear constraints.

Corrupted linear systems The literature on solving linear systems with arbitrary sparse
corruptions is abundant: see, e.g., [AK95; ABHO05; DT19; Can+06; Stu+12]. Such problems
are often tackled within the compressed sensing and robust statistics literature using methods
based on linear or SDP relaxations. The closest line of work to our approach is on iterative,
row-action, corruption-avoiding algorithms. The first Kaczmarz-type method was proposed
in [HN19], which introduced the idea that large residuals should be indicative of corrupted
equations, but makes strong restrictions on the number of corrupted measurements (scaling
sublinearly with m). The QuantileRK method, introduced in [Had-+22], utilizes quantile-
based steps based on this residual heuristic. An important bottleneck of this method is
that the linear system generally needs to be sufficiently overdetermined (i.e., m > Cn for a
large constant C') to guarantee convergence. We show that with enough external knowledge
(i.e., mg large enough), the QuantileSC-RK method works even for almost-square systems.
Other works studying the QuantileRK method include [Ste23; JN21; Che+23[; in particular,
we adapt a deterministic sufficient condition for convergence from [Ste23] for QuantileSC-

RK (see Lemma 2.4.2). Another Kaczmarz-type method based on obtaining sparse least
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squares solutions is analyzed in [Sch+22] and demonstrated to be able to solve linear systems

corrupted by impulsive noise.

2.3 Analysis of subspace-constrained randomized Kacz-
marz (SC-RK)

In this section, we provide theoretical analysis of the SC-RK method (Algorithm 2.1). Recall
that P = I—A}OA I, is the orthogonal projector onto null(A, ), which is equal to range(A}O)L,

the orthogonal complement of the row space of Aj,.

2.3.1 Simplified SC-RK update formula and proof of Theorem 2.1.1

First, we provide a proof of how the block update (2.3) simplifies to the more interpretable

and computationally efficient formula (2.4).

Lemma 2.3.1. Let x"™1 = x* + A}OU{j}(bIOU{j} — Apupx®) and P =1 — ALAIO- If x*

solves A, x* =by, and Pa; # 0, then

b, — aTxk Pa.
J
Xl~c—|—1 — Xk + J J

[Payl|  [Pay|
Proof. We may assume b; — ajx* # 0, otherwise x**' = x*. Since x*! is the orthogonal
projection of x* onto the solution space A, (;3X = byugs}, the increment z == x* — x* is
the solution of the following optimization problem:
1
min = [z||* subject to Ay (x" +2) = by, a] (x" +2) =b;. (2.8)

zeR™ 2

This can be solved by introducing the Lagrange multipliers A € R™ and 7 € R for the two

constraints. Since Az,x* = by, the first constraint is equivalent to A;z = 0, and thus z
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solves

z+ Al X+7a; =0 (2.9)

whilst satisfying Ajz = 0 and a-]'-—z = b; — a-jrxk. Since P is the orthogonal projector
onto null(Ap), PA] = 0 and the first constraint is equivalent to Pz = z. Hence, pre-
multiplying (2.9) by P implies that z = —7Pa;. Furthermore, pre-multiplying (2.9) by z"
and using the constraints implies that 7 = —||z[*/(b; — a]x*) = —72||Pa;||*/(b; — ajx*).

Solving for 7 yields 7 = —(b; — ajx*)/||Pa;||*, which completes the proof. O

Remark 2.3.2. From the optimization formulation (2.8), it can also be shown that the unit
direction Pa;/||Pa;|| taken from x* to reach x**' maximizes |a]z|* over all unit vectors z €
null(Ay,). This provides a nice geometric interpretation of the SC-RK update: the direction
Pa; taken to reach the solution space A 3% = brugjy minimizes the angle from the optimal
direction a; for reaching the solution space a}—X = b; within the subspace null(Ap); see
Figure 2.1 for an illustration. For an alternative algebraic proof of a more general version of

Lemma 2.3.1, see Remark 2.3.9 later.

Hyy  Hi
| -
| //
7
Skl
x k1
y - ? XRK
7 bj—a;x"  a; :
2 [E¥] [E¥] !

Figure 2.1: SC-RK update from the current iterate x* for reaching the vector x**! in the
solution space Hy;y = {x € R" : a]x = b;} whilst remaining within Hy, = {x € R" : Aj;x =
by, }, compared to the RK update for reaching X{i&? alone.

We will now use the simplified update formula in Lemma 2.3.1 to prove Theorem 2.1.1.
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Proof of Theorem 2.1.1. Consider the k™ iterate x*. Suppose that a; is sampled in the

next iteration (with Pa; # 0). By subtracting x* from both sides of (2.4) and noting that

aj(x" —x*) = a] P(x* — x*) for any j € I since x* —x* € null(A,), we have
Paj
[Pay]|

X —xt = (I-v') (x" —x*) forv:=

Since vv' is an orthogonal projector, (x**! — x*) L vv'(x* — x*). Thus, by Pythagoras’
theorem,
[t — 72 = [xF — %2 = v T (R — x| = [ - xR = v - x) [

By taking expectation (where each row a; is sampled with probability ||Pa;||?/|| AL P%),

conditional on all the choices up to the k" iteration, we obtain

2

Pa, || Pa; \'
Ek||xk+1_x*||2:||Xk_X*||2_ Z || a]H ‘( a; > (Xk—X*)

2 dap | pa
* 1 *
= ”Xk —X ”2 - ||AI PHQ ||A11P(Xk —X )||2
1 F

62 ) xF — x*
= (1 - ——— |- |x" —=x*||?>, where §:= HA P (—> H .
( [P NI

The next step is to estimate 6 from below, which requires more care than a similar
estimate used to prove convergence of the RK method [SV09] since A, P has a nontrivial
nullspace. A similar case where the system matrix has a nontrivial nullspace was also treated
in [LRS18|. First, observe that null(A;,P) = null(P). Indeed, the nontrivial inclusion
null(A;,P) C null(P) follows from the observation that APy = 0 implies that Py €
null(Az) Nnull(A;,) = null(A) = {0}, since A has full rank. Therefore, since x* — x* €
null(Aj,) is orthogonal to null(P) = null(A;,P),

k *
2= |ar (pe=)
R x|

2
> min [[Anzl = o, (ALP) (2.10)

- z€null(A
lz]]=1
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This implies the following bound for one step of the SC-RK method:

O'+- (A[ P)2
Ekak+1 - X*“2 S (1 o L> . ka . X*H2-
AL P[5

By iterating and taking the full expectation, this concludes the proof of Theorem 2.1.1. [

Remark 2.3.3. If v, is a right singular vector of Aj, P corresponding to the /" largest

singular value o,(A,P), it can be shown that

b o (o oALPYNE
]E<X X ,Vg> = (1 AP <X X ,Vg>.

This shows that the residual vector x*

—x* decays fastest in the directions corresponding to
the largest singular values of Aj, restricted to null(Aj)). This phenomenon was proved by

Steinerberger [Ste21] for the RK method.

2.3.2 SC-RK convergence on inconsistent linear systems

In the general case, the measurement vector b might not be known exactly, but only accessible
through a set of noisy observations b:=b+ R, where R is an arbitrary error vector (which
is considered to be small). Similar to previous analyses of Kaczmarz methods [NeelO; NT14;
RN21], we prove that if the SC-RK method is used with the noisy measurements E, then

the iterates converge to the solution x* up to an error horizon:

Theorem 2.3.4. Suppose that the rows of A are partitioned into two blocks Ay, and Ay
of sizes my and m — my, respectively, and assume that Ay, has full row rank. If X* denotes
the sequence of SC-RK iterates from Algorithm 2.1 where the noisy measurement vector
b=b+R is used in place of b, and the initial iterate X° solves A7, X" = BIO, then

O-rJrrlin (AhP)Q

E|IxF — x*[|?2 < (1 —
==l |ALPE

k
) IR =P+ 0+
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where vy, 71 > 0 are given by

HRh - AhA}ORIo ||2
O-:r_lin(AhP>2

0= 2||R‘Io||2
Umin<AIO)2

— AL Ry[* and 7=

Remark 2.3.5 (Error horizon). Note that 7o only depends on the noise in the measurements
corresponding to the fixed block [. In particular, if R;, = 0, then vy = 0 and 7, only depends
on |Rp[[?>. On the other hand, if R, = 0, then 7, only depends on [|[A Al Ry|? =
>jen ‘a]T'AR)RIoP' Note that ]a]TA}OR10| corresponds to the angle between the row a; and
A}ORIO; the vector A}ORIO accounts for how noise in the measurements corresponding to
the fixed block Aj, shifts the solution space (see Lemma 2.3.8a). Finally, if R = 0, then

Yo = 71 = 0 and we recover Theorem 2.1.1.

Remark 2.3.6 (Least squares). Given a set of noisy measurements B, our setup can easily
be translated to the problem of solving the inconsistent system of linear equations Ax ~ b
in a least squares sense. In this setting, by defining x* to be the least squares solution (i.e.,
X* = arg Miny  pn |Ax—b||> = A'b), and setting b := Ax* and R := b— Ax*, Theorem 2.3.4
can be applied to deduce that the SC-RK iterates converge to the least squares solution up

to the same error horizon.

We develop some technical results before proving Theorem 2.3.4. Note that with noisy
measurements b, the relationship X% — x* € null(Ay,) does not necessarily hold anymore.
Thus, it will be more convenient to work directly with the block update (2.3) instead. First,

we present a decomposition of the pseudoinverse A}U ; in terms of Ay and A .

Lemma 2.3.7. Let A € R™*" and I, J C [m] be two disjoint subsets of row indices. If Ay

has full row rank, then the pseudoinverse AJ}UJ admits the block representation

Al = (A} — (A,P) A AT (AJP)T) , (2.11)

where P =1 — A}AI is the orthogonal projection operator onto null(Aj).
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Proof of Lemma 2.5.7. First, we record the key algebraic property that will be used repeat-
edly:
XM =X"(XX")™' for X = Ay, Af, or AP, (2.12)

This follows since all three matrices have full row rank: Aj,; by assumption, A; as its row
subset, and A ;P from the observation that if its rows were linearly dependent then there
would exist some nonzero @ € Rl such that > e aja-er = 0, which would imply that
> jesya; € null(P) = range(AT) and thus contradict the assumption that Aj_; has full
row rank. We have

AIUJA}— J = AIAI A]AE
L=

(A[AD)T

A AT
Since A has full row rank, Aj; is invertible and

(2.12) -1
AJ}UJ = A}—UJ (AIuJAIuJ)
= (A}—

where R = Aj;; — AT,A;/A;; is the Schur complement [HJ12] of the block A;;. Recall

—~A7 AR (2.13)

Al +AFALRTTAL AL
A7) ,
~RALAL R~
that P =1 — A}AI, and so
R =A,AT — A AT(AAT)TAAT AP AT ATA[JAT = A,PAT,
which implies that

(2.12)

PATR™ = PAT(A,PAT)™ = (A,P)"((A,P)(A,P))) ' "=" (A,P). (2.14)
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Next we compute expressions for the two blocks of Al ; in (2.13). The first block, AT[A7}! +

A ALRTIAT A + AT[-R7AT, A}, simplifies to
Al — [~ATA; + TJTATR A AT = Al - PATR A AT "2Y AL — (A, P)TA,AL

The second block, AT[-A7 A ;R + AT[R™1, simplifies to

| (2.14)

[—ATA; +TJATR™! = PATR™ (A,P).

Combining the two preceding displayed equations completes the proof. O
Next, we describe how the noise affects the geometry of the solution spaces.

Lemma 2.3.8. Denote the true and noisy solution spaces associated with I C [m] by
H={xeR": A;x=b;} and 7/—[\1:{X€R" :Ax=b;+R;}, (2.15)

respectively. If A; has full row rank, then H; and ﬁ] satisfy the following:
(a) H;=H; + AlR;.

(b) H;—x* =mull(A;) + AlR;.

(c) The vector ATRy; is orthogonal to null(A).

Proof. (a): Since A; has full row rank, AIA} = I. Therefore, for any x € H;, we have
Ar(x+ A}RI) = by + R; and so x + A}RI € ﬁ;. Conversely, for any X € ﬁ;, we have
A (X —A'R;) =b;. Thus, (X — AIR;) € H;, and so

X=X-AR) + AR, e H; + AIR,.
(b): Since x* € Hy, we have H; — x* = null(A;). Together with part (a), this implies (b).

Finally, (c) follows from the fact range(A}) = range(AT) = null(A;)*. O
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We will now prove Theorem 2.3.4 by using the expression for AI’gU{j} given in

Lemma 2.3.7, as well as the geometry of the shifted solution spaces described by Lemma 2.3.8.

Proof of Theorem 2.3.4. Consider the k' iterate X*. Suppose that a; is sampled in the next
iteration (with Pa; # 0 and hence A,y has full row rank). Then one step of the SC-
RK algorithm with noisy measurements corresponds to the projection of X* onto the noisy

solution space ”;ZIOU{]-}, namely,
R =5+ AL oy + Riugy — Ao XY

We will compare X¥! with the projection of X* onto the true solution space H ou{j}, denoted
by

XM= % AL (Brog)y — ArunRY).

Step 1. Exact computations. Note that

§k+1 —x* = (XkJrl . X*) + AEOU{j}RIOU{j}y
and Ajou{j}R]()U{j} L (x**! — x*) € null(Ayug;) by Lemma 2.3.8c. By using Pythagoras’

theorem twice (and orthogonality of the true Kaczmarz projections), we have

R4 =2 = =2 A R P

=[x = x"|* = AL Aro (& = x)IP + Ay Ru P (2:16)

By using Lemma 2.3.7 with I = Iy and J = {j}, we can simplify the last two terms: firstly,

R;
; (s Paalal | pa | [ T
AL ugyRiuy = <A10_ P | TPal?

Paj
[Pay >

- A}ORIO + (r; — ]TA}ORIO) (2.17)
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Next, since X* — x* — A}ORIO € null(Ay,) (from Lemma 2.3.8b) is a fixed point for P,

R;,

t ok ok t Pa]-aTA} Pa. 0

Ao Ao (X X)—(Afo_ o | Pal) | 1o
a; (X" —x*)

(Pa,)T(x" —x* — Al Ry) Pa,
[Pay| [Pay]”

= Al Ry, + (2.18)

Furthermore, by Lemma 2.3.8c, A}ORIO 1 Pa; € null(Aj), which implies that the two
summands in both (2.17) and (2.18) are orthogonal. Hence, we can further expand (2.16) to

show that ||x¥+1 — x*||? is equal to

2

(Pay)" (%" —x* — A} Ry,)
1Pay]]

|Tj - ‘-]I'—A}ORIO |2

Sk * 12 ] 2
_ AT R,I2 —
”X X ” || Iy IOH ”Paj||2

+ AL Ry |12 +

By cancelling identical terms and taking the expectation, conditional on all the choices of

the algorithm up to the &' iteration (similar to the proof of Theorem 2.1.1), we obtain

||AI1 (X - X" _AJ;ORIO)’P_'_HRH _AflAJ;oRIOHQ
||AI1P||F ||AIIP||%‘

B[R9 —x"* = IR — x| -

. (2.19)

Step 2. Spectral bounds. Recall that null(A;,P) = null(P) from the proof of Theo-
rem 2.1.1. Since XF —x* — A}ORIO € null(Ay,), which is orthogonal to null(P) = null(A;, P),

arguing as in (2.10) shows that

lAL PR —x" = A} Ry, [P > o (AL P)* - [IR" — x* — A Ry, |)®

mm(

By expanding the square, |[¥* —x* — Al Rp,[|? is equal to [|X* —x*|> + |A] Ry, |2 — 2(%" —

x*)TAl Ry,. Since Al = AT (A, A]) ! and Aj (X* — x*) = Ry,

k TAt _nT Y= IR H2
(X — X ) AIORIO - RIO(AIOAIO) IRIO = m'
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Hence, we can bound the second term of (2.19) from below by

|ALP(F —x* — Al Ry _ ol (ALP)? [, . . 2| Ry, ||?
o 2 > - %F — x*||? + [|A] Ry, |12 — — |-
|ALP|% |ALP|% Omin(Ap)

By instating the definitions of 79 and ~;, we have shown that

=S * mm(AI ) * O-I—;in(‘AIl]‘:))2
E, 2 - x°|]? < (1“‘7ﬁi‘iﬁFf‘ IR - B o). 220)
1 F

By iterating (2.20), we deduce that E||X* — x*||? is upper bounded by

<mfwk 2 ( &fwi (AP

1 _ mln — X || + _ mln . mln (’yl + 72).

( |AL P Z AL P |AL P

We conclude by bounding the geometric series by |A;,P||%/0F. (A, P)2. O

Remark 2.3.9. A natural generalization of the SC-RK update (2.3) is to project onto the
solution space A ;X = byus, where J C [m] \ I is a block of row indices disjoint from I
with [J]| > 1:

X’H—1 = Xk + Ayouj(bIOUJ — A[OUJXk). (221)

Assuming that Ay has full row rank, Lemma 2.3.7 implies that (2.21) can be computed

by the following two-step procedure (which does not require x* to satisfy A x* =by,):

(1) Project x* onto the solution space Ay x = by, to obtain y*:

yr =xF + A;O(bjo — A.[OXk).

(2) Compute the new measurements 3; :=b; — A(]A}Objo € RVl then project y* onto the

solution space A ;x = b; whilst remaining in the solution space of A;x = by, for xF+L:

x" = y" + (AP)(B; — (A,P)YY).
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In particular, by restricting to a single row J = {j} and imposing the condition A;,x* = by,
we recover the simplified update formula (2.4), which provides an alternative algebraic proof
of Lemma 2.3.1.

By further restricting to the special case I = {i}, the two-step procedure above reduces
to an update of the two-subspace Kaczmarz method of [NW13|. Thus, the SC-RK method
can be seen as a partial generalization of the two-subspace Kaczmarz method, except that
the subset [ is fixed throughout the iterations to exploit specific features of the block Ay,
and similar results concerning coherence with respect to more general subsets of equations
can be obtained (see Remark 2.3.13).

Finally, while all the convergence results in this work are stated for the case |J| = 1, we

believe that similar techniques can be extended to the case of |J| > 1.

2.3.3 Exploiting structure with the SC-RK method

In this section, we discuss how the SC-RK method can exploit approximately low-rank
structure and geometric properties of the data matrix A to accelerate convergence. For
simplicity, we will restrict our attention to the noiseless case. Our goal is to study the per-
iteration convergence rate (i.e., with & = 1). First, note that the SC-RK rate (2.5) is as
good as the RK rate (2.2). Indeed,

of (ALP)= min ||Anz]|= min [Az|| > min|Az| = onn(A), (2.22)
zenull(Ap,) zenull(Ap,) ”zeHRnl
[|lz]|=1 l|zl|=1 Zl=

and [[A, P[5 < [P|*]|Ap |7 < [[A]E. Therefore,

or (A P)? B Omin(A)?

1— min

—_— 2.23
AP =T AR (2.23)

However, since each SC-RK iteration requires more computation (as discussed in Re-

mark 2.1.3), we would like to understand when the SC-RK method is advantageous to RK
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overall. In the following, we first examine what features of the matrices A and Aj, lead to
such an advantage in Section 2.3.3. Furthermore, we discuss how a good subset I of rows,
if not explicitly given, can actually be efficiently found when A has approximately low-rank

structure in Section 2.3.3.

Geometry of the matrix and convergence rates

As highlighted by (2.23), either ||A, P||% < [|A]|% or o (AL, P) > omin(A) leads to signif-

icant per-iteration advantage of SC-RK over RK. We describe two specific motivating exam-
ples of systems with such structure before generalizing our observations in Corollary 2.3.12
below. For these examples, consider an arbitrary (m — mg)-dimensional subspace U of R™.
Let {uy,..., W} and {Cpys1,Cmgs2,---,Cn} be orthonormal bases for U and UL, respec-

tively, and € =~ 0 be a small positive constant.

Example 2.3.10 (¢}, (A, P) > 0,in(A)). This can happen if the equations in the selected

block Ay, are almost collinear, but the system AP with projected rows is well-conditioned.

Let w == = >"™ u;, and A € R™" be the matrix where the first mg rows are given by
mo 7

a; =(1—¢)u+eu;, j=1,...,mp, and the remaining rows are Cp,11, ..., C,. Choose I; =

[my] so that P is the orthogonal projection onto . Then o (AL P) =1>> & > omin(A).

min

Indeed, if e; is the i** standard basis vector, then

(e1 — eg)

V2

Guin(A) = _min [[ATx| < HA sl =

xR ||x||=1

= |u
\/51

Furthermore, since the rows of A, P form an orthonormal basis for U+, for any unit vector

X = Y o oic in Ut we have [|[ALx|? = 3" af =1, and hence o, (A, P) =
mianuL:”x”::lHA]lXH =1.

Example 2.3.11 (||A,P|% < ||A]|%). This can happen if the block A, is highly correlated
with the remaining rows (a;);er,. Let A € R™ ™ be the matrix where the first mo rows are

Ui, ..., Uy, and the remaining rows are a; := (1 —€)v; +ec;, where v; is any unit vector in
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U, for j =mg+1,...,n. Choose Iy = [mg), so that range(A] ) = U and P is the orthogonal
projection onto U*. Then Pa; = ec; and ||Pa;| = ¢ < 1 = ||a;|| for all j € I;, and hence

IALPIE = 3er, Payl* < e 327 [layl* = %Al

The calculations in the preceding example, together with Theorem 2.1.1 and (2.22),

generalize to the following result:

Corollary 2.3.12. Consider the same setup as Theorem 2.1.1, and assume that for some
Je0,1),
[ Pay|*
la]?

<1—6* foralljel. (2.24)

Then the SC-RK iterates x* converge to x* in expectation with

N
Bl x| < (1- o T ) - (225)
Remark 2.3.13. Since P is the orthogonal projection onto range(A] )*, |[Pay||*/|la,||* =
sin®#; where 0; is the principal angle between the subspaces range(a;) and range(A]).
Therefore, the quantity 0 in (2.24) measures the coherence between the row space of the
fixed block Aj, and each of the remaining rows (a;),cr,. A value of § close to one means that
the principal angles are uniformly small; i.e., all of the a; are close to the row space of Ay,
and offer little new information by themselves. By projecting each row with P, the shared
information is effectively modded out, and thus each SC-RK iteration is able to make more
meaningful progress towards the solution.

In particular, if we take A;, = a] to be a single row and assume that ||a;]| = 1 = ||a],
then ||[Pa;||> = 1 — |a]a;|?, where |a]a;| is the correlation between a; and a;. It is shown
in [NW13] that the two-subspace Kaczmarz method, which iteratively projects onto the
solution space associated with two random rows, significantly improves upon RK if A has
highly correlated rows. Thus, Corollary 2.3.12 quantifies a similar phenomenon for the SC-

RK method for higher dimensional subspaces.
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Sampling rows to find a good subspace

Previously, we showed that bounds of the form ||A;,P||% < ||A||% using a specific choice of
rows Iy imply significant improvements in the convergence rate of the SC-RK method over
randomized Kaczmarz. However, what if we are not explicitly given a good set Iy, even
though there is latent low-rank structure in A—in the sense that the matrix has » < n
dominant singular values—that can be exploited? We begin by considering a motivating
hypothetical example where the row span of Ay, is able to align perfectly with the leading

right singular subspace.

Example 2.3.14 (|[ALP|% < [[A[%). Let Ay = U)X V() be the best rank-r approx-
imation of A (with respect to ||-||r), where X,y = diag(c1(A),...,0.(A)) is the diagonal
matrix of the top r singular values of A, and the columns of V(,y € R"™*" and U,y € R™*"
contain the corresponding right and left singular vectors. Suppose that the row span of Ay,

equals range(V ). Then

IALP|% = [AP|7 = [[PAT|7 = AT — PHAT|7 = AT — AJ, |7 = Y 0i(A),
1=r+1

If the top r singular values of A are much larger than the rest, then || A, P||% is much smaller

than [|A]|% = 37, 0;(A)2

Note that in general, such a subset of rows does not exist in A. This raises the following
question: can we efficiently find a small subset I, of rows of A so that the row span of Ay, is
a good approximation of the top r-dimensional right singular subspace of A? This is known
as the problem of finding an approximate CX decomposition in the randomized numerical
linear algebra literature. Algorithms have been proposed that sample rows of A according
to their Euclidean norms [DKMOGb| or their leverage scores (¢;);cim) [DMMO8], where ¢; is
the squared £, norm of the j'™ row of U, using the same notation as the example above
(for more details, see [Mah11]). The following summarizes guarantees for these two sampling

schemes proved in [DMMO08; BMDO09] and [DKMOGb]:
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Theorem 2.3.15 (Theorem 1 [DMMO08] and [BMDO09]; Theorem 4 [DKMO06b]). Suppose that
c rows of A are independently sampled, where row j is selected with probability p; in each
trial. Let Iy be the set of indices of the sampled rows, and P be the orthogonal projection
onto null(Ay,).

(i) If pj = ¢;/r and c = O(rlogr/e?), then with probability at least 0.9,

IAP[: < (L+e)|A = AplE = (1+e) Y oi(A) (2.26)
i=r+1

(ii) If p; = |la;||*/IA|3 and ¢ = O(r/e?), then with probability at least 0.9,

IAPI: < A~ ApF +elAllf = (1+e) Y oi(A)? +e) (AP (2.27)
i=r+1 i=1

Theorem 2.3.15 implies that sampling ¢ ~ rlogr rows of A produces a subspace
that tames the leading r singular values of A with high probability. In practice, it has
been observed that a modest oversampling factor (i.e., ¢ is a small constant times r)
usually suffices [DMMO8|. The relative-error bound (2.26) is better than the additive-error
bound (2.27); however it is more costly because it requires the estimation of the leverage
scores (see, e.g., [Dri+12; HMT11]). By combining Theorem 2.3.15 and (2.22) with the

SC-RK convergence result (Theorem 2.1.1), we deduce the following:

Corollary 2.3.16. Suppose that Iy C [m] contains my = O(rlogr/e?) rows of A, randomly
sampled according to the leverage scores of A relative to its best rank-r approximation as
described in Theorem 2.3.15, and partition A into blocks Aj, and A, with Iy = [m]\ I.

Then with probability at least 0.9 over the sampling of Iy, the SC-RK iterates x* satisfy

UH(A)Q )k
(14¢) 2, 0i(A)?

Bl - x° < (1- = x|
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Thus, if the rank of A is effectively less than r (in the sense Y " ., 0;(A)* < [|A[|%),
then the SC-RK method with iterates constrained to the solution space corresponding to
mo = O(rlogr) randomly sampled rows significantly improves upon RK. Note that similar
results are known for the sketch-and-project method [DR24]. Moreover, the effective rank

of a large-scale matrix A can be estimated in a data-driven manner by sketching [MN24].

2.3.4 SC-RK on random data and dimension reduction

Previously, we discussed how the SC-RK method accelerates the iterative solver when the
matrix A has approximately low-rank structure. In this section, we consider a somewhat
complementary setting to study the effect of the subspace constraint when A is unstructured
and homogeneous: namely, when A is drawn from a class of generic random matrices (pre-
cisely defined below) whose rows behave like independent standard Gaussian vectors. Such
a matrix is typically well-conditioned as long as its aspect ratio m/n is large enough, and
hence the corresponding linear system is easily solved using randomized Kaczmarz. However,
for almost-square systems with an aspect ratio close to one, the convergence rate is far from
optimal.

First, we review some definitions from probability theory (we refer to [Verl8] for more
details). If a € R” is a random vector, we say that a is mean-zero if E [a] = 0, and a is
1sotropic if E [aaT} = I. We say that a scalar random variable X is K-subgaussian if its
subgaussian norm || X ||y, = inf;~o{E [exp(X?/t?) < 2]} is bounded by K > 0; informally,
this means that X concentrates around its mean with a light, exponentially decaying tail.
Furthermore, a random vector a is K-subgaussian if all of its one-dimensional marginals are
K-subgaussian: ||al|y, = Sup,cgn. g1 /l(z; @) [y, < K.

As before, we will continue to assume that A has full rank (almost surely). For our
model, we will allow Aj, € R™*" to be arbitrary, and we assume that A; € R(m=mo)xn jg

a random matrix that satisfies the following:
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A1l. The rows of Aj, are independent, mean-zero, isotropic, and K-subgaussian random

vectors.

The canonical example for our model is a standard Gaussian matrix A whose entries
are independent standard normal random variables. In this special case, exact computations
are often possible (e.g., if A, is a standard Gaussian matrix, then we can choose K =
\/% ~ 1.633). More generically, Assumption Al models unstructured matrices containing
homogeneous data (that is centered and isotropic) with light tails.

Our main result in this section shows that for such matrices, the subspace constraint
imposed by P acts as a form of dimension reduction, typically resulting in a near-optimal
convergence rate of approximately 1 — 1/(n — mg) as long as the “effective aspect ratio”

(m —myg)/(n —my), which may be much larger than m/n, is large enough.

Theorem 2.3.17. Suppose that the rows of A are partitioned into two blocks Ay, and Ay
of sizes mg and m — my, respectively, where Ay, is arbitrary and Ay is a random matriz
that satisfies Assumption Al. There exist constants ¢, R > 0 (only depending on K ) such
that if

m — myg

r=—"">R,

n—mgmy

then for any € € (0,1), with probability at least 1 — 3 exp {—682 (1 - ﬁ) (m — mo)} over

the randomness in Ay, the SC-RK iterates x* satisfy

k

2

* (1 _8)2 R 1 *

Elx* — x*||> < 1—T 1—4/—] - X = x*|2 (2.28)
€ r n — my

In the special case where Ay, s standard Gaussian, this result holds with R = 1.

The values of R and ¢ depend on the precise distributional properties of the random
matrix, and are, importantly, independent of m and n. Note that for tall, large-scale systems

with m,n > 1 and r > 1, the requirement r > R is not difficult to meet, and taking ¢ ~ 0
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shows that the convergence rate is approximately 1—1/(n—my) with a probability guarantee

that is exponentially close to one.

Proof of Theorem 2.3.17

To study the typical convergence rate with a random matrix, we will obtain tail bounds
for o, (A, P) and ||A,P|%. The first lemma is deterministic, and shows that instead of

studying the non-zero singular values of the (m — mg) x n matrix A, P, we can study the

singular values of a thinner (m — mg) X (n — mg) matrix after rotating.

Lemma 2.3.18. Let X € R™*" be a matrixz, and P € R™™ be an orthogonal projection onto
a d-dimensional subspace of R™. Suppose that the columns of Q € R™? form an orthonormal
basis for range(P). Then the non-zero singular values of XP € R™" and XQ € R™ 4 are

the same.

Proof. Note that P = QQ". Let XQ = UXVT be a compact singular value decomposition
of XQ, which means that ¥ is a square diagonal matrix containing the rank(X) non-zero
singular values of XQ, and U,V are rectangular matrices with orthonormal columns. Ob-
serve that XP = UX(V')T where V' := QV also has orthonormal columns. This allows us
to conclude the desired result since the non-zero singular values of XP are presented in the

same matrix 2. ]

Remark 2.3.19 (Gaussian distribution). Suppose that the rows a; of A, are independent
standard Gaussian vectors in R”. Note that the matrix Q can be represented as Q = QR
where Q € R™" is an orthogonal matrix and R : R® — R"7"° is the restriction operator
R = (Inmo ()). The distribution of each row a; is rotation invariant and so Aj, A Q.

Hence, by Lemma 2.3.18,
(01 (AL P), 02(ALP), ..., 0pm(ALP)) = (01 (ALRT), 02(ALRT), ..., 0y (AL RT)).

Note that the rows of A;, RT € R(m=m0)x(m=mo) are independent Gaussian vectors in R"~0.
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The upcoming probabilistic results show that the same intuition extends to more generic
matrices with Gaussian-like tails. First, the following result shows that the smallest non-zero

singular value of A, P can be lower bounded with very high probability.

Lemma 2.3.20. Let P be an orthogonal projection onto a fixed (n — mg)-dimensional sub-
space. Suppose that the random matriv Aj, € RM=m0)Xn satisfies Assumption Al. Then
there exists an absolute constant C' > 0 such that for all s > 0, with probability at least

1 — 2e=<*(m=mo) the smallest and largest non-zero singular values of A, P satisfy

U$in(A11P> Z VM —mg — C’K2(\/n —mo+ svm—mg)  and
Omax(ALP) < /m —mg + CK?*(\/n — mg + sy/m — my).

In the case where Ay, is Gaussian, the inequalities hold with CK? replaced by one.

Proof. Let Q € R(m=mo)x(n=mo) he 5 matrix whose columns form an orthonormal basis for
range(P). By Lemma 2.3.18, the smallest and largest non-zero singular values of AP €
Rm=m0)xn and B := A;,Q € Rm~m0)x(n=mo) are equal. It can be directly checked that
the rows of B are also independent, mean-zero, isotropic, K-subgaussian random vectors
in R"0. Hence, using a standard tail bound for the extremal singular values o, (B)
and opax(B) of the random matrix B (see [Verl8, Theorem 4.6.1]) implies the claimed
inequalities. In the Gaussian case, the precise constants can be computed using Gaussian

concentration tools (see [Verl8, Corollary 7.3.3, Exercise 7.3.4]). O]

Remark 2.3.21. The minimum restricted singular value of random matrices has also been
studied in the context of universality laws for randomized dimension reduction in [OT18|. If

the entries of A, are independent random variables satisfying some mild regularity condi-

tions, then [OT18, Theorem II| establishes that o, (A, P) &~ v/m —mg — Cy/n — mq with

high probability since range(P) is a (n —mg)-dimensional subspace in R™. Thus, 0. (A}, P)

is of comparable order for a wide class of distributions. However, the maximum restricted

singular value is not necessarily universal.
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Next, our goal is to obtain tail bounds for ||A;,P||% = ., ||Pa;||>. In the setting where

Jjeh
the rows a; of A, are mean-zero, K-subgaussian random vectors, it is proved in [Jin+19]
that the Euclidean norms ||a;|| are O(K+/n)-subgaussian. The next lemma states that the

norms of the projected vectors ||Pa;|| are O(K+/n — mg)-subgaussian.

Lemma 2.3.22. Let a be a mean-zero, K-subgaussian random vector in R™, and P be an

orthogonal projection onto a fixed d-dimensional subspace. Then the subgaussian norm of

|Pal| is bounded by CK+/d for some absolute constant C' > 0.

The proof uses the following geometric observation about unit spheres of subspaces, which
we record for later reference. We say that N is an e-net of a set S C R* if A/ C S and
every point in S is within distance ¢ of some point in N. It is known that there exists an
e-net of the d-dimensional unit sphere S*! := {x € R¢: ||x|| = 1} with cardinality bounded
by (1 + 2/¢)¢ for any d (see, e.g., [Verl8, Corollary 4.2.13]). Thus, if U is a d-dimensional
subspace of R", then by identifying &/ = R (using the fact that rotations are isometries)

and obtaining a net of S~!, we deduce the following:

Lemma 2.3.23. Let U be a d-dimensional subspace of R™. Then for any € > 0, there exists

an e-net N of U NS with cardinality IN'| < (1 +2/¢)4.

Proof of Lemma 2.3.22. The proof is similar to the proof of [Jin+19, Lemma 1|; we provide
it for completeness. First, it can be checked that Pa is also a mean-zero K-subgaussian
random vector. Next, by Lemma 2.3.23, we can fix a 1/2-net N of range(P) N S"~! with

cardinality |A| < 5"~™0. By using these observations, we will show that

P (||Pal| > t) < 2¢~/00K (n=mo))  for all ¢ > 0. (2.29)
Indeed, for any realization of Pa, there exists v € N such that Hl\ﬁ_z\\ — VH < 1/2, and we

can write

Pa
| Pall

[Pall
2

|Pal| = (v,Pa) + < V,Pa> < (v,Pa) + —v| - ||Pal| < (v,Pa) +
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to deduce that |Pa|| < 2 (v,Pa). Therefore, because (v, Pa) is a mean-zero, K-subgaussian

random variable, a union bound implies that for all £ > 0,
t
P(|Paj =) <P (3V eN :(v,Pa) > 5) < prmmo , o—t*/(4K%)

We claim that this implies (2.29). If t* < 4log(5)K?(n — myg), then (2.29) trivially holds.

Otherwise, if t? = 41log(5)K?(n — mg) + s for s > 0, then

Frmmo | 12/ (K?) _ o=s/4K?) < o=s/(610g(5)K*(n=m0)) < e—t*/(10K>(n=m0)).

Thus, the tail bound (2.29) holds for all ¢ > 0, which implies that (by, e.g., [Verl8, Proposi-
tion 2.5.2]), || Pal| has subgaussian norm bounded by C'Kv/n — my for some absolute constant
C>0. O

Lemma 2.3.24. Consider the same setup as Lemma 2.3.20. Then there exists an absolute

constant ¢ > 0 such that for all € > 0, with probability at least 1 — efcmi“{s’g}(m*mo)/w,
|ALP|F < (1 +¢)(m —mg)(n —mp). (2.30)

Proof. Since P is an orthogonal projection onto an (n — mg)-dimensional subspace and a; is

isotropic, using the cyclic property of trace implies that for all j € I,
E||Pa;||* = E [tr(a] Pa;)| = tr(E [a;a] | P) = tr(P) = n — my.
Therefore,

E[|ALP|} =E [ZIIPEMII2 = |L] - E[[Pay[* = (m — mo)(n — mo).

el

Now, the random variables ||Pa;| are independent and, by Lemma 2.3.22, O(K+/n —my)-

subgaussian. Hence, by centering and Bernstein’s inequality [Ver18, Theorem 2.8.1|, there
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exists an absolute constant ¢ > 0 such that

P (|ALP|F — (m —mp)(n —mg) > t) < exp (_%mmhm_moﬁ | / })

)(n —mg)?’ n—my
for all ¢t > 0. By choosing t = e(m — mg)(n — my), we obtain (2.30). O
The main result of this section now easily follows from the tail bounds for A P.

Proof of Theorem 2.5.17. Suppose that the random matrix A, P satisfies the events in

Lemma 2.3.20, using s = ¢ (1 — Cf;) # and relabelling C?K* by R, and Lemma 2.3.24.
If this occurs, which holds with the claimed probability after simplifying, the convergence

result (2.28) then directly follows from the SC-RK convergence result, Theorem 2.1.1. [

2.4 Analysis of the QuantileSC-RK algorithm

In this section, we consider the QuantileSC-RK method for solving corrupted linear systems
(Algorithm 2.2). Recall that in our model, we are given a corrupted measurement vector
b := b + be, where b is a sparse vector of arbitrary corruptions supported on C C [m], as
well as a corruption-free subset Iy C [m] of size mg such that (be);, = 0. Our goal is to
reconstruct the solution x* of the linear system Ax = b.

Our main result in this section is Theorem 2.4.1, which shows that the QuantileSC-RK
method is able to converge robustly and efficiently when A is an unstructured random matrix
as long as the effective aspect ratio (m — mg)/(n — my) is tall enough and the proportion
of corrupted measurements |C|/(m —mg) is not too large. Specifically, we consider the class
of “Gaussian-like” random matrices previously considered in Section 2.3.4, and assume that
A, is a random matrix that satisfies Assumption Al in addition to the following continuity

assumption:
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A2. Each row of Aj, either has a log-concave distribution? or has independent entries with

bounded probability densities.?

The class of log-concave distributions is a generalization of the standard Gaussian distribu-
tion that allows for some dependence between the entries of a random vector; for example,
the uniform distribution over any convex body in R" is log-concave. For more details and
examples, we refer to [SW14].

Assumption A2 is essentially needed for technical reasons for our proof of Theorem 2.4.1.
Empirically, convergence is observed even if A has random discrete entries [Had+22|, or if
A is a structured, sparse matrix in an imaging problem (see Section 2.5.6). The assump-
tion of having independent coordinates with bounded densities in each row was previously
considered in [Had+22|, and we extend the model by allowing for log-concave distributions.

We can now state our main result:

Theorem 2.4.1. Suppose that the rows of A are partitioned into blocks Ay, and Ay of
sizes mgy and m — my, respectively, where Ay, is arbitrary and Ay, is a random matriz that
satisfies Assumptions A1 and A2. Suppose that the corrupted measurement vector b= b+be
is observed, (bc), = 0, and a quantile parameter q € (0,1) is fivzed. There exist constants

Bo € (0,1) and R > 1 (only depending on q and K ) such that if

MM S R and o= Y

< B, (2.31)
n—myo m —mg

then for some constants c¢y,co > 0 (only depending on q, 5, and K ), with probability at
least 1 — 6e=1(m=™0) oper the randomness in Ay, the QuantileSC-RK iterates x* from Al-

gorithm 2.2 converge to the solution x* in expectation with

n—1mg

k
Enx’f—x*nk(l— ¢ )-||x°—x*||2. (2.32)

2A log-concave distribution in R™ has a probability density f that satisfies f(Ax + (1 — \)y) >
F)AMf(y) for all A € [0,1] and x,y € R™.
3By scaling, we may assume without loss of generality that the densities are bounded by one.

62



As mentioned previously, the values of the constants ¢; and ¢y are dominated in large-
scale systems with m,n > 1, and the requirement (m — mg)/(n — mg) > R is not difficult
to meet if the system is tall and there is enough external knowledge (i.e., m > n, mg > 1).
In addition, we believe that it should be possible to obtain sharper theoretical estimates for
Bo and R.

The strategy to prove Theorem 2.4.1 is to combine a deterministic sufficient condition
for the convergence of QuantileSC-RK, adapting a result for QuantileRK proved by [Ste23],
with probabilistic results for the spectra of the projected random matrix A, P. First, we
define some spectral quantities that will be needed. For a € (0, 1], define

a;;min(AhP) = inf or ((A,P)r). (2.33)

TCh min
|T|=a(m—mo)

For simplicity, we will assume throughout that a(m — mg) is an integer. This quantity,
which represents the uniform minimum singular value over all row submatrices of A;, P with
a(m — mg) rows, has appeared in previous analyses of the QuantileRK algorithm [Had-+22;
Ste23], and quantifies whether there are any poorly-conditioned row submatrices that are

particularly susceptible to corruptions. Similarly, define

7, = sup H(AIIP)TH%. (2.34)

Together, (2.33) and (2.34) provide a uniform upper bound for the scaled condition numbers
of all row submatrices of A, P possibly containing the uncorrupted, admissible rows (i.e.,
whose residuals are smaller than the quantile threshold). This is the key step which guar-
antees that the expected improvement from moving in an uncorrupted direction offsets the

expected deterioration caused by a corruption.
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2.4.1 A deterministic condition for convergence

The following lemma provides a deterministic condition that guarantees the convergence of
the QuantileSC-RK algorithm for any arbitrary sparse corruption vector be, which may be
of independent interest. This is adapted from a similar condition for convergence of the
QuantileRK algorithm that was proved by Steinerberger [Ste23]. It is a very strong, albeit
restrictive, deterministic result that holds for all arbitrary corruptions that affect at most
a [ proportion of the rows in I;, and depends on the spectral properties of the projected

matrix Ay, P.

Lemma 2.4.2. Recall that C C I; are the indices of the corrupted measurements, and
= |C|/(m — myg). Suppose that B < g <1 — (. Define

1
Cop = 7., {‘7 ~pmin(ALP)? — ona (AL P)? (%ﬁq +2 %) } : (2.35)
o

where o5 (A P) is defined in (2.33), and Z,_5 in (2.34). If Cq3 > 0, or equivalently,

O g min(ALP)? B P B (2.36)

>
Umax(AllP) 1— q 1 - q

then the QuantileSC-RK iterates x* from Algorithm 2.2 converge to the solution x* in ex-

pectation with

Ellx* — x*||> < (1 — Cp)* - |x° — x*||%. (2.37)

The proof of Lemma 2.4.2 follows the same strategy as [Ste23] with a minor improvement

in the condition (2.36) for convergence. For completeness, we provide the full details.

Proof. Consider the iterate x*. Recall that J = J(q, k) is the set of indices of the admissible
rows that satisfy |b; —alx*| < ~, = ¢-quantile {|b; — a]x*| : j € I, }, with [J| = q(m — my).
Let S := CnNJ be the indices of the corrupted yet admissible rows, which satisfies 0 < |S| <

B(m — mg). Recall that the row j is sampled from J with probability equal to |Pa;||*/Z,,

64



where Z; := 37, ,|IPa;||? is the normalizing constant. Conditional on all the choices up to

the k' iteration, we have

: CesPayl? :
By | — x"* = [1 - S | Epensy X = x| (2.38)
eslPayll :
+ = e x|, (2:39)

where Ey;cs) denotes the expectation further conditional on j € S, and similarly for Eg;e n ;-
We proceed to estimate the two summands (2.38) and (2.39) individually.

Step 1: Lower bounding the improvement from selecting an uncorrupted
equation. Conditional on sampling an admissible, uncorrupted equation j € J \ S, the

improvement is given by one step of the SC-RK method applied to the row submatrix

(A;,P)ns. Thus, by Theorem 2.1.1,

+ AP 2
E{jeJ\S}||Xk+1 . X*”Q < (1 o Umm(( I )J\S) > . ||Xk . X*HQ.

ZjeJ\S||Paj||2

Since |J\ S| > (¢ — B)(m —my), by using the definition of " (A, P) in (2.33) together

q—[3,min

with the fact that adding rows to a matrix can only increase its minimum singular value, we

obtain the following upper bound for the first term (2.38):

_o||Pa;||? of 4. . (A P)?
(1 _ ZyGSH ]H ) ) HX]C o X*HQ o qu,mm( I ) k X*HQ- (24())

Z; Z; Ix

Step 2: Upper bounding the deterioration from selecting a corrupted equa-
tion. The second term (2.39) represents the possible deterioration from selecting a corrupted

yet admissible row that may take x* further away from the solution x*. By expanding the
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square, it is equal to

> jes|Payll? [ Pay|”
Zy ies ZieS“PaiH2
> ieslIPayll? 2 .
_ Zwes | Tall e H2+—Z“’ —apx 4 7o) (b - apx)(Pay)T(x" —x)

JGS JjES
> jes|Payl®
jEZ—JII x||* + —|5|7q vq\/IS [ [(ALP)e(x" =), (2.41)

<

where the definition of the quantile 7, and Cauchy-Schwarz is used for the inequality.

Step 3: Bounding the g-quantile of a sample. Since any uncorrupted row a; with

j € I\ C satisfies a]x* = b;, we have
b; — a}xk = a}(x* —x") = (Pa;)" (x* — x"),

recalling that x*—x* € null(A;,). Since there are at least (1—q)(m—mg)—(8(m—mg)—|S|) =

(1 —q— B)(m — myg) + | S| uncorrupted equations in I; whose residual is larger than v,, we

have

(1—qg—08)(m-— m0)+\5|7q§2|b Tk2<Z‘Pa] X—X)‘2

jen\C jeh

= [ALP(x" = xX")|* < omax(ALP)* - [[x* — x|

Therefore, the g-quantile of the sizes of the residuals can be bounded by

~ UmaX<A]1P)
Y o R Y

|l =% (2.42)
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Step 4: Conclude. Combining (2.40) and (2.41) with the bound on ~, shows that the

expected relative improvement Ey || x*™! — x*||?/||x* — x*||? is upper bounded by

1 S|? 2 S|I(A —
1= (or, agpyp - 905 20V ISTHALP)eG! - x|
Z; min [k —x*)|2 [[x* — X*H2

5] Omax(ALP)? | 2/[S] - Omax(A L, P)

_|_
g+ |S] g+ |S]

> . (243)

where 6 :== (m —myg)(1 — g — 3). Now, we can upper bound Z; by Z,_s from (2.34). Next,

consider the function f(z) = 7= + \/;C—Ix, and observe that f(|S|) appears in the upper

1
<1l—— AP
ZJ( ﬁmln( I )

bound (2.43). Since f’(z) > 0 for all z > 0, the upper bound is increasing in |S|. Because
|S| < B(m — myg), we conclude that the most pessimistic bound, independent of |S| and J

(and hence k), is obtained by setting |S| = 8(m — my), which implies that
Ey|[x" ™ —x*||? < (1 — Cyp) - |x* — x*||>,  where C, 5 is defined in (2.35).

To ensure that the mean squared error contracts after each step, it suffices for Cj g to be

positive: this is exactly secured by the condition (2.36). By iterating, we obtain (2.37). O

Note that Lemma 2.4.2 only provides a sufficient condition for convergence in the worst
case (see [Ste23] for further discussion). Empirically, convergence is observed for larger values
of B because the corruptions are quickly detected and trapped beyond the threshold. The
dependence on |S| in (2.43) shows that if the number of admissible, corrupted equations is
small, then far less is demanded of the spectral quantities of A; P for the mean squared
error to contract. For similar reasons, the QuantileRK method also empirically outperforms

currently available theoretical convergence guarantees [Had-+22; Che+23|.

2.4.2 Proof of Theorem 2.4.1

To prove Theorem 2.4.1, our strategy will be to show that the ratio of op.(A,P) and

of (A, P) is of the same order with high probability. Together with the condition (2.36)

67

q— 3, min



for convergence in Lemma 2.4.2; this implies that the QuantileSC-RK method will efficiently
converge if the proportion of corruptions is small enough.

First, we show that a;r_ﬁ,min

(A, P) can be lower bounded with high probability as long
as the effective aspect ratio (m —myg)/(n —myg) is tall enough. This is proved using a similar

technique as [Had+22, Proposition 3.4].

Lemma 2.4.3. Let P be an orthogonal projection onto a fived (n—my)-dimensional subspace,
a € (0,1], and Aj, € RO"m0X" be o random matriz that satisfies Assumptions A1 and A2.

Then there exist absolute constants C,0 > 0 such that if

m—mgy _ 24 360(1 + CK?)
> —1 _ = 2.44
n—my  « og( a’/? ’ (2.44)
then with probability at least 1 — 3e~(m—m0)/24
032
dnf o ((AnP)r) = —5-vm —ms. (2.45)

|T|=a(m—mqg)
In the case where Ay, is Gaussian, this result holds with CK? replaced by one and 0 = 2+/2.

Proof. Recall that S"™™' = {x € R" : ||x|| = 1} denotes the unit sphere. By Lemma 2.3.23,
we can fix an e-net A of range(P)NS"~! with cardinality |N] < (3/¢)"™ for some ¢ € (0, 1]
to be chosen later. Fix any T' C I; with |T| = a(m — mg). Since for any z € range(P) N
S"=1 there exists x € N such that ||z — x|| < ¢, using the reverse triangle inequality and

(AL P)r|| < ||[ALP|| implies that

z€range(P)NSn—1

Omin(ALP)7) > inf  [(AnP)r)z| = inf [(AnP)rz]| —<|ALP]. (2.46)
Firstly, by Lemma 2.3.20 (with s = 1), we have that with probability at least 1 — 2e~(m=m0),

IALP|| < (1+ CK?)v/m —m. (2.47)
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Next, our goal is to define an event € on which a good bound for infycpr||(A;, P)r)z|| that is

independent of T holds. More precisely, for every j € I, and x € N, define the “bad” event

£ = {|{a,.%)| < o/ (46)}

where 6 is some constant to be specified later. Let £* be the “good” event where less than
a(m — mg)/2 of the events (£X)jer, occur, and &€ = (), .\ EX. Observe that (Pa;,x) =
(a;, Px) = (a;, x) since x € range(P). Therefore, on &, at least half of the rows of (A, P)r

have nontrivial correlation with any x € A/, which implies that

3/2

, alm—mp) o a
inf ||(AP)rx|| = inf > | (Pay,x) _\/ : > m—mg. (2.48)

= 2 16602 — 66
To balance (2.47) and (2.48), we choose € = a/2/(120(1 + CK?)). Therefore, if both events
& and (2.47) hold, then (2.46) implies that the desired bound (2.45) holds.

It remains to bound the probability of the event &£, for which we will combine an anti-
concentration result with a Chernoff bound. By using either [RV15, Theorem 1.2] if the row
a; has independent entries with bounded densities (with 6§ > 2v/2), or [CW01, Theorem 8] if
a; has a log-concave distribution (increasing the value of 6 based on the absolute constant in
this result), we deduce that P (SJX) < «/4 for all j € I;. Hence, a standard Chernoff bound
implies that P (£%) > 1 — e~(m=m0)/12 for all x € A/, and a union bound shows that & fails

to hold with probability less than

—a(m —my) 3 a(m — mo) —a(m—
. —alm=—mo)\ _ Ve (2 U m0)\  ameme) /24
N - exp < 3 ) < exp ((n mg) log <€) 3 <e :

where the condition (2.44) is used for the final inequality. Combining this with the probability

bound for (2.47) to hold completes the proof. O
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Next, the following lemma bounds Z,_s from above with high probability. Note that for
any fixed T C I; with |T| = a(m —my), the expected value of [|(A7,P)r|% = > cr[Payl?

is a(m — mg)(n — my).

Lemma 2.4.4. Let P be an orthogonal projection onto a fized (n — my)-dimensional sub-
space, o € (0,1], and A, € RM=m0X" pe q random matriz that satisfies Assumptions Al
and A2. Then there exists an absolute constant ¢ > 0 such that with probability at least

1— e—ca(m—mo)/K4

)

sup  [[(ALP)7|3 < (2 + K74 log (2)) a(m —mg)(n —myg). (2.49)

Proof. For all fixed T' C I with |T'| = a(m — my), Lemma 2.3.24 applied to the submatrix

A, P)r implies that there exists an absolute constant ¢ > 0 such that for all € > 0,
( 1
P (H( A 11P)TH2 > (1 8) (m mo)(n mo)) < efcmin{gQ,E}a(mfmo)/Kzi'

Hence, by a union bound over all (a&__’fnoo)) < evm=—mo)log(e/a) guch subsets T, we

deduce that the probability that the event (2.49) does not hold is not greater than
exp { —a(m —mg) (& —log (£))} for ¢ > 1. In particular, choosing ¢ = 1 + K7410g (£)

leads to the claimed probability guarantee. O]

By combining our tail bounds for o, (A, P) and 0;_ 8min

(ALP) as well as Z,_3, we

can now prove Theorem 2.4.1.

Proof of Theorem 2./.1. In this proof, the various constants of the form ¢, C,... that ap-
pear only depend on K. By Lemma 2.3.20, 0. (A, P) < C1y/m — mg with probability at
least 1 — 2e~0m=™0) By Lemma 2.4.3, 0F gmin(ALP) > Ca(q — B)%/2\/m — mg with prob-

ability at least 1 — 3e~2(4=#(m=m0) "given that the condition (2.31) is satisfied. Therefore, if
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both of these events hold, then

O;—B7min(AhP>2 > % 2( _5)3
o AnPY2 =\ ) TP

Hence, by Lemma 2.4.2 we deduce that the QuantileSC-RK algorithm converges if

Since q is fixed and the right-hand side can be made arbitrarily small by decreasing [, it
follows that this condition is satisfied as long as ( is sufficiently small. Finally, Lemma 2.4.4
implies that Z, 3 < C, 5(m — mg)(n — mg) with probability at least 1 — e=¢(a=A(m=mo) for
some constant C, g3 > 0 that only depends on ¢, 3, and K. If all of these events hold, then
Lemma 2.4.2 implies that QuantileSC-RK converges with the claimed rate (2.32). The proof

is completed after simplifying the probability bound. m

2.5 Numerical experiments

In this section, we present numerical experiments that demonstrate various features of the
SC-RK method (Algorithm 2.1) and the QuantileSC-RK method (Algorithm 2.2). For the
plots with random, simulated data that follow, the lines represent the median over 200 trials,
and the shaded regions indicate the 0.1- and 0.9-quantiles around the corresponding medians.
The log relative error refers to the quantity log(||x* —x*(|/||x° — x*||). The experiments were

performed on a MacBook Air M1 with 8GB RAM using Python 3.11.

2.5.1 SC-RK method for systems with correlated rows

In Figure 2.2, we compare the performance of the SC-RK method on a system with highly

correlated rows for various sizes mg of Iy. It is known that RK performs poorly in this

setting [NT14; NW13]. The entries of A € R*090x1000 ar¢ independently and uniformly
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distributed on [0.9,1.1], and the solution x* € RY%% is a standard Gaussian vector. The
same initial iterate starting in the solution space corresponding to the biggest block (i.e.,

mgy = 200) is used for each variation.

Figure 2.2: Performance of SC-RK on a system with highly correlated rows for various sizes
mo of Aj. (Left) Log relative error at each iteration. (Right) Log relative error against
time elapsed, including the initial cost of precomputing A;O for each mg. The time taken to
reach a log relative error of less than —8 is reported in brackets (N/A indicates that this was
not reached in 30 seconds).

As predicted by Corollary 2.3.12, the SC-RK method with I, as the first mg rows of
A outperforms RK for any my > 1 since the pairwise row correlations of A are bounded
from below. Moreover, increasing my increases the rate of convergence (see Theorem 2.3.17).
However, since increasing mg leads to heavier iterations and a higher initial cost from com-
puting A;O (see Remark 2.1.3), the optimal block size for a given target error and time

budget is not necessarily the largest as highlighted by Figure 2.2 (right).

2.5.2 SC-RK method for systems with low-rank structure

In Figure 2.3, we consider the performance of the SC-RK method on a structured matrix
A € R2000x1.000 " constructed as in Example 2.3.11. The first » = 20 rows of A are normalized
standard Gaussian vectors. The remaining m—r rows (a;);-, are equal to a; = (1—¢)a’+ec;,

where ¢ = 0.1, a is sampled from {ai,...,a,}, and ¢; is sampled from span({ay, ... a b))t
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and normalized; i.e., a; mainly consists of a row from the special top block plus some noise

in the orthogonal direction. The solution x* € R is a standard Gaussian vector.

Figure 2.3: Performance of SC-RK on a coherent system with low-rank structure using a
“perfect” block (with my = 20) and a randomly sampled block (with my = 100) as described
in the main text. The two-subspace Kaczmarz method [NW13] and randomized block Kacz-
marz method [NT14] (with two block sizes) are also included. (Left) Log relative error at
each iteration. (Right) Log relative error against time elapsed, not including the initial
costs of precomputing pseudoinverses for SC-RK and block Kaczmarz. The time taken to
reach a log relative error of less than —8 is reported in the brackets (N/A indicates that this
was not reached in 30 seconds).

The SC-RK algorithm is run with two choices of Iy: the first uses the “perfect” block
of size mg = 20 with the rows {a;,...,a,} that generate the coherence structure. The
second variant uses a block of my = 5r = 100 rows of A sampled (without replacement)
uniformly at random. This represents the case where the source of coherence is unknown,
but sampling the effective rank of A (with an appropriate oversampling factor) should find a
good block Aj, as predicted by Theorem 2.3.15. Indeed, Figure 2.3 shows that both choices
of Iy converge effectively: the dramatic improvement in the per-iteration convergence rate of
SC-RK over RK shown by the left plot is explained by the (inverse) scaled condition number
o (ALP)/||ALP|r = 9.33 x 1073 of AP with my = 20 (and similarly 9.56 x 1073
with my = 100) being significantly larger than the corresponding quantity o (A)/||Allr =
3.29 x 1075 for A (see Section 2.3.3).
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The two-subspace Kaczmarz method [NW13| and randomized block Kaczmarz method
[NT14] (using equally-sized blocks of size 20 and 40 chosen uniformly at random, and pre-
computed pseudoinverses) are also included. The same initial iterate as SC-RK with mg = 20
is used. It is known that these algorithms perform well in systems with highly correlated
rows, such as the one previously considered in Figure 2.2. However, Figure 2.3 shows that
the effectiveness of two-subspace Kaczmarz and block Kaczmarz with blocks of size 20 that
are “too small” is impeded by the coherence structure of A.

On the other hand, block Kaczmarz with blocks of size 40 that are “large enough” (relative
to r = 20 for this problem) converges effectively. While Figure 2.3 (left) shows that it
converges with a greater per-iteration rate than SC-RK (since it effectively uses 40 new rows
in each iteration instead of just one), Figure 2.3 (right) shows that the lighter iterations of

the SC-RK method actually makes it more efficient on a time basis.

2.5.3 SC-RK method for noisy systems

In Figure 2.4, we consider the performance of the SC-RK algorithm on a noisy system
to demonstrate the validity of the error horizon predicted by Theorem 2.3.4. The rows of
A € R300X190 516 independent normalized standard Gaussian vectors, the solution x* € R'%
is a standard Gaussian vector, and the entries of the noise vector R are independently and

uniformly distributed on [—0.01,0.01].

2.5.4 QuantileSC-RK algorithm

In Figure 2.5, we compare the performance of the QuantileSC-RK and Quantil-
eRK [Had+22| methods on Gaussian systems A with different aspect ratios, where
the measurements are corrupted by a sparse vector with ¢ non-zero entries independently
and uniformly distributed on [—1,1]. The rows of A are independent normalized standard

Gaussian vectors, and the solution x* is a standard Gaussian vector.
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Figure 2.4: Convergence paths for the SC-RK (with Iy equal to the first mgy = 25 rows)
and RK methods on a noisy system. The dashed/dotted lines indicate the predicted error
horizons 7y + v, from Theorem 2.3.4 and v = ||R||?/0min(A)? from [Neel(], respectively.

Tall systems are considered in Figure 2.5a, where 100/500 = 20% (resp. 100/480 ~
20.8%) of the rows of A (resp. Aj,) correspond to corrupted measurements. These plots
replicate the finding that the QuantileRK method converges effectively for tall, Gaussian-like
matrices even in the presence of numerous corruptions [Had+22], and also show that ex-
ploiting information about corruption-free measurements using the QuantileSC-RK method
accelerates convergence (see Theorem 2.4.1).

Almost-square systems are considered in Figure 2.5b, where 10/130 ~ 7.7% (resp.
10/55 ~ 18.2%) of the rows of A (resp. Aj,) correspond to corrupted measurements. It is
clear that the QuantileRK method is unable to make any progress in this setting. On the
other hand, the QuantileSC-RK method converges for ¢ around 0.8, which demonstrates that
exploiting external knowledge in the form of a large block A, corresponding to corruption-

free measurements can enable convergence in such challenging settings.
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(a) Tall system A5%0%50 with ¢ = 100, mg = 20, k = 4,000, and grk = gscrx = 0.75.

(b) Almost-square systems A 39190 with ¢ = 10, mg = 75, k = 10,000, gqrx = 0.9, gscrk = 0.8.

Figure 2.5: Performance of the QuantileSC-RK method, given a corruption-free block of
size mg, compared to the QuantileRK method [Had+22| on Gaussian systems with different
aspect ratios and ¢ corrupted measurements. (Left) Log relative error after k iterations
for various values of the quantile parameter q. (Right) Convergence paths using the best
quantile parameters qrx and ¢scri.

2.5.5 Systems of differential equations with inconsistent initial con-
ditions

We consider the problem of numerically solving a system of differential equations given com-
peting data for the initial conditions as another application of the QuantileSC-RK method.
After discretization via a finite difference scheme, two types of equations arise: the first
describe the underlying law and can be considered to be known exactly, and the second type

encode the initial conditions, which can be obtained from real data with potentially faulty
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measurements. Thus, the problem can be viewed as one about detecting and disregarding the
“corrupted” equations coming from inconsistent initial conditions, given that the majority of
the equations of the first type can be “trusted”.

In Figure 2.6, we consider the linear system obtained from discretizing the differential
equation y” = 0 for a line illustrate this idea. The top 98 x 100 block is a Toeplitz matrix
with entries 1, —2,1 along the diagonal before normalization, which we take to be A;,. We

consider two sets of initial conditions corresponding to two lines: Line 1 being y = x with

10 initial conditions, and Line 2 being y = 25 — /2 with 5 initial conditions.

1254 - Least squares 125 - Least squares E
--- QuantileRK --- QuantileRK _,-‘
1001 —— QuantileSCRK samples (q=0.65) 1001 QuantileSCRK samples (q=0.3) L e
—e— Line 1 (38/50) —e— Line 1 (5/50) Sl
751 —e— Line 2 (0/50) 751 —e— Line 2 (45/50) o

50 1 50 1 o
] J e :
25 251 o s, 5
e “u :
of ¥ el o e o € TERea. o s
\ o< \
\ : \
—251 > | -251 : .
-501 ~501
0 20 40 60 80 100 0 20 40 60 80 100

Figure 2.6: Solving a discretized differential equation for a line in the plane given two sets
of inconsistent initial conditions as described in the main text. (Left) 50 outputs after
10,000 iterations of QuantileSC-RK with ¢ = 0.65 (translucent gray lines); 38 out of the 50
converged to Line 1 (in the sense ||Apine 1X* — brine 1]|2 < 1073). (Right) 50 outputs after
10,000 iterations of the QuantileSC-RK algorithm with ¢ = 0.3 (translucent orange lines);
45 out of the 50 converged to Line 2.

The plots show that solving this system using least squares or QuantileRK produces poor
solutions. However, using QuantileSC-RK with a careful choice of the quantile parameter
enables convergence to one line or the other as the algorithm is able to find a set of consistent
initial conditions: when ¢ = 0.65, QuantileSC-RK converges to Line 1 a majority of the
time (left), and when ¢ = 0.3, QuantileSC-RK converges to Line 2 instead (right). We
also observed that the initial iterate x° has a significant biasing effect on which solution is

preferred for convergence. Our initialization—a random Gaussian vector projected onto the
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solution space of Aj,—intuitively corresponds to a random line centered on the z-axis on

average, which is closer to Line 2.

2.5.6 CT image reconstruction

Finally, we investigate the performance of QuantileSC-RK on a realistic dataset. We consider
the Shepp—Logan phantom [SL74|, generated using the Air Tools II package [HJ18] with
parameters N = 50 (the image is N x N), 0 = {0,2,4,...,178} (angles used), and p = 50
(number of parallel rays). The image is encoded by the measurement matrix A € R*500%2,500
and measurements b € R+ A subset I, of my = 500 rows of A was randomly chosen to
be corruption-free (e.g., corresponding to trustworthy measurements), and a random set of
c¢ = 1,125 of the remaining measurements were corrupted by quantities uniformly distributed
in [2, 6] to produce the corrupted measurements b.

In Figure 2.7, we show various reconstructions given A and the corrupted measurements
b. Tt is clear that the least squares solution is very poor. The QuantileRK method, initialized
from zero, achieves a noisy reconstruction that does not recover the fine details. Using

QuantileSC-RK with the corruption-free block Aj, achieves the best reconstruction, even

though a significant proportion (25%) of the measurements have been corrupted.

Underlying phantom Least squares QuantileRK QuantileSCRK

Figure 2.7: Reconstructions of the Shepp-Logan phantom from A € R%500x2500 414 b ¢
R*°%0 with ¢ = 1, 125 corruptions as described in the main text. The QuantileSC-RK method,
given a corruption-free block A, of size my = 500, and the QuantileRK method were both
run using ¢ = 0.7 for 60m = 270,000 iterations, obtaining a final ¢, error ||x* — x||, of 3.47
and 6.85, respectively.
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2.6 Concluding remarks

In this chapter, we introduced the subspace-constrained randomized Kaczmarz (SC-RK)
method for solving consistent, overdetermined systems of linear equations Ax = b, which
provides a framework for studying the dynamics of the randomized Kaczmarz algorithm
when the iterates are confined to a selected solution space Ajx = by,. We described the
convergence rate of the SC-RK method in terms of the spectral properties of the matrix
A, P, where P is the orthogonal projector onto null(A;,). We also demonstrated, both
theoretically and empirically, how the SC-RK method can exploit approximately low-rank
structure to accelerate convergence.

We also proposed the QuantileSC-RK method for solving corrupted linear systems, which
is able to exploit external knowledge about corruption-free subsystems. In addition to the-
oretical convergence analysis, we demonstrated numerically that it is able to converge for
almost-square corrupted linear systems, where existing iterative methods are ineffective, and
that it can be useful for solving differential equations with inconsistent initial conditions and
image reconstruction from significantly corrupted measurements.

The framework of subspace-constrained iterations raises many possible future directions.
For example, since our analysis showed that the SC-RK updates simplify to a version of
the usual Kaczmarz updates with skewed step directions and the projector P acts as a
right preconditioner for A to improve the convergence rate, it seems plausible that similar
ideas could be applied to related solvers such as the sketch-and-project algorithm [GR15a]
or iterative projection methods for solving systems of linear inequalities [LL10; BN15]. It
would also be interesting to develop and analyze a QuantileSC-RK method in which the
trusted solution space is built up adaptively in a data-driven way, based on the information
accumulated during the iteration process, which could lead to an effective way for solving

corrupted linear systems even in the absence of external knowledge.
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Chapter 3

Subspace-constrained randomized
coordinate descent for linear systems
with good low-rank matrix

approximations

This chapter is based on the following joint work with Elizaveta Rebrova:

J. Lok and E. Rebrova. “Subspace-constrained randomized coordinate descent
for linear systems with good low-rank matrix approximations”. SIAM Journal
on Matriz Analysis and Applications, 2026. To appear. arXiv: 2506.09394

[math.NA]

3.1 Introduction

The problem of solving large-scale systems of linear equations Ax = b is ubiquitous in ma-
chine learning and scientific computing. The growing size of datasets presents new challenges

and demands on the algorithms used. For instance, the entire matrix A may not fit into
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memory, which means that memory-efficient iterative methods are practically advantageous
or even necessary. Furthermore, if evaluating entries of the matrix A is associated with a
nontrivial cost, then it may also be desirable to seek algorithms that are based on accessing
small parts of the matrix or are more easily parallelizable, compared to algorithms based on
other primitives such as matrix—vector products.

A key motivation for this work is the development of an efficient solver for dense, positive
semidefinite (psd) linear systems that requires a limited number of entry accesses at a time.
As a primary example, consider the problem of kernel ridge regression (KRR) [SS02|. Given
n data points, this is a method for nonparametric regression that is equivalent to solving a
linear system (K + AMI)x =y, where K € R™*" is a positive definite kernel matrix, which
has entries measuring the similarity between each pair of input feature vectors, and A > 0
is a chosen regularization parameter. The matrix K is typically dense, and the regularized
system K + AI can be very poorly conditioned for small values of A\. Loading the entire
kernel matrix in memory requires storing O(n?) entries, and solving the linear system using
a standard direct method requires O(n?®) arithmetic operations; for large n, both can be

infeasible.

Good low-rank matrix approximations. Fortunately, matrices arising from many real-
life datasets often possess fast spectral decay [UT19|, and so can be well-approximated by
much smaller low-rank matrices. A particularly effective method for computing a good
low-rank approximation of a psd n x n matrix A is the randomly pivoted Cholesky (RP-
Cholesky) algorithm, recently proposed and analyzed by Chen et al. [Che+25]. Given an
approximation rank parameter d > 0, RPCholesky efficiently finds a near-optimal low-rank
approximation of A using only O(d?n) arithmetic operations, O(dn) entry evaluations, and

O(dn) storage. It can also be practically accelerated using block computations and rejection

sampling [ETW24].
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Briefly, the RPCholesky algorithm selects a random set of d pivots S C [n] := {1,2,...,n}

using adaptive diagonal sampling, and outputs a (column) Nystrém approximation
A(S) = FF'

of A in factorized form, where F € R"*? is a lower-triangular matrix after permuting the
rows to bring the pivots S to the top, and the residual matrix A — A(S) has trace-norm
error comparable with the best rank-r approximation of A (from truncated SVD) for some

r = d. More precisely, the approximation quality is described by

Theorem 3.1.1 (|Che+25, Theorem 5.1]). Let A € R™™ be a psd matriz with eigenvalues
M(A) > .0 > N (A) >0, and denote log (t) = max{logt,0} fort > 0. Suppose that for

some fized integer r > 0 and real o > 0, the approzimation rank parameter d satisfies

. or . Ai(A
dzg+min{rlog(5—m),r+7’log+(g)}, where 7]1"1:%.

Then, the rank-d Nystrom approximation A(S) output by RPCholesky satisfies

Eltr(A — A(S))] < (140)- > X(A).
i>r
Among other applications, matrix approximation techniques based on RPCholesky have
recently been used to build efficient preconditioners for conjugate gradient-based linear

solvers for KRR [Dia+24].

Randomized block coordinate descent. A convenient and widely-used optimization
approach that requires a limited number of local entry accesses is the coordinate descent
method [LL10; Nes12|. For solving the psd system Ax = b, the algorithm has basic iterations

of the form

X]H_1 = Xk — i ‘ej, (31)



where e; € R" denotes the j™ standard basis vector in R™. Observe that the updates (3.1)
are very lightweight, requiring only access to a single column of A and O(n) arithmetic
operations. Leventhal and Lewis [LL10| showed that if the coordinate j € [n] is sampled
with probability A;;/tr(A), then the corresponding randomized coordinate descent (RCD)
method converges linearly with a rate that depends on the spectrum of A. More precisely,

if x* is any solution of Ax = b and \'. (A) is the smallest non-zero eigenvalue of A, then

min

* /\r—;m(A) ‘ *
Bl - x < (1- 2E8) o -, 32)
where ||z||a = V2" Az is the norm induced by A. The iteration (3.1) readily generalizes to

the block coordinate descent update
X =x" —es(As7) (A7) %" = Dby), (3.3)

where e; € R™ 171 denotes the matrix whose columns are the standard basis vectors in R”
corresponding to a subset J C [n] (i.e., only the coordinates in J are updated). However,
with block size ¢ = |J| > 1, bounds on the convergence rate have only been obtained in
special cases: e.g., if given a well-conditioned partitioning of the columns [NT14; WN18|, or
if the blocks J are sampled with a special distribution (which is not easy to compute) [RK20;
MDK20].

The convergence rate bound (3.2) implies that if the matrix A is very well-conditioned,

in the sense that \"

min

(A) is of the same order as the maximum eigenvalue and so
A (A)/tr(A) = O(n), then O(nlog(1/¢)) iterations and O(n?log(1/¢)) arithmetic opera-
tions suffice to compute an approximate solution with relative error in ||-||a bounded by e.
However, if A is not so well-conditioned, then the bound rapidly deteriorates and RCD can
easily be demonstrated to converge very slowly. Recent works such as |[Der-+25a; Der+25b]
show that properly designed block generalizations of RCD can produce competitive linear
solvers with implicit preconditioning properties for systems with large spectral outliers.
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Key question. Motivated by these observations, we focus on the following question: Can
we use an efficiently-computable low-rank approrimation to improve the rate of convergence
for solving a psd system Ax = b with a lightweight, memory-efficient iterative algorithm such

as randomized block coordinate descent, especially when A exhibits rapid spectral decay?

3.1.1 Notation

We write vectors and matrices in boldface. We denote the identity matrix by I, and the
Moore-Penrose pseudoinverse of a matrix A by AT. Given a subset J C [n] := {1,2,...,n},
we denote the column submatrix of A € R™*" indexed by J by A. 7. Similarly, we indicate
the row and principal submatrix indexed by J by A 7. and A 7 7, respectively. Furthermore,
we write e; € R"*| to denote the matrix whose columns are the standard basis vectors in
R" corresponding to the coordinates in 7. We denote the eigenvalues of a symmetric matrix

A € R™" in non-increasing order by Aj(A) > ... > A\ (A) = Auin(A), and the smallest

non-zero eigenvalue by A (A). We use the Loewner order A < B for symmetric matrices
A, B to mean that B — A is positive semidefinite (psd). Given a psd matrix A > 0, the

A-(semi)norm is defined by ||z|]|a = Vz"Az.

3.1.2 Main results

In this section, we will describe an efficient algorithm based on randomized block coordinate
descent that provides a solution to our key question. We will also describe a more general

subspace-constrained framework that we developed to obtain our theoretical results.

I. Subspace-constrained randomized coordinate descent (SC-RCD). We show that
a column Nystrom approximation A(S) := A, s(Ass)'As. of the psd matrix A € R™" can

be combined with randomized block coordinate descent by constraining the iterates x* of
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RCD within the following affine subspace, parameterized by the pivot set S C [n]:

x" € {x €R": As.x =bg} forall k> 0.

We show that when the blocks J C [n] in each iteration consist of ¢ coordinates indepen-

dently sampled with probability proportional to the diagonal of the residual matriz

A° = A — A(S), (3.4)

then the convergence rate depends on the spectrum of A° instead of A. That is, the re-
striction of the dynamics to the subspace corresponding to a given low-rank approximation
effectively preconditions the system, and a significant improvement in the convergence rate
can be achieved when a good low-rank matrix approximation is efficiently computable, using

an algorithm such as RPCholesky to select S.

The SC-RCD method. Given an approximation rank parameter d > 0 and block size pa-
rameter £ > 1, the resulting algorithm, which we refer to as subspace-constrained randomized

coordinate descent (SC-RCD)!, can be described as follows:

e A rank-d Nystrom approximation A(S) = FFT with corresponding pivots S is efficiently
computed using an algorithm such as RPCholesky, and an initial iterate x° is obtained

by Solving AS’;XO = bg. Let C .= (AS,S)TA&; c R,

e In the (k + 1) iteration, given the iterate x* and corresponding residual vector r* =

Ax* —b, we form a random subset J = {ji,...,5¢} C [n]\S of £ coordinates, each sam-

pled independently with probability proportional to the corresponding diagonal entry

If the block size £ > 1, then the updates of the algorithm are more accurately described as
randomized block coordinate descent, but we will use the same acronym SC-RCD for brevity.
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of the residual matrix A° = A — A(S). Then, we compute
o = (Ai}’j)Trf} €R’ and B"=C.,a"c R,
and use these vectors to update the coordinates of x* in J and S:
XM =xb —af, xET =xi+ 8" (3.5)

The other coordinates of x* remain unchanged. Furthermore, the residual vector is
updated by

r =" — A o, (3.6)

Remark 3.1.2. If we denote a solution of the system Ax = b by x*, then it can be shown

that given x*, the next iterate x**! produced by the update (3.5) satisfies

x" = arg min||x — x*||a such that x = x" + esa + esf3, (3.7)

xER™

where only @ € R? and 3 € R? are free to vary, i.e., we minimize the A-norm error with
respect to the coordinates in J and §. Without the subspace constraint, we would only
optimize over the coordinates in the sampled subset 7, which corresponds to the usual block
coordinate descent update (3.3). With the additional subspace constraint, the coordinates
in § must also be modified to ensure that the iterates continue to satisfy As.x = bs. What
distinguishes the iteration-dependent subset 7 from the fixed subset § is that we know that
x" satisfies As.x" = bgs a priori, which allows for the update for S to be computed more

efficiently using the update for 7.

See Algorithm 3.1 for pseudocode for an implementation of SC-RCD. The comments

provide pointers to parts of Section 3.3.2, where more details on efficient implementation
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Algorithm 3.1 Subspace-constrained randomized coordinate descent (SC-RCD)

Require: Psd matrix A € R™*", vector b € R", approximation rank d, block size ¢
Ensure: Approximate solution x € R™ of Ax = b, residual vector r = Ax — b € R"
1: Compute pivot set S C [n] and partial pivoted Cholesky factor F € R"*4 defining the

Nystrém approximation A(S) = FFT > E.g., RPCholesky [Che+25; ETW24]
2: Compute 3 < (Fs.)""(Fs.) 'bs € R? > Triangular solves with F
3: Set x < 0,41, Xs < B, andr < A s8—-becR" > Initial iterate (i)
4: Compute C + (Fs.) TFT € R>" > Triangular solves with F (ii)
5: Set p <= Oy,x1, compute p; <= A;;—|[F;.[|3 for j € [n]\ S, and normalize: p < p/ ", p;
6: for k=1,2,...do
7 Sample J = {j1,...,J¢} with ji, ..., j, ~ p i.i.d. > Possibly without replacement
(i)
8: Solve (Ay 7 —F7.(Fz7.)")a =17 for a € R > Possibly inexactly (iv)
9: B« C;’ja € R
10: X7 4 X7—Q,Xs X5+ > Update coordinates of iterate in 7 and S
11: r«r— (A ja—F(Fs.) a) > Update residual vector
12: end for

(such as taking advantage of the lower triangular structure of Fs.) and computational costs
are discussed.

While the updates in (3.5) have been described in terms of the residual matrix A°, we
emphasize that neither A nor A° actually need to be stored in memory. We only assume that
the auxiliary matrix C € R?*" is precomputed and stored, which is feasible if d < n. Each
iteration of SC-RCD only needs to access the entries A. 7 € R™ in the ¢ columns indexed
by the sampled subset J. Furthermore, each iteration can be performed in O((¢ + d)n)

arithmetic operations, provided that the block size ¢ is at most O(y/n).

SC-RCD convergence analysis. Conditional on the quality of the low-rank approxima-
tion output by the RPCholesky algorithm, we show that the SC-RCD method converges
linearly in expectation with a rate that depends on the eigenvalues of A without the largest

spectral outliers:

Theorem 3.1.3. Let Ax = b be a consistent linear system with psd A € R™*"™ and solution
x*. Let the eigenvalues of A be A\i(A) > -+ > N\, (A) > 0 with smallest non-zero eigenvalue

)\+

min

(A). Let A(S) be a rank-d Nystrom approzimation computed using the RPCholesky
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algorithm, and {x*};>¢ denote the corresponding sequence of SC-RCD iterates with block
size { > 1. Fiz an integer r > 0 and real 6 > 0, p € (0,1). If the approzimation rank d
satisfies

) ,  where = M (3.8)

L Ei:l Ai(A)’

then, with probability at least 1 — p, the residual matrizv A° = A — A(S) satisfies

r

o

1
d > —|—7"10g(

ony

tr(A°) < p (14 6) ) Mi(A). (3.9)
>
Furthermore, conditional on the event that (3.9) holds, denoted by &, the expected relative

error in the A-norm satisfies

Min(A)
E . 2 < 1 . min
[Ix" = x*[[a [ €] < ( P+ 0) D N

ke
&) xR G

The proof of Theorem 3.1.3 is given in Section 3.3. More generally, we show that if the
subspace constraint is defined by an arbitrary Nystrom approximation A(S), not necessarily
computed using RPCholesky, then the SC-RCD algorithm converges linearly with a rate that

depends on the spectrum of the residual matrix A° = A — A(S) (see Theorem 3.3.2).

Remark 3.1.4 (Randomized low-rank approximation). The probability of the event &
in (3.9), which ensures the quality of the randomized low-rank approximation for the it-
erative phase, can be boosted by the standard trick of running RPCholesky 7" > 1 times and
choosing the best approximation with the smallest trace-norm. Then, by applying (3.9) to
each run with probability parameter p = 1/2, say, we conclude that the best approximation
fails to satisfy the same bound in £ with probability at most 2=7. Note that this procedure

is very easy to run in parallel.

Remark 3.1.5 (Approximation rank). A technical caveat is the dependence of the approxi-
mation rank d on 7,, the relative trace-norm error of the best rank-r approximation, in (3.8).

Theoretically, it is possible to compute a randomized rank-d Nystrom approximation A such
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that
,

-1
5T

E[tr(A — A\)} <(1+4+9) Z Ai(A) aslong as d >

i>r
instead of (3.8), by using a more computationally expensive method for sampling the pivots
S known as determinantal point process (DPP) sampling (see [Che+25, Table 2] and the
references therein). Using Markov’s inequality to define the event £ in (3.9), the same

convergence rate (3.10) holds with such an approximation.

Remark 3.1.6 (Block size and sampling). Choosing a larger block size ¢ for the SC-RCD
method means that a heavier £ x ¢ inner linear system has to be solved (directly or iteratively)
in each iteration. This increased cost may be offset by two benefits. The first is that
modern computational architectures can realize computational benefits from using block
computations due to parallelism, caching, etc. (e.g., see [ETW24, App. A]). The second is
that larger blocks results in more progress to be made with each projection; this is reflected
by the bound in Theorem 3.1.3, which shows that the iteration complexity improves at least
linearly in the block size ¢. Later, we also show that the entries in each block can be sampled
without replacement to obtain a guarantee that is at least as good (see Remark 3.3.5).
However, we expect (and empirically observe) the actual improvement from projections
onto bigger blocks to be even better due to the implicit “low-rank approximation effect”
e.g., rigorous results showing more precise rates depending on the entire spectrum are
known for blocks obtained using DPP sampling [MDK20; RK20; XXZ25| or subgaussian
sketches [DR24]. Proving tighter bounds with computationally cheap schemes is more chal-
lenging. In a recent line of work, it has been shown that DPP sampling can be approxi-
mated by uniform sampling if the input matrix satisfies some incoherence properties [DY?24;
Der-+25a; Der+25b|]. When the entries in each block are uniformly sampled in SC-RCD, an

analogous result as Theorem 3.1.3 also holds (see Proposition 3.3.3).

SC-RCD complexity. Theorem 3.1.3 shows that the convergence of SC-RCD depends on

the approximation rank d, the block size ¢, and on the normalized tail condition number of
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A defined as

Rr(A) = " i " Z}iir ?i?>, for r < rank(A). (3.11)

min

Note that %, (A) lower bounds the classical condition number of A — A,., where A, is the
best rank-r approximation of A in the Frobenius norm; i.e., A,11(A)/AL. (A). When im-
plemented as Algorithm 3.1, the SC-RCD method satisfies the following complexity result

in terms of the size of the system n and the parameters d, ¢, and &,(A), which is proved in

Section 3.3.2.

Theorem 3.1.7. Let Ax = b be a consistent linear system with psd A € R™™"™ and solution
x*. The SC-RCD method (Algorithm 3.1) with approximation rank d > 0 and block size ¢ >
1, combined with the boosting procedure described in Remark 3.1.4, computes an approximate
solution x* that satisfies E||x* — x*||3 < e - ||x° — x*||4 after k = [4(n/0)k,.(A)log(2/e)]

iterations. In total,

(d+70)

O(nd*log(1/e)) + O ((n2 7 +nf* + nﬁd) - Rr(A) log(l/e)) operations  (3.12)

are required, where r is the largest integer satisfying d > r + rlog (1/n,) with n, defined
as in (3.8). Moreover, O(ndlog(1/¢€)) + O(n* - k,(A)log(1/¢)) entry evaluations of A, and

O(n(d + ?)) storage are required. Here, big O notation is used to hide absolute constants.

In particular, if we choose ¢ = d, then (3.12) simplifies to
O((n* +nd®) - &,(A)log(1/e)) operations. (3.13)

We see that the SC-RCD method takes advantage of the flat-tailed structure of the spec-
trum of A (i.e., when %,(A) is well-bounded), which can appear in practice due to explicit

regularization or the effects of noise in the data.

Remark 3.1.8. To illustrate the claim of Theorem 3.1.7, let us suppose that A is not

extremely ill-conditioned. Specifically, suppose that there exists an absolute constant 7 > 0
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such that

E:Z:IAAJX) T
A <O(n"). (3.14)

Then, r can be taken as large as r = O(d/logn) in the complexity bounds in Theorem 3.1.7.
An important setting in which (3.14) is often satisfied is kernel ridge regression, where
A = K+ I, the kernel matrix K has unit diagonals (K;; = 1 for all i), and the regularization
parameter A is not too small (i.e., A > Cn~7). In addition, if K also exhibits rapid spectral
decay, then A would be expected to have a well-bounded normalized tail condition number
(governed by ). In particular, if we assume that %,.(A) = O(1) for some r = O(y/n/logn),
then, Theorem 3.1.7 implies that SC-RCD with d = O(y/n) and ¢ = O(y/n) can solve the
KRR problem to e-relative error using O(n*log(1/¢)) arithmetic operations. Note that this

is optimal in terms of n for solving a dense n x n linear system.

I1. A subspace-constrained sketch-and-project framework. To analyze the SC-RCD
method, we consider the algorithm as an instance of a more general subspace-constrained
sketch-and-project framework, which we develop in Section 3.2 and may be of independent
interest. The sketch-and-project method |[GR15a] encompasses a class of iterative algorithms
for solving linear systems Ax = b with A € R™*" (not necessarily psd), including the
randomized Kaczmarz [SV09], randomized coordinate descent [LL10], and randomized New-
ton [Gow+19a] methods.

In each iteration of the standard sketch-and-project algorithm, a sketching matrix S €
R“™ is drawn independently from an input distribution D, and the current iterate x* € R”
is projected onto the sketched linear system SAx = Sb with respect to the norm ||x||p =

Vx"Bx induced by a positive definite matrix parameter B € R"*":

x"*t! = argmin||x — x"||g  such that SAx = Sb. (3.15)
xER™
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We propose to constrain the dynamics of the iterates from (3.15) within a particular

(affine) subspace parameterized by a matrix parameter Q € R¥>™:

x" € {x € R": QAx = Qb} forall k> 0.

In Section 3.2, we show that the theory for the subspace-constrained sketch-and-project
method parallels the standard sketch-and-project method. The main difference is the emer-
gence of a projector Pg onto the subspace null(QA) that acts to constrain the iterates.
We prove that the convergence rate depends on a projected version of the original matrix,
APg, instead of A, which shows that the subspace constraint effectively acts as a precon-
ditioner and can speed up the convergence in various general cases (see Theorem 3.2.4 and
Remark 3.2.6).

If the matrix A € R™"™ is positive definite, then the SC-RCD method can be derived as
a special case of this framework by choosing B = A; extremely sparse sketching matrices
of the form S = e}, defined as in (3.3); and a subspace constraint defined by the matrix
Q = ef, which can be identified with the set of pivots S C [n] corresponding to a Nystrom

approximation A(S) of A.

III. Randomized block Kaczmarz convergence rate. As a part of our analysis of the
sketch-and-project framework—which is not specific to the subspace-constrained version—
we show that the iteration complexity improves at least linearly in the block size ¢ when the
sketching matrices S € R™™ consist of ¢ independent and identically distributed rows (in
Proposition 3.2.9).

Previously, bounds for block sketch-and-project methods have only been obtained for
more special sketching matrices that are dense [Der+20; DR24| or based on more computa-
tionally expensive DPP sampling schemes [MDK20; Der-+25a]. With more randomness, the
rates obtained are generally sharper. However, Proposition 3.2.9 applies more generically,

such as when standard coordinate basis vectors are sampled using a simple scheme.
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Concretely, this result applies to the randomized block Kaczmarz method [EIf80; NT14|
when the blocks consist of i.i.d. rows of A, sampled with probability proportional to the

squared row norms, which is a direct block generalization of the classical randomized Kacz-

marz method [SV09].

Proposition 3.1.9. Consider solving the consistent linear system Ax = b with A € R™*"
and solution x*. Let {x*}i>0 be the iterates of the randomized block Kaczmarz method,
defined by

X" =x"— (A7) (A7 x"—Dby),

where the block J = {j1,...,7¢} in each iteration consists of ¢ rows of A, independently
sampled from the distribution {||A;.||5/I|AlF}7,. If omin(A) denotes the smallest non-zero
singular value of A, then
+ 2\ tk
Bl = < (1- Bl ) -

Proposition 3.1.9 is a special case of Corollary 3.2.11 for the subspace-constrained ran-
domized block Kaczmarz method, which appears later in Section 3.2. To the best of our
knowledge, this bound, which describes the explicit dependence of the rate on the block size,
is new even for the standard randomized block Kaczmarz method.

In prior work [NT14], a randomized block Kaczmarz method, which additionally requires
A to be row-normalized, was analyzed based on sampling non-intersecting blocks that par-
tition the rows of the matrix. The sampling strategy in Proposition 3.1.9 is more general
and slightly differs: in particular, it can result in repeated rows in the blocks. However, the
convergence rate can only improve if the blocks are sampled without replacement instead,

and we refer to Remark 3.3.5, which appears later in Section 3.3.2, for more details.
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3.1.3 Related works

Coordinate descent and sketch-and-project. Important instances of the sketch-and-
project framework [GR15a; RT20; Gow+18; Gow+21] for solving linear systems include the
randomized coordinate descent (RCD) [LL10; Nesl2|—also known as randomized Gauss—
Seidel—and the closely-related randomized Kaczmarz (RK) [SV09] methods. The RK and
RCD methods and their variants have been extensively studied, including [MNR15; HNR17;
NSW16; NT14; SL19; Had+22; EGW26; Rat+25a]. Notably, the subspace-constrained
sketch-and-project framework developed in this work generalizes a subspace-constrained RK
method analyzed in [LR24]. Note that coordinate descent algorithms for more general ob-
jective functions have also been extensively studied in the optimization literature: e.g.,
see [RT14; RT16; QR16; TY10].

An accelerated sketch-and-project method with Nesterov momentum was analyzed
in [Gow 18|, building on earlier works on accelerated RK [LW16] and RCD [Nes12; LS13;
NS17; Tu-+17]. The accelerated method requires additional tuning parameters: theoretically,
with a specific choice of values (which are not easily computable), the accelerated method
leads to an improved convergence rate bound. In particular, [Tu+17] presents experiments
showing that accelerated RCD can outperform RCD and the conjugate gradient method for
large-scale KRR problems in machine learning.

A closely related line of works [DY24; Der+25a; Der+25b| analyzes randomized solvers
based on sketch-and-project that are also especially effective for solving approximately low-
rank systems, building on the insight that sketch-and-project can exploit rapid spectral
decay [DR24|. Most recently, Dereziniski et al. [Der+25b] showed that an algorithm based
on accelerated RCD called CD++ can exploit large spectral outliers. Specifically, they prove
that for any O(1) < r < n (where O hides polylog factors in n), a solution of the psd system

Ax = b with e-relative error in [|-||a can be computed using

O(nr?) + O(n?\/R,(A)log(1/e)) operations ([Der+25b, §5]). (3.16)
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The CD++ algorithm achieves (3.16) through the use and analysis of techniques such as
adaptive acceleration, approximate regularized projections, randomized Hadamard precon-
ditioning, and block memoization. One of the main takeaways is that the rate of CD-++
cannot be outperformed by any solver based on matrix-vector products, such as Krylov
subspace-based solvers (|Der25a, Theorem 3]).

The SC-RCD method with d = O(rlogn), ¢ = d, and 1 < r < O(y/n/logn) has
a similar complexity bound as (3.16) for flat-tailed systems with &,.(A) = O(1) satisfying
condition (3.14). Otherwise, CD++ has a better dependence on the normalized tail condition
number due to the incorporation of Nesterov’s momentum in the algorithm, which could be
integrated into SC-RCD as a part of future work. At the same time, SC-RCD does not
require storing the entire input matrix, while the CD++ guarantee (3.16) assumes that
O(n?) memory is available for storing a preprocessed version of the matrix. Algorithmically,
the main difference is that CD++ implicitly captures the leading part of the spectrum of
A, whereas it is explicitly learned in SC-RCD by constraining the dynamics of RCD. The
SC-RCD method is based on the combination of two fundamental ideas: low-rank matrix
approximation and a simple iterative solver. We believe that this allows for flexibility: e.g.,
the aforementioned innovations in CD-++ can be combined with the subspace constraint

idea.

Conjugate gradient method. Another popular class of iterative solvers is based on
Krylov subspaces [NT24|, which includes the conjugate gradient method (CG) [Saa03] for
solving psd systems. In practice, preconditioning is often crucial for these methods to be
effective. For kernel ridge regression (KRR) specifically, a preconditioned conjugate gradient
(PCG) method for solving (K+AI)x = y using a low-rank Nystrém approximation K = FF'
of K computed with RPCholesky was analyzed by Diaz et al. [Dia+24]. We note that there

many other methods, based on dimension reduction, have been proposed to solve large-scale
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KRR problems: e.g., we refer to [Rat-+25b; Dia+24; ACW17; Mea+20; RCR00; RROT;
SB00; WS00] and the references therein.

To give a brief overview of the PCG method of [Dia+24], a preconditioner M = K + AI
is constructed from an SVD of F, and the spectrum of M~"/2(K + AI)M~'/? determines the
resulting rate of convergence. It is shown that if the approximation rank d is larger than the

A-tail rank of K, which is defined as the smallest integer r such that Y .. \;(K) < A, then

i>r
the preconditioned matrix has constant condition number, meaning that O(n?log(1/¢)) op-
erations suffices to compute a solution with e-relative error in ||-||a ([Dia+24, Theorem 2.2|).

This is a similar result as Theorem 3.1.7 for SC-RCD: however, we note that SC-RCD can

be applied to general psd systems.

Low-rank approximation. Low-rank matrix approximation is a fundamental idea in nu-
merical linear algebra [MT20]|. The most relevant forms for SC-RCD are based on (column)
Nystrom approximation or interpolative decomposition [Che+25; Don+25; ETW24|. These
are aligned with the standard coordinate basis, which means that the corresponding sub-
space constraint can be enforced by updating a fixed subset of coordinates. These algorithms
use random, adaptive pivoting, and are accompanied by provable guarantees of quality that
are comparable to the best low-rank approximation. Other simple strategies such as uni-
form sampling and greedy pivoting may work well in practice, but do not have good error
bounds in general. DPP sampling [DM21], which is based on sampling blocks weighted by
their squared volumes, offers the best known near-optimal bounds, but are not easily com-
putable. Recently, a greedy deterministic method based on maximization of a trace-norm is
also analyzed in [FL24].

More generally, the subspace constraint for sketch-and-project can be defined using low-
rank approximations from random embeddings of A, which mix across all the coordinates to
perform dimension reduction (e.g., multiplying by a Gaussian matrix). These methods are

often more robust and lead to a better approximation than those based on sampling. We refer
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to the survey [TW23, §5.4| for a comprehensive discussion of Nystrom-based adaptations of
matrix approximation algorithms such as randomized SVD [HMT11], as well as extensions
based on block Krylov iteration, which are more accurate for matrices with slow spectral

decay.

3.1.4 Organization

The rest of the chapter is structured as follows. Section 3.2 describes a more abstract
subspace-constrained sketch-and-project framework for solving general linear systems. In
Section 3.3, the analysis is specialized to the SC-RCD method for solving psd linear systems.
Section 3.4 presents numerical experiments demonstrating the performance of SC-RCD for
solving psd systems, generated synthetically and coming from kernel ridge regression prob-
lems using real-life datasets. Finally, some concluding remarks are given in Section 3.5.
The remaining sections contain additional technical details. Section 3.6 describes some
omitted proofs, Section 3.7 outlines an extension of the SC-RCD method for solving least
squares problems, and Section 3.8 presents additional numerical experiments for SC-RCD.
Section 3.9 describes an accelerated subspace-constrained sketch-and-project method, and

Section 3.10 discusses an accelerated SC-RCD variant.

3.2 A general framework for subspace-constrained sketch-
and-project

Consider the goal of solving a consistent system of linear equations Ax = b, where A €
R™*"_ Since the matrix A may not necessarily be square or have full rank in this generality,

we aim to find the min-norm solution

x* := argmin||x — x’||g such that Ax =Db, (3.17)
xER™
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where x° € R” represents any initial approximate solution and the norm is induced by a psd
matrix parameter B € R"*". Observe that x* is the projection of x" onto Ax = b with

respect to the B-norm, so equivalently,
x*=x"-B'AT(AB'AT)(Ax" — b). (3.18)

Overview of the standard sketch-and-project method. In each iteration of the
vanilla sketch-and-project framework [GR15a], a sketching matrix S = S* is drawn inde-
pendently from an input distribution D, and the current iterate x* € R" is projected onto
the sketched linear system SAx = Sb with respect to the B-norm as in (3.15). As shown

in [GR15a], this update can be written in closed form as
xftl = xkF —B'ATST(SAB'ATST)'S(Ax* — b), (3.19)
or expressed as a fixed point iteration in terms of the solution x* from (3.17) as
XM x* = (I—Z)(xF — x*), (3.20)
where Z is the orthogonal projector onto range(B~/2ATST): that is,
Z =B '?ATST(SAB'ATST)I[SAB~1/2. (3.21)

The convergence rate of the sketch-and-project algorithm depends on the eigenvalue spec-
trum of the expected projection matrix E[Z], where the expectation is taken over the random
sketching matrix S ~ D (|GR15a, Theorem 4.6]). For a wide class of sketching matrices (in-
cluding S with independent subgaussian entries as well as sparse counterparts), it has been

shown that the convergence rate of sketch-and-project precisely depends on the entire sin-

gular value spectrum of A [Der+20; DR24].
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3.2.1 The subspace-constrained sketch-and-project framework

Let Q € R™™ with d < m be an arbitrary matrix parameter defining the (affine) subspace
{x € R": QAx = Qb}. We formulate the subspace-constrained sketch-and-project method
as the process starting from an initial iterate x° € R” solving QAx? = Qb, and with

subsequent iterates given by

x"*1 = argmin|x — x*||g such that SAx = Sb, QAx = Qb, (3.22)

xeR”

where the sketching matrices S = S* in each iteration are drawn independently from an
input distribution D. This is equivalent to the sketch-and-project method with the iterates
x* confined within the subspace {x € R" : QAx = Qb}.

The matrix Q could be chosen deterministically and consist of a selection of d rows of
the system of linear equations. It could also be a random embedding of the linear system.
Informally, constraining the iterates to a subspace parametrized by Q is computationally

beneficial when

1. we can efficiently solve the smaller system QAx = Qb to obtain an initial iterate x°;

and
2. we can efficiently project onto the nullspace of QAB~'/2 in each iteration.

In the rest of this section, our goal is to develop general theory for the subspace-
constrained sketch-and-project method (3.22). Specifically, we will derive closed-form ex-
pressions for the iterations and estimates for the convergence rate, and demonstrate the

theoretical advantage of having a subspace constraint.
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3.2.2 Update rule and comparison with unconstrained sketch-and-
project

Our first goal is to show that the iterations of subspace-constrained sketch-and-project admit
the following closed-form expressions, analogous to (3.19) and (3.20) for the unconstrained

method.

Lemma 3.2.1 (Closed-form updates). Let P and Z be the orthogonal projection matrices

onto null(QAB™Y/2) and range(PB~'/2ATST), respectively; that is,

P:=1- (QABY?)'QAB'/2,

Z .= PB /2ATST(SAB /?2PB~1/2ATST)'SAB~'/?P. (3.23)

If X% is any vector satisfying QAX® = Qb, then the subspace-constrained sketch-and-project

iterates {x*}y>0 from (3.22) satisfy the following:

xkt! = x* — B~Y/2PB~Y/2ATST(SAB~/?2PB~/2ATST)IS(Ax* — b). (3.24)

Furthermore, if x* is the min-norm solution as in (3.17), then

BY2(xF! — x*) = (I - Z)BY2(xF — x*). (3.25)

The proof of Lemma 3.2.1, which is technical, can be found in Section 3.6. As a quick
sanity check, observe that with Q = 0 and P = I in Lemma 3.2.1, which corresponds to
having no subspace constraint, we recover the sketch-and-project updates (3.19) and (3.20).

A consequence of the closed form update formulas is the following auxiliary lemma, whose

proof can also be found in Section 3.6.
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Lemma 3.2.2 (Invariant subspace property). Let x* be the min-norm solution to Ax = b
defined in (3.17) and x* be the k™ iterate from the subspace-constrained sketch-and-project

method (3.22). Then for all k > 0, BY/?(x* — x*) € range(PB~1/2AT).

The next result gives a formula for the decrease in error for each iteration of subspace-
constrained sketch-and-project, and justifies that it is always at least as large as the error

decrease from the corresponding unconstrained update.
Lemma 3.2.3 (Error decrease). With the same notation as in Lemma 3.2.1, the decrease
in error in each iteration of subspace-constrained sketch-and-project is given by

B2 — ) = [BYA(x = x) [ — (2B — )3 (3.26)

Furthermore, if Z is the corresponding projection matriz for the unconstrained sketch-and-
project method from (3.21) with the same sketching matriz S, then the error decrease with

the subspace constraint is not smaller than the error decrease in the unconstrained case:
|1ZBY?(x* — x*)l2 > | ZB*(x* —x")]. (3.27)

Proof. Since Z is an orthogonal projector, the per-iteration error decrease (3.26) in terms
of the Euclidean norm follows from the fixed point equation (3.25) in Lemma 3.2.1 and
Pythagoras’ theorem.

Next, observe that showing (3.27) is equivalent to showing
£ (SAB/?2PBY2ATST)Te > ¢T(SABTATST)f¢ (3.28)

for all £ = SA(x* —x*) = SAB™'/?PB"/?(x* — x*), recalling that B'/?(x* —x*) € range(P)

by Lemma 3.2.2. Since P < I in the psd order, we immediately have that

SAB /?PB1/2ATST < SAB!ATS". (3.29)
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Now, let £ := null(PB~"/2ATST). Observe that & € range(SAB~/?P) = £ and
null(SAB'ATST) = null(B~'/?ATST) C £ = null(SAB~'/?PB~1/2ATST),

and so (SAB™/2PB2ATST| . )" = (SAB'ATST|,.,)", which implies (3.28). O

We will now prove that the subspace-constrained sketch-and-project method converges
(in mean squared error and the B-norm) with a rate that depends on the eigenvalue spectrum
of the expected projection matrix E[Z], where Z is defined in (3.23) and the expectation is

taken over the distribution of the random sketching matrix S.

Theorem 3.2.4. Suppose that the same notation as Lemma 3.2.1 is used. Assume that the

following exactness condition holds:
null(E[Z]) = null(AB~'/*P). (3.30)
Then the subspace-constrained sketch-and-project iterates {x*}r>o satisfy

* k *
E[x* — x5 < (1 - M (E[Z])" - [1x° — x"||3,

min

where

)\+

min

(E[Z]) = min x' (E[Z])x.
x€range(PB~1/2AT)
lIxl[2=1

Proof of Theorem 3.2.4. By considering the decrease in error in the (k + 1) iteration from
Lemma 3.2.3, taking the expectation conditional on all the randomness up to the k' itera-

tion, which we denote by E, and using the linearity of expectation, we obtain

Eillx™ = x|l = [x* — x|l — (x" = x")TBY*(E[Z])BY*(x* — x").

102



By Lemma 3.2.2, the vectors BY/?(xF — x*) € range(PB~'/2AT) = null(AB~'/?P)* for all
k > 0. Since null(E[Z]) = null(AB~'?P) under the assumption (3.30), we may expand
B'/2(x* — x*) in the orthonormal basis of eigenvectors of E[Z] corresponding to positive
eigenvalues only, and so

(xF = x")TBY2(B[Z])BY2(x" — x°) > Aoy (BIZ) - [BY2(x" — x")|I2

Hence, the decrease in error in the (k4 1) iteration can be bounded by

B, - x7 3 < (1- A

min

(B[Z]) - " —x"|5-

We conclude by iterating and using the tower rule for conditional expectations. O]

Remark 3.2.5 (Exactness condition). The assumption (3.30) is a technical condition to
ensure that the convergence rate is (strictly) positive. It is similar to an exactness condi-
tion from the sketch-and-project literature [RT20; Gow+21; GR15b|, which relaxes stronger
requirements such as A having full column rank, and holds for most practical sketching
techniques. Intuitively, the exactness condition fails to hold if the distribution of sketching
matrices S ~ D does not cover the entire space. For example, if the updates are sampled
from the same low-rank subspace, then x° — x* may have components that are unable to be

resolved.

Remark 3.2.6 (B-inner product geometry and oblique projections). The natural geometry
of the sketch-and-project method is defined by the B-inner product (x,y)g := x' By cor-
responding to the positive definite B € R™"*". By expressing the projectors P and Z from
Lemma 3.2.1 in terms of this geometry via a similarity transformation, the update formu-
las for the subspace-constrained sketch-and-project method admit the following equivalent,

more natural expressions. Specifically, let

Py := B /?PBY? and Zg:= B Y/?ZB!? (3.31)
103



be the oblique projection matrices onto null(QA) and range(B 'PLATST) with respect to
the B-norm, respectively.? Note that PgB™'PL = PgB~! = B7'P§ and P(x* — x*) =

x® — x*. Then (3.24) and (3.25) in Lemma 3.2.1 can be written as

x" = x" - BT'PLATST(SAPgB'PLATST)'S(Ax" — b), (3.32)

x" —x* = (I - Zp)(x" — x*). (3.33)

These expressions are almost the same as (3.19) and (3.20) for the unconstrained sketch-and-
project method using a “new matrix” APg in place of A, and the same sketched residuals
S(Ax* — b). Similarly, the error decrease in Lemma 3.2.3 can be written in terms of the
B-norm as

" = x| = [x* = x[s — [1Ze(x" — x)]I5.

Remark 3.2.7 (Connections with the nullspace method). Observe that to solve Ax = b,

we can first solve QAx" = Qb for x°. Then, given x°

, we can (approximately) solve
APgw =~ b — Ax" for w € range(Pg) = null(QA). The overall solution can then be
constructed as x! = x° + w, which continues to satisfy the constraints QAx! = Qb. In our
setting, we form x! by solving the sketched system SAPgw = S(b — Ax"), and iterate this
procedure to obtain the iterates {x*};>o.

This setup resembles the nullspace approach for solving least squares problems with
linear equality constraints (e.g., see [ST22]), and illuminates the observation in Remark 3.2.6
that the subspace-constrained updates parallel the unconstrained updates using a projected
version of the matrix, APg, in place of A. In our context, the main difference is that the
subspace constraint QAx = Qb is not specified by the problem a priori, but generated

algorithmically from the data. For our purposes, the subspace constraint effectively acts as

a preconditioner: ideally, the properties of APy should improve the downstream iterative

2Note that if IT is the orthogonal projector onto some subspace M, then IIg = B~1/2IIBY/2 is
the orthogonal projector onto M with respect to the B-norm (i.e., IIgx = arg miny ¢ v(([x — y||B)-
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process in a suitable way. For instance, for the SC-RCD method, we will seek Q such that

APy is a good low-rank approximation of A in trace-norm.

Remark 3.2.8 (Deflated Krylov subspace methods). The subspace constraint framework
also resembles the deflation technique used to inject spectral information into Krylov sub-
space solvers [SS07]. The explicit deflation procedure for the conjugate gradient method
studied in [Nic87; Saa+00] is most closely related to our approach, especially for solving
positive semidefinite linear systems. These works establish that after obtaining an initial
iterate in an approximate eigenspace, the conjugate gradient method can also be precon-
ditioned by restricting onto the remaining subspace, and the resulting algorithm enjoys
similar recurrences. The main difference of these methods, compared with the subspace-
constrained sketch-and-project algorithm that we analyze, is in the underlying projection
mechanism (i.e., projection onto a Krylov subspace vs. projection onto a sketched linear
system SAx = Sb with respect to ||-||g). Later, for the SC-RCD method, we also focus on
the computational aspects of learning a good subspace from the data via a connection to

low-rank matrix approximation.

3.2.3 Convergence rate and block size

In many cases, E[Z] is difficult to compute or even estimate. However, the expected projec-
tion matrix E[Z;] corresponding to the sketching matrix S; with a single row is often exactly
computable.

In this section, we consider the special class of sketching matrices where S € R*™ consists
of ¢ independent and identically distributed rows sq,...,s, € R™. This encompasses a range
of practical sketching schemes, including block versions of the randomized Kaczmarz [SV09;
NT14| and coordinate descent [LL10|] methods. The following result shows that in this
setting, the iteration complexity improves at least linearly in the block size ¢ compared to
the single-row case; i.e., if using S; = s! requires 7 iterations to reach a desired tolerance in

mean squared error, then using S requires at most 7/¢ iterations.
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Proposition 3.2.9. Suppose that S, € R™™ is a matriz with i.i.d. random rows
Si,...,8¢ € R™, and let Z, = (sJAB™'2P)'sTAB~Y/2P be the orthogonal projector
onto range(PB~Y2ATST). Assume that null(E[Z,]) = null(AB~Y2P). If {x*};>1 are the
subspace-constrained sketch-and-project iterates with sketching matrixz Sy, then

Ellxt — x5 < (1- A}

min

(B[Z]))" - %" — x*|[3. (3.34)

The key technical ingredient behind Proposition 3.2.9 is the following rank-one update
formula for orthogonal projection matrices from [Der-+20]|, which is derived using a rank-one

update formula for the Moore—Penrose pseudoinverse (|[Mey73, Theorem 1|).

Lemma 3.2.10 ([Der {20, Lemma 1]). Let X € R*"™ and X_;, € RE=D*" be the matriz X
without its last row x, € R™. Suppose that TI = XX and I1_;, = XT_tX,t are the orthogonal
projectors onto the ranges of X' and XT,, respectively. If x] (I — T1_;)x; # 0, then

I-— H,t>XtX;r<I — H7t>
x] (I —TI_4)x; '

H—H_t:(

Otherwise, if x] (I — TI_;)x; = 0, then x; € range(X",) and I1 = T1_y, so the decomposition

above also holds provided that the right hand side is interpreted as zero.

We can now prove Proposition 3.2.9 using Lemma 3.2.10 to decompose the orthogonal

projector Z into a sum of rank-one projections onto a growing sequence of subspaces.

Proof of Proposition 3.2.9. It will be useful to define the sketching matrices for all interme-
diate block sizes. For 1 < t < /, let S; € R™™ be the matrix with rows s;,...,s;, and
X, := S;AB~'/2P € R™" be the matrix with rows xi,...,X;, where x; := s AB~Y/2P. Fur-
thermore, let Z; = XIXt be the orthogonal projector onto the range of X! (with Zg := 0).

In particular, we get the following representation
_ PB'/?As;s]AB7'/2P

XX, = .
LT STAB-1/2PB-1/2As;,
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Next, observe that the exactness condition null(E[Z;]) = null(AB~/2P) holds for all Z,.

Indeed, Z; > Z; and by the exactness assumption on Z;,
null(E[Z,]) € null(E[Z,]) = null(AB~/?P) C null(E[Z/]).

Hence, all the inclusions are equalities.

We claim that for all 1 < ¢ < ¢ and unit vectors y € range(PB~'/2AT),

t

Y'EZJy > 1 (1 N (E[Z4))". (3.36)

We will prove (3.36) by induction on . When ¢ = 1, the base case y'E[Z;]y > \'. (E[Z])
follows because y € range(E[Z;]). Assuming that (3.36) holds for t —1 < ¢, we want to prove

that (3.36) holds for t. Using Lemma 3.2.10, we have the following decomposition of Z;:

(I1-Z,_,)PB2As;sTAB™'/?P(1 - Z,_,)
sTAB-1/2P(1 — Z,_,)PB-1/2As,

Zt - Zt—l + (Zt - Zt—l) — Zt—l + (337)

Observe that s] AB~Y2P(I — Z,_,)PB~/2As, < sTAB~'/?PB~'/2As,. Hence, by taking
expectation over the randomness in s; only, conditional on sq,...,s;_;, and using linearity

of expectation, we obtain

yTEsdsl ..... St_1 [Zt]y

PB/2As,sTAB /2P
Z yTZt—ly + yT(I - Zt—l)ESt\m ----- St—1 o

1-Z,_
- | STAB12PB 12As, | 1~ Ze)y

= yTthly + YT(I - Zt—l)E[Zl](I - thl)Y-

The last equality follows from comparing the random matrix inside the inner expectation
to (3.35) and using the fact that s; has the same distribution as s;. Therefore, since (I —

Z, 1)y € range(PB~Y/2AT) by definition of Z;, and Z,_; is an orthogonal projector, this
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implies that

Y Esfsrsis 2oy 2 ¥ Zioay + N (E[Z41]) -y (T = Zoy)y-
By taking the full expectation and using the induction hypothesis, we deduce that

Y E[Z]y > N (E[Z1)) + (1 = AL (B[Z4])) - yTE[Ze ]y

> M (E[Z0]) + (1= Mo (EB1Z)]) - (1— (1= A (EZ4]) )

=1 (1- Mh(EZ)"

and so, 1 — AT

min

(E[Z]) < (1 - /\LH(E[Zl]))z. Employing Theorem 3.2.4 completes the

proof. O]

3.2.4 Example: randomized block Kaczmarz

The subspace-constrained sketch-and-project method generalizes the subspace-constrained
randomized Kaczmarz (SC-RK) method analyzed in [LR24], which can be described as fol-
lows. Let B = I and Q € R¥™ be a matrix parameter so that the iterates are confined
within the solution space of the sketched system QAx = Qb, and P = I— (QA)'QA be the
orthogonal projector onto null(QA). From Lemma 3.2.1, the updates of the SC-RK method

are given by

Tok 1
k1 . 4X —b

J
X =x"——=——"Pa,.
[Pay

Suppose that each row aJT- = A, of the matrix A is independently sampled with probability
|Pa,||3/||AP||% in each iteration. Since Z = Pa;ajP/||Pa;||3 if row j is sampled, it follows
that E[Z] = PATAP/||AP|%. Note that the exactness condition (3.30) holds trivially
because null(PATAP) = null(AP).

The SC-RK method studied in [LR24| uses a subspace constraint parameter Q = e}

aligned with the standard coordinate basis for some set of coordinates S C [m]. Thus, the
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initial iterate is required to satisfy the subsystem Ags.x = bg, and P = I — (As.)TAg. is
the orthogonal projector onto null(Ag).
More generally, if a block J C [m] of £ > 1 rows are sampled independently as above,
then the block update
XM =x" — (A7 P) (A x" —Dby). (3.38)

describes a subspace-constrained block randomized Kaczmarz method. From Proposi-

tion 3.2.9, the following convergence rate bound holds:

Corollary 3.2.11. Let {x"},>q be the iterates defined by (3.38), where x° solves QAx = Qb
and the block J = {j1, ..., Je} in each iteration consists of ¢ rows independently sampled from

the distribution {||Pa;||3/||AP|%}7-,. Then

* O_I—flin(AP)2 * *
Ellx" — x*||3 < (1 — W) X = x*]3,

where o (AP)? = X\

min min

(PATAP) is the smallest non-zero squared singular value of AP,

By taking Q = 0 and thus P =1 (i.e., no subspace constraint), Corollary 3.2.11 implies

Proposition 3.1.9 for the convergence rate of the randomized block Kaczmarz method.

Randomized rangefinder. Besides allowing for a block generalization of the SC-RK
method from |[LR24], the formulation of the subspace constraint QAx = Qb allows for a ma-
trix parameter Q that is not aligned with the standard coordinate basis. This arrangement
allows for the subspace to be learned using more general low-rank approximation techniques
beyond row selection, which was explored in [LR24| using leverage score sampling. The
desirability of this additional flexibility is motivated by the observation that using a random
embedding that mixes different rows often produces a higher quality approximation than
one based purely on coordinate sampling [MT20, §9.6].

A particularly noteworthy example that we will discuss is the randomized rangefinder

procedure, which underlies the celebrated randomized SVD algorithm introduced by Halko,
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Martinsson and Tropp [HMT11]. A prototype algorithm of the randomized rangefinder for

computing an approximate basis of the row space of A € R™*" can be described as follows:
1. Draw a random Gaussian matrix € € R¥™ with i.i.d. N(0, 1) entries.

2. Compute the matrix QA € R¥>*"

3. Construct a matrix U € R™ % whose columns form an orthonormal basis for the row

space of A, e.g., by computing a QR decomposition of its transpose (2A)T = UR.

The prototype randomized rangefinder algorithm can be implemented in O(dmn + d*n)
arithmetic operations, which is typically dominated by the dense matrix multiplication step.
When © € R¥™ is Gaussian, techniques from random matrix theory can be used to prove
that the procedure produces a near-optimal rank-r approximation for some r ~ d. More
precisely, [HMT11] proved the following result (after some simplifications for interpretability)
on the approximation quality in terms of the Frobenius norm, both in expectation and with

very high probability:

Theorem 3.2.12 ([HMT11, Theorems 10.5 and 10.7]). Let 01(A) > o2(A) > ... be the
singular values of A € R™ ™. Given a target rank r € N and a sketch size d € N with
d>r+4, let Q € R™™ be a random Gaussian matriz and U € R™? be a matriz whose

columns contain an orthonormal basis of (QA)T. Then

E||A — AUUT|% < (1 + ) > oi(A)

i>r

Furthermore, the following event holds with probability at least 1 — 7Te~(4~

|A — AUUT||; < <1+e\/ﬁ\/z) : (;ai(Af)l +e3V2 T oA,

For example, if we oversample by a multiplicative factor of two, i.e., choose a sketch

size d = 2r for a target rank 7 > 2, then Theorem 3.2.12 implies that E||A — AUUT||% <
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3> i, 0i(A)% Moreover, since 0,41 < (3,0, Ui(A)Z)l/Q, it implies that with probability at
least 1 —7e™", |[A—AUUT || < 635>, 0:(A)% (Note that we did not attempt to optimize
the constants as the goal is only to highlight the comparison with the best rank-r error.)
In practice, oversampling by a small constant amount (e.g., d = r 4+ 10) is often enough to
obtain an excellent approximation. Furthermore, for matrices with slow spectral decay, the
randomized rangefinder can be combined with power iteration to significantly improve the
approximation quality [HMT11; TW23]

Currently, using a dense Gaussian sketch €2 is viewed to be the gold standard in terms of
the approximation quality, and allows for rigorous a priori error control (Theorem 3.2.12).
In practice, more practical sketching matrices {2 can be used with very similar performance,
including fast transforms (e.g., the subsampled randomized Hadamard transform) [ACO06;
Woo-+08| or sparse embeddings [AM07; Cam-+25|. For a more thorough discussion of related
computational aspects (e.g., a posteriori error estimation, and variations of the algorithm
for different environments), we refer to the excellent survey [MT20].

Once we have generated the random embedding Q, computed A (which we may assume
to be full rank for simplicity), and constructed a basis U for its row space, the idea is that we
can run the SC-RK algorithm confined within the affine subspace 2Ax = Qb. This directly
fits into the subspace-constrained sketch-and-project framework with Q = €. Recall that
P =1-(Q2A)'QA =I-UUTA is the orthogonal projector onto null(Q2A) = range(ATQ").
Thus, each (block) SC-RK update (3.38) can be implemented as

X" =xF —(As. — A7 UUT)(As X" —by). (3.39)

Compared to randomized bock Kaczmarz, each iteration (3.39) costs an additional O(¢nd)
arithmetic operations to compute the projection of the block A ..
By combining Corollary 3.2.11 with the high probability control of || AP||% from Theo-

rem 3.2.12, we can formulate the following bound on the convergence rate of the (block) SC-
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RK method with a rank-d subspace constraint computed using the randomized rangefinder.
Compared with Proposition 3.1.9, this result shows that the denominator in the convergence
rate improves from [|Al7 = 3.5, 0i(A)? to a constant multiple of 7., 0i(A)? If A is
approximately low-rank, then the latter can be much smaller for some d < n, which implies
a significant improvement in the convergence rate with a relatively small increase in the

per-iteration computational cost.

Proposition 3.2.13. Let Q € R>™ be a random Gaussian matriz with d > 10, and U €
R™? be a matriz whose columns contain an orthonormal basis of (QA)T. Let {x*}i>0 be the
iterates defined by (3.39), where x° solves QAx = Qb and the block J = {j1,...,ji} in each
iteration consists of { rows independently sampled from the distribution {||a;—UU" a;||3/||A—

AUU" |3}, Then, conditional on an event & that occurs with probability at least 1 —

7e-ld/2)
ek
ot. (A)2
Ellx* —x"[3 [ &) < [1- - " = x5,
? 635 ;s ld/2] oi(A)? ?
where o, (A) is the smallest non-zero singular value of A.

Proof. Let € be the event that ||AP|% = [[A — AUUT| < 63532, ,,0i(A)? which
occurs with probability at least 1 — 7e~l9/2] by Theorem 3.2.12 with r = |d/2]. Next, note
that the smallest non-zero singular value of AP is always as large as the smallest non-zero
singular value of A. This can be shown by the variational principle, using the fact that

null(AP)+ = range(PAT) C range(P) and range(PAT) C range(AT):

AP A A
of. (AP)=  min A Px]l, = min | Axl; > min | Axl, =
x€range(PAT) HXH2 x€range(PAT) HXHQ x€range(AT) HXHQ
Therefore, conditional on the event &, we can apply the upper and lower bounds on ||AP||%

and o

min

(AP)? from above to the bound on the SC-RK error from Corollary 3.2.11, which

shows that the claimed inequality holds. O]
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3.3 Analysis of subspace-constrained randomized coordi-

nate descent (SC-RCD)

In this section, we analyze the subspace-constrained randomized coordinate descent (SC-
RCD) method for solving the linear system Ax = b, where A € R"*" is a positive semidef-

inite matrix.

3.3.1 Convergence rate of SC-RCD

Update formulas. In the case when A is also positive definite, the SC-RCD method is an
instance of the subspace-constrained sketch-and-project method with geometry parameter
B = A and sparse sketching matrices aligned with the standard coordinate basis of the
form S = e, defined as in (3.3), for randomly chosen subsets J C [n]. Furthermore, the
subspace constraint is defined by the matrix Q = el € R™" parameterized by a (small)
subset S C [n] of d < n coordinates representing d salient data points or landmarks, which
we propose to efficiently choose using an algorithm such as RPCholesky.

Recall that x” € R" is any initial iterate satisfying As.x" = bs. By Lemma 3.2.1, the

update formula of the SC-RCD method is given by
T = xF — AT12PAY e (el AVPPAY e ;)T (A X" — b)), (3.40)

where P =1 — A'?es(efAes)’eLA'/? is the orthogonal projector onto null(e5A'/2).
Note that the rank-d Nystrom approximation of A with respect to the coordinates indexed

by S (e.g., see [MT20, §19.2], [Che+25, §2.1]) can be written as

A(S) = A s(Ass)As,.. (3.41)
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Using this expression, we can make the key observation that the residual matrix satisfies
A°=A - A(S) = AVPPA'2 (3.42)
Thus, the update formula (3.40) can be written as

Xt =x" — (ey — es(Ass) As.er) (AT ) (Ag, X" —by)

= x" —esa’ +esB", (3.43)
where, with the corresponding residual vector denoted by r* = Ax* — b,
o’ = (A% ), BF:=C.z0" and C:=(Ass)'As..

Note that the formula (3.43) remains well-defined even if A is rank deficient. Hence, the
SC-RCD method can be defined directly through the update formula (3.43), and remains
well-defined in the general positive semidefinite case.

With the update (3.43) for the iterate x*, the following update for the residual vector

r*t1 = Ax*t! — b can be derived:

r*t! = (Ax" — b) — A? S (AS 2(A7.x" —Dby)

k o o k
=1 — A2, (AT )’y

=r" — A7 o (3.44)

Finally, using (3.42), the orthogonal projector Z onto range(PA'/2e) can be written

Z = PAY?e (e, AY?PA%e ;) e AV/?P

= PAY2es (A ;)e AP, (3.45)
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Remark 3.3.1 (Properties of the Nystrom approximation). The residual matrix A° =
A — A(S) is the (generalized) Schur complement of A with respect to the coordinates
S C [n] (e.g., see [HZ05]). From this observation, the following well-known properties of
the Nystrom approximation A(S) can be derived. (i) A° > 0, so A = A(S) = 0. (ii) The
columns indexed by S in A(S) and A are equal: (A(S)).s = A.s. (iii) The range of A(S)
coincides with the span of the columns S in A: range(A(S)) = range(A.s). (iv) If the
d x d block (A(S))s,s is invertible, then rank(A°) = rank(A) — d (|[HZ05, Theorem 1.6]),
and the eigenvalues of A° interlace those of A: A\;(A) > X\(A°) > \yg(A) for 1 <i<n-—d
(|Liu05, Theorem 2.1]).3 (v) Finally, if A(S) is computed using RPCholesky, then (A(S))s.s

is invertible by virtue of the adaptive diagonal sampling process for the pivots.

Convergence rate. In the positive definite case, if the block J C [n] is formed by the
simple scheme of sampling ¢ coordinates independently from the same distribution, the
convergence rate of the SC-RCD method can be deduced from the general theory for the
subspace-constrained sketch-and-project method (Theorem 3.2.4 and Proposition 3.2.9). The
following result obtains the resulting rate when the coordinates are sampled proportionally

to the diagonal of the residual matrix A°:

Theorem 3.3.2 (Diagonal sampling). Let A € R™™ be a positive semidefinite matriz and
x* be any solution of Ax = b. Suppose that {x"}r>o are the iterates defined by (3.43) with a
fized subset S C [n], and the block J = {j1,...,je} in each iteration consists of { coordinates

independently sampled according to the distribution diag(A°)/tr(A°). Then

A+~ (AO) Kkl
]Ek_*2< 1 — [min . 0_*2'
Il < (1= 2 -
Proof. First, suppose that A is positive definite. Since the blocks consist of i.i.d. samples, the

SC-RCD method fits into the framework of Proposition 3.2.9. Hence, it suffices to analyze

31f (A(S))s,s is not invertible, these properties still hold and can be proved using the same
arguments using the generalized Aitken block-diagonalization formula ([PS05, Eq. (6.0.20)]) instead.
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E[Z,], where Z; is the orthogonal projector onto range(PA'/2e;) from (3.45) with j € [n]
and block size ¢ = 1.
The key idea is that the expectation E[Z;] admits a nice formula in terms of the residual
matrix when the coordinate j € [n] is sampled with probability A% ,/tr(A°) in each iteration:
Ajs

1

E[Z,] = §j 3~ PA2e.el AVZP

2] , tr(A°) A9, ©i€
j:A;j>O 7.3

1 1
— PA? [I- ) eje] | AP =

» PAP. 4
tr(A°) AT J tr(A°) (3.46)

Here we use the fact that Y7 e;ef = I, and A3; = 0 implies PA'?e el AY/?P = 0, since
this is a rank one, psd matrix with zero trace. Note that the exactness condition is trivially

satisfied because
null(E[Zl]) — null((Al/Qp)TAl/QP) — null(Al/zP),

Thus, by Proposition 3.2.9, SC-RCD with block size ¢ results in the expected error

* )\—in_nn(PAP) K *
Bl < (1- 20T - xR

To conclude, we observe that the eigenvalues of PAP and A/?PA'/2 = A° coincide.
Finally, we claim that the same result holds if A is positive semidefinite but not invertible.
In this case, the solution x* is not unique since it can be shifted by any vector in null(A).
However, we only need to track ||x* — x*||%, which is constant for any choice of solution
x*.4 Although we cannot directly use the results from the subspace-constrained sketch-and-

project framework, it can be shown by direct calculation that if we define the orthogonal

projector Z by (3.45), then the fixed point equation AY/?(x*+! —x*) = (I - Z)AY?(x* — x*)

4For example, we can write ||x* —x*||3 = f(x*) — f(x*), where f : x — x" Ax — 2b"x (|LL10,
Eq. (8)]). Since Vf(x) = 2(Ax — b), any solution x* of Ax = b with psd A is a minimizer of the
convex quadratic f.
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still holds. Hence, the same arguments in Theorem 3.2.4 and Proposition 3.2.9 can be used

to reach the same conclusions. ]

If the blocks are sampled uniformly at random instead, then we can obtain a similar
result, except that the rate depends on the spectrum of the diagonal-normalized residual

matrix. The proof is similar and will be omitted.

Proposition 3.3.3 (Uniform sampling). Consider the same setup as in Theorem 3.3.2. If
instead, the block J consists of { coordinates independently sampled from {j € [n] : Aj; > 0}

uniformly at random in each iteration, then with D € R™*" the diagonal matriz with entries

Pia = Ads ke
At (DT/ZAODT/Z)
E k_*2< 1 — Z‘min . 0_*2'
-l < A I [
Note that when ¢ = 1, the convergence rate in Theorem 3.3.2 is analogous to the

bound (3.2) proved for randomized coordinate descent, which depends on A, (A)/tr(A)
and is tight in general. By using the fact that the eigenvalues of the residual matrix A°
interlace those of A (Remark 3.3.1), or directly applying the variational principle, the nu-
merator of the rate is guaranteed to be no smaller: A*. (A°) > A (A). However, a signifi-
cant improvement can be realized if the denominator is much smaller; i.e., tr(A°) < tr(A).
This depends on the quality of the low-rank approximation in trace-norm and relates to

how the pivots S are selected. When S is selected using RPCholesky, we are able to use its

approximation guarantees to prove Theorem 3.1.3.

Proof of Theorem 3.1.3. Let A(S) be the Nystrom approximation of A output by RPC-
holesky with randomly sampled pivot set S. For a given S, Theorem 3.3.2 implies that the
error of the SC-RCD method satisfies

B[l - x| ) < (1- 2B 0 e gy,
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Note that \©

min

the event & where tr(A — A(S)) < p~'(146) > .., Mi(A) occurs with probability at least

(A — A(S)) > Xl (A). By using Theorem 3.1.1 and Markov’s inequality,
1 — p. Conditional on this event, substituting this bound into the displayed equation above

completes the proof. O

3.3.2 Implementation and complexity of SC-RCD

A practical implementation of the updates (3.43) and (3.44) of the SC-RCD method is
summarized in the pseudocode in Algorithm 3.1, presented in Section 3.1.2. Its efficiency,
as well as its complexity estimates used in Theorem 3.1.7, relies on several computational

considerations discussed below.

(i) The partial pivoted Cholesky factor F € R"*¢ output by RPCholesky can be used
to efficiently compute an initial iterate x° solving As.x" = bg (line 3). From Re-
mark 3.3.1, observe that Ass = (A(S))ss = Fs.(Fs.)", where Fs. € R™? is an
invertible, lower triangular matrix, and so (Ass)™* = (Fs.) " (Fs.)"!. Hence, given

any vector x € R, we can compute

X0 =X — eS(A&S)il(AS’:X — b3>

by only modifying the coordinates of x in S: first, we solve Fs.w = Ags.x — bs for
w € R? using forward substitution, and then solve (Fs.)"3 = w for 8 € R? using
back substitution. Finally, we set x° +— x and x% < x% — 3. In total, this requires
O(d?*) flops, which represents a substantial improvement over the O(d?n) flops from

solving As.x = bg naively.

Given any vector x and r = Ax — b (e.g., x = 0 and r = —b), the residual vector r°
associated with x° can also be computed by r° +— r — A. 53, which costs O(dn) flops,

instead of O(n?) flops from computing r® = Ax? — b directly.

118



(ii) Similarly, the columns of the auxiliary matrix C = (Ass)'As. = (Fs.) TF' € R¥"
(line 4) can be computed by solving a sequence of upper triangular linear systems with
back substitution (each requiring O(d?) flops). Specifically, for each j € [n]\ S, the 58
column C_; is the solution of (Fs.)"C.; = (F;.)". (The submatrix C.s is the identity,
but it is not used.) In total, computing C with this procedure requires O(d*(n — d))

flops.

(iii) The block J C [n] of ¢ coordinates can also be sampled without replacement (line 7)
with probabilities proportional to diag(A°), which will always result in a larger error
decrease in each iteration (see the upcoming Remark 3.3.5). Another even simpler
alternative is to sample the block J of ¢ coordinates uniformly at random (with or
without replacement), which will be especially effective if A° has incoherence properties

(e.g., see [Der+25a, Lemma 10]).

=l = ( 37J)1r§—1 by finding the min-norm solution of the ¢ x ¢

(iv) Line 8 computes a
linear system A% ;o = r]f{l.5 For small block sizes ¢, a can be solved directly using
a method based on QR or SVD using O(¢3) flops. For larger block sizes, a can be

computed inexactly using an iterative method such as CG, noting that A% ; is psd

(see the upcoming Remark 3.3.4).

Complexity estimates. Based on the considerations above, the computational costs of

SC-RCD (Algorithm 3.1) can be analyzed in two stages:

e Initialization: learning the rank-d Nystrém approximation A(S) = FF' using RPC-
holesky requires O(d?n) arithmetic operations, O(dn) entry evaluations of A, and O(dn)
storage [Che+25; ETW24|. Note that the normalized diagonal of the residual matrix

A° can be read off the output of RPCholesky to obtain the sampling probabilities p

5The linear system has a solution since rf} € range(Af% 7). This follows from using the fact that
PAY?(xF — x*) = AV?(xF — x*) to write rg = }A1/2A1/2(xk —x*) = TjAl/zPAl/z(xk —x*) =
A%z(xk —x*). Finally, we conclude by noting that range(A?% ) C range(A% ;) since A° is psd

([H1Z05, Theorem 1.20]).
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without any additional cost. Next, the initial iterate x and auxiliary matrix C can be
computed with O(d?) and O(d?*n) operations, respectively, and dn entries of C have to

be stored in memory.

e lterations: in each iteration, the residual submatrix A% , = Az 7 — Fs.(Fz7.)7 is
needed for the projection step. If A° cannot be stored in memory, this requires accessing
and storing ¢n entries of A in A. 7 (since the entire columns are also needed to update the
residual vector r) and O(f2d) arithmetic operations. Then, solving for e requires O(¢3)
operations (possibly fewer if solved inexactly), computing 3 requires O(¢d) operations,
and updating the iterate x and residual vector r requires ¢ + d and O(¢n) + O(¢d + dn)
operations, respectively. In summary, each iteration requires O(dn + ¢n + (3 + (2d)

operations. If ¢ = O(y/n), then this simplifies to O((¢ + d)n) operations per iteration.

Combining Theorem 3.1.3 with the analysis of the computational costs of the SC-RCD

method allows us to prove Theorem 3.1.7 on the overall complexity of SC-RCD.

Proof of Theorem 5.1.7. If RPCholesky is independently run 7" = [log,(2/¢)] times and the
output S with the smallest residual trace-norm is chosen as in Remark 3.1.4, then the event £
where tr(A—A(S)) < 2(1+1) > .., Ai(A) occurs with probability at least 1—277 > 1—¢/2.
Applying Theorem 3.1.3 with 6 = 1 implies that conditional on the event &£, the expected
relative error after k = [4(n/0)R,(A)log(2/¢)]| iterations satisfies

A+

B [l = | €] < exp (—tne, (A) ox(2/2) - 5 )~

< (/2) - I = x"[4.

where we used the elementary inequality 1 — ¢ < e * for the first inequality. By using the

monotonicity property [|x* —x*||43 < ||x° — x*||% in the event that £ does not hold, denoted
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by £¢, the overall expectation can be bounded by

Elx" —x* A =E[Ix" —=x"|[A [£] - P(E) + E [[x" — x4 | £ - P (£7)

< (2/2) [ = x4 + (/2) - X" = x"[3 = & [Ix" = x"[4,

as desired. It remains to compute the computational costs. Running RPCholesky
T = O(log(1/e)) times and initializing requires O(d*nlog(1/¢)) arithmetic operations,
O(dnlog(1/¢)) entry evaluations, and O(dn) storage. Subsequently, each SC-RCD iteration
requires accessing ¢n entries of A and O(dn+ ¢n+ (3 +¢?d) arithmetic operations, so in total
O(n? - k.(A)log(1/¢)) entry evaluations and O((n*(d + £)/¢ + (*n + {dn) - k,.(A)log(1/¢))

arithmetic operations are required. O

Remark 3.3.4 (Inexact projections). Note that each update (3.24) requires finding
the min-norm solution z of the linear system SAB~Y/2Pz = S(Ax* — b) to compute
(SAB~'/2PB~1/2ATST)!S(Ax* — b). For practical efficiency, it is possible for an approxi-
mate solution to be computed; e.g., using an inner iterative method such as preconditioned
CG. See |DY24, §4.3|, |[Der-+25a, §6|, or [TRG16] for results along these lines, where similar
theoretical bounds as in Theorem 3.2.4 can be derived with the loss of a small multiplicative

factor in the rate.

Remark 3.3.5 (Sampling without replacement). If the coordinates in the blocks are sampled
without replacement in Theorem 3.3.2 or Proposition 3.3.3, then the same bounds hold
because the convergence rate can only improve. To see this, suppose that J and J’ consists
of ¢ coordinates sampled with and without replacement, respectively, and let Z = Z(J)
and Z' = Z'(J’) denote the corresponding orthogonal projectors onto range(PA'/2e ;) and
range(PA'/2e ;) from (3.45). The key observation is that J and J’ can be coupled such that
J C J' by rejection sampling (e.g., J' can be formed by proposing the same indices sampled
for J and resampling any duplicates), and hence Z' = Z. Combined with Lemma 3.2.3, this

implies that the error decrease in each iteration with Z’ is always at least as large as with Z.
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3.4 Numerical experiments

In this section, we present some numerical experiments demonstrating various features of
the SC-RCD method. The experiments were performed using Python 3.12.7 on a 2.6 GHz
Intel Skylake CPU with 32GB RAM. The code is available at https://github.com/

Jackielok/subspace—-constrained-rcd.

3.4.1 Synthetic psd system

In the first experiment, we demonstrate the effectiveness of the SC-RCD method (Algo-
rithm 3.1) for solving approximately low-rank systems. We simulate a n x n psd linear
system with n = 8,192 = 213, where the first r = 400 eigenvalues are equal to one (i.e., are
“large” up to normalization) and subsequently decay as \; = i~%/2 for 4 > 400, by defining a
diagonal matrix 3 with 3;; = )\; and rotating with a uniformly random orthogonal matrix
U to form A = UXUT.

Figure 3.1 (right) shows that the residual matrix A° = A — A(S) with approximation
rank d = 500 ~ 5.5y/n is much better conditioned than A. Accordingly, Figure 3.1 (left)
shows that SC-RCD, using the corresponding rank-d Nystrom approximation and block size
¢ = 500, converges effectively. For comparison, we also show the convergence rate, measured
on an epoch-basis, for related methods including the conjugate gradient method (CG); ran-
domized coordinate descent (RCD) with blocks of size ¢ = 500, sampled in the same way as
SC-RCD; and the recently proposed CD+-+ method from Derezinski et al. [Der-+25b], which
combines RCD with techniques such as adaptive acceleration and Hadamard preconditioning.

Figure 3.2 shows the relative residual norm after 200 epochs for SC-RCD, RCD, and
CD-++ using various block sizes ¢ and approximation ranks d. Figure 3.2 (left) shows that the
SC-RCD error decreases as ¢ increases. The theory that we develop (Theorem 3.3.2) implies
that this curve should be non-decreasing; however, the actual performance (significantly)

exceeds this bound, which reflects how larger blocks are able to implicitly capture larger
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Figure 3.1: Solving a synthetic 8,192 x 8,192 psd system Ax = b with approximate rank
r = 400. (Left) Relative residual norm ||Ax* — b||5/||[Ax°? — b]|, over 300 epochs for SC-
RCD (with d = 500 and ¢ = 500), as well as CG, RCD and CD++ (also with ¢ = 500),
using the same initial iterate as SC-RCD. Each epoch corresponds to a single pass over the
entire dataset (i.e., one iteration of SC-RCD/RCD/CD++ corresponds to ¢/n epochs). The
lines depict the median over 100 independent runs with the same Nystréom approximation.
(Right) Eigenvalue spectra of A and the residual matrix A° corresponding to the rank-d

. . . . o . + .
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Figure 3.2: Continuing the same setup as in Figure 3.1, the plots show the relative residual
norm after 200 epochs for (Left) SC-RCD (with d = 500), RCD, and CD-++ with various
block sizes; and (Right) SC-RCD (with ¢ € {50,500}) with various approximation ranks.

parts of the spectrum of A (see [DR24; Der+25b| for related theory). It also shows that
RCD and CD-++ do not converge effectively until ¢ is large enough to implicitly capture the
leading r = 400 eigenvalues, after which they significantly improve. Figure 3.2 (right) shows

that the SC-RCD error also decreases as d increases and RPCholesky computes a higher

quality matrix approximation (Theorem 3.1.1). We observe a significant improvement once
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d is large enough, in combination with ¢ (due to the implicit effects of block size), to capture
the r large spectral outliers of A in each iteration.

We note that while each iteration of SC-RCD incurs an additional computational cost of
O(nd) to enforce the subspace constraint compared to RCD, it is not the dominating term
in the complexity of each iteration when d, ¢ ~ O(y/n) (see Section 3.3.2). Correspondingly,
the time to run SC-RCD and RCD in Figures 3.1 and 3.2 with the same block size ¢ was
found to be very close. The iterations of CD-++ with the same block size are somewhat
faster due to its use of techniques such as approximate regularized projections and block
memoization, which could be integrated with SC-RCD for practical efficiency as a part of
future work. However, we note that the theoretical guarantee (3.16) for CD-++ requires the
matrix A to be stored in memory and preprocessed by a randomized Hadamard transform,
or otherwise requires A to possess some natural incoherence properties. This makes it more

difficult to apply for large-scale problems, such as in the upcoming experiment.

3.4.2 KRR problem on real-life dataset with fast spectral decay

In the next experiment, we investigate the performance of the SC-RCD method for solving
large-scale kernel ridge regression (KRR) problems where the matrix cannot be stored in
memory, and the dominant computational cost comes from matrix evaluations.

To give a brief overview of KRR, suppose that we are given n data points {(z;, v;)}7,
with features z; € R? and response variable y; € R. A kernel matrix K € R™*" is formed
with K, ; = k(z;,2;) for some positive definite kernel function x : R* x R* — R. For our
experiments, we will use the Gaussian kernel with bandwidth parameter ¢ > 0, defined by
r(2zi,2;) = exp (—||z; — z;||3/(20?)) . Then, given a regularization parameter A > 0, the goal
of KRR is to find a vector x € R™ to minimize ||[Kx — y||3 + Ax' Kx, which is equivalent to
solving the positive definite system (K + A\I)x =y.

In Figure 3.3, we take n = 100, 000 samples from the h1s4ml_lhc_jets dataset [Pie+20],

which consists of features z; € R6 for predicting jet classes from LHC proton-proton colli-
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Figure 3.3: Solving the KRR problem (K + AI)x =y on the hls4ml_lhc_jets dataset
with n = 100, 000 samples and a very small amount of regularization A = 10~"n. (Top left)
Relative residual norm || (K+AD)x* —y/|l2/|ly|l2 over 100 epochs for SC-RCD (with d = 1,000
and ¢ = 1,000), as well as RCD (also with £ = 1,000), CG, and PCG (also with d = 1,000).
The lines (resp. shaded interval) depict the median (resp. 0.2- and 0.8-quantiles) over 100
independent runs. (Top right) Error in terms of time elapsed. The kernel matrix K is
not stored in memory, and entry evaluations represent the dominant computational cost.
(Bottom left) The leading 20,000 eigenvalues of A = K + AI, the residual A°, and the
preconditioned AM~Y2AM~1/2 corresponding to the rank-d Nystrém approximation, with
their condition numbers >, A\;/AL. reported in brackets. (Bottom right) The error after

50 epochs for SC-RCD and PCG with various approximation ranks d.

sions. We consider solving (K + AI)x = y using the Gaussian kernel with bandwidth ¢ = 3
and a small regularization parameter A = 10~?n, which results in a more ill-conditioned and
challenging system to solve. Figure 3.3 (bottom) shows that the eigenvalues of K decay
exponentially, so the regularized system has a flat-tailed spectrum that quickly decays to .

We consider the SC-RCD method where the blocks consist of indices sampled with weights

proportional to the diagonal of the residual matrix or uniformly, as well as RCD (where
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both forms of sampling are equivalent since K has unit diagonals). In each iteration, we
perform inexact projections, where « is solved up to a relative error of 0.05 using CG with
a simple Jacobi preconditioner (i.e., diagonal normalization). For comparison, we also solve
the system using the preconditioned CG method (PCG) proposed by Diaz et al. [Dia+24],
which uses a preconditioner M = FFT 4+ A1, constructed from an approximation K = FF'
of K using RPCholesky.

Figure 3.3 (top) show the convergence rate of these iterative solvers, measured in terms of
the number of epochs completed (left) and the total time elapsed (right). We observe that the
SC-RCD method with a relatively small Nystréom approximation significantly improves upon
RCD, analogous to the improvement of PCG over CG as shown by [Dia+24]|. Furthermore,
SC-RCD converges faster than PCG with the same approximation rank d = 1,000 used.
However, Figure 3.3 (bottom right) shows that the improvement in the rate of PCG with
larger d is faster than for SC-RCD. In practice, the choice of d may be limited by the
availability of memory.

This experiment provides limited evidence of how coordinate descent-based methods can
be competitive with methods such as preconditioned CG for large-scale problems where
entry evaluations are costly. There may be further computational advantages of CD-based
methods, such as the possibility for acceleration [Tu+17], parallelization (e.g., averaging over
mini-batches [RT20, Algorithm 2|), and asynchronization [ADG15|, but we do not investigate

these possibilities.

3.4.3 KRR problem with slower spectral decay

In the final experiment, we investigate the performance of SC-RCD for solving another KRR
problem on a dataset with slower spectral decay. We also demonstrate that how the blocks
are sampled can play a critical role in the convergence rate of SC-RCD.

Specifically, we consider solving (K + AI)x = y using n = 20,000 samples from the

sensorless dataset [CL11], which consists of features z; € R*®, the Gaussian kernel with
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Figure 3.4: Solving the KRR problem (K + M[)x = y on the sensorless dataset with
n = 20,000 samples and a small regularization parameter X = 10~"n. (Left) Relative
residual norm over 300 epochs for SC-RCD (with d = 1,000 and ¢ = 1,000), RCD (also
with ¢ = 1,000), CG, and PCG (also with d = 1,000). (Right) Eigenvalue spectra of
A = K + M, the residual A°, and the preconditioned AM~Y2AM /2 corresponding to
the rank-d Nystrom approximation, with their condition numbers >, \;/AL reported in
brackets.

bandwidth ¢ = 3, and a small regularization parameter A\ = 10~"n. This dataset was

identified as one of the more difficult KRR problems studied in [Dia+24|. Figure 3.4 (right)
confirms that the kernel matrix exhibits much slower spectral decay, making it far more
difficult to find a good low-rank approximation. Figure 3.4 (left) shows that SC-RCD with
uniformly sampled blocks exhibits the fastest convergence rate, and diagonal sampling—
which has been the most effective for systems with rapid spectral decay so far—actually
performs poorly. We observe that SC-RCD with uniform sampling improves upon RCD, as

expected from Proposition 3.3.3.

3.5 Concluding remarks

We proposed and analyzed the SC-RCD method for solving psd linear systems Ax = b,

which combines the classical randomized block coordinate descent algorithm with a rank-d

matrix approximation, efficiently computable using an algorithm such as RPCholesky. We

proved that it is a lightweight algorithm that can obtain an e-relative error solution using

O(nd) memory and O((n* + nd?) - %,(A)log(1/)) arithmetic operations, where &,(A) =
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> ior Mi(A) /AL (A) s the normalized tail condition number of A and r is typically close
to the approximation rank d. This makes SC-RCD effective for solving large-scale, dense
systems with rapid spectral decay, such as those arising in kernel ridge regression. We
presented numerical experiments in support of these results.

Some directions for future work include combining the subspace-constrained framework
with other computational techniques, such as those employed in [Der-+25b]|, for further prac-
tical efficiency. For example, momentum-based acceleration would help attain an improved
complexity in terms of the condition number dependence. A more general question sug-
gested by this work is how one can efficiently learn subspaces that control different parts
of the spectrum, such as small spectral outliers. Another future direction is to investigate
how constraining the dynamics within a selected subspace can be used to accelerate other

iterative algorithms based on the sketch-and-project approach, particularly those addressing

more general nonlinear problems.

3.6 Subspace-constrained sketch-and-project technical
proofs

In this section, we give the technical proofs of Lemmas 3.2.1 and 3.2.2 for subspace-

constrained sketch-and-project from Section 3.2.

Proof of Lemma 3.2.1. Given the iterate x* after the k' iteration, define z := x* — x**1,

Then from (3.22), together with the change of variables w = B/?(x* — x), we have

T

argmin w'w
weRn?
Bz = | quch that SAB~2w — S(Ax* —b), (3.47)

QAB 2w = Q(Ax* —b).
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Note that since QAx* = Qb, the second constraint is equivalent to w € null(QAB~/2), or
w = Pw. By introducing Lagrange multipliers XA € RY, 7 € R, we deduce that the optimal

w, = BY2Z solves the first-order conditions

w, + BT2ATSTA + BT2ATQ"r = 0,
SAB 2w, = S(Ax* — b),

Pw, =w,.

First, by definition of P, we have PB~/2ATQ" = 0. Hence, by multiplying the first equation
by P, we obtain Pw, + PB~/2ATST A\ = 0. By combining this with Pw, = w,, we deduce
that

w, = —PB/2ATSTA.

Thus, w, € range(PBfl/QATST), which implies that Zw, = w,. This shows that

w, = Zw, = PB"'?ATST(SAB™'/?’PB'/?ATST)'SAB~/*Pw,

= PB /2ATST(SAB/?PB'/2ATST)IS(Ax" — b), (3.48)

where in the last line we used that Pw, = w,, and so SAB~Y/2Pw, = S(Ax*—b). Recalling
that x*+! = x* — B~'/?w,, the update rule (3.24) follows from (3.48).

Next, from the update rule (3.24), we obtain

B1/2(Xk+1 . X*> _ Bl/Z(Xk . X*) . PB71/2ATsT(SABfl/QPBfl/QATsTy[SA(Xk . X*)

_ Bl/Q(Xk . X*) . ZBl/Z(Xk . X*),

where in the last line we used x* —x* = B~'/2PB!/?(x* —x*). Indeed, since QA (x* —x*) =
Q(Ax* — b) = 0, we have BY2(x* — x*) € null(QAB~Y/2) and so PBY?(x* — x*) =

B'/2(x* — x*). This concludes the proof of the fixed point iteration (3.25). O
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Proof of Lemma 3.2.2. From the formula (3.18) for x*, we see that BY/2(x’ — x*) €
range(B~Y/2AT).  Furthermore, since the initial iterate solves QAx’ = Qb, we have
QA (x° — x*) = Q(Ax® — b) = 0, and thus BY/?(x’ — x*) € null(QAB~/2) = range(P).
Hence,

BY%(x" — x*) = PBY/%(x" — x*) € range(PB~/2AT).

Next, observe that B/?(x* — x*) € range(P) for all & > 0 since the subsequent iterates x*
continue to solve QAx* = Qb. From the fixed point iteration (3.25) in Lemma 3.2.1, we
have BY/2(xF —x*) = BY/2(xF~! —x*) —ZB'/?(x¥~! —x*). Since Z is the orthogonal projector
onto range(PB~'/2ATST), it follows from induction that B'/?(x* — x*) € range(PB~1/2AT)

for all £ > 0. ]

3.7 Extension of SC-RCD for least-squares problems

Algorithm 3.2 SC-RCD: least squares

Require: Matrix A € R™*" vector b € R™, approximation rank d, block size ¢
Ensure: Approximate solution x € R" of arg min, ||Ax — b||2, residual vector r = Ax —b €
Rm
1: Compute pivot set S C [n] and Q € R™*?4 R € R¥" defining column-pivoted partial
QR decomp. A = QR, and set A° + A — A > E.g., [Che+25, Alg. 7|
Compute D + (R.5)7'Q" € R™™ and C «+- DA € R¥"
Set x <~ DbeR"andr < Ax—b e R"
Set p = 0,1, and compute p; <= [|A?,||5/]|A°]|% for j € [n]\ S
for k=1,2,... do
Sample subset J = {j1,..., ¢} of £ columns with ji,...,j, ~ p i.i.d.
Solve (A7 ;)TAY ;o = (A?;)'r for o € R
B+ C;,Ja € R?
X7 4 X7 — 0, Xs +—Xs+ 0
rr— A’ ;a
: end for

— =
—= O
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In this section, we will briefly explain how the SC-RCD method can be adapted to solving

the least-squares problem

argmin||Ax — bll, where A € R™*". (3.49)

xeR”

Since (3.49) reduces to the solution of the normal equations ATAx = ATb, this can be
solved by applying the psd SC-RCD method on the normal equations. In the following, we
will show that the algorithm can be implemented without explicitly forming the psd matrix
ATA as a column-action method; see Algorithm 3.2 for pseudocode.

In this setting, the natural analogue of the Nystrom approximation is the column projec-
tion approzimation IIx sA of A, where Il s is the orthogonal projector onto the span of
the columns of A indexed by §. The key observation is that the entries of the Gram matrix
(A.s)TA.s give the inner products between the columns of A indexed by S; in particular,
the squared column norms can be read off the diagonal (see, e.g., [Che+25, §3| for more
details on this classical connection).

Indeed, the RPCholesky algorithm can be naturally adapted to a randomly pivoted QR
algorithm that outputs a column projection approximation in the form of a partial QR
decomposition A= QR of A, where Q € R™*9 has orthonormal columns and R € R¥" is
upper triangular (after pivoting to bring the columns in S to the front), such that :&:75 =As

~

and range(A) = range(A.s); see [Che+25, Algorithm 7). We note that there are many

other approaches for solving the corresponding column subset selection problem, including
an elegant strategy based on adaptive randomized pivoting recently analyzed in [CK26].

Derivation of Algorithm 3.2

Suppose that we are given a column projection approximation ITp sA of A with d pivots S C

[n] and an initial iterate x° satisfying (ATA)s.x" = (ATb)s, or equivalently (A.s)"(Ax® —
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b) = 0. Let
A:=TIssA and A°:=A—A (3.50)

be the column projection approximation of A with respect to the columns indexed by S and

the corresponding residual matrix, respectively. Observe that if
P=I- (ATA)WGS((ATA)S,S)TGE(ATA)W
is the orthogonal projector onto null(ef(ATA)'/?), then
(ATA)?P(ATA)Y2 = AT(I - TIo 5)A = (A°)TA°. (3.51)

Hence, after some algebraic manipulations, the update (3.43) for the iterate x* for solving

the psd system ATAx = ATb with SC-RCD is equivalent to the following:
xFt = xF — e af +esB", (3.52)

where

o = ((A°)TA%)7.7) (A7)t and B":=C sa,

with C := ((ATA)ss)T(ATA)s. and r* = Ax* — b. Note that the subspace constraint
maintains the invariant (A.s)"(Ax* — b) = 0. Therefore, (1&;7\7)-'_1"C = (A. 7)) st" = 0,
and we can replace (A. 7)'r" with (A?/)Tr" (ie., & is the solution of a highly overdeter-

mined least squares problem arg min,||A? ;o — r*||3). Furthermore, the update (3.44) for

the residual vector r* is equivalent to
=P — (I -TIas)A. ;0" =1" - Aijak. (3.53)

The updates (3.52) and (3.53) are summarized in the pseudocode in Algorithm 3.2. Each

iteration requires accessing the columns of A and A indexed by the sampled block 7. Similar
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to the psd case (Section 3.3.2), the partial QR structure of the approximation A can be used
to compute the auxiliary matrix C = (A.s)"A and a valid initialization x° = (A, s)'b more
efficiently by observing that (A.s)" = (QR.s)! = (R.s)"'Q" if A.s has full rank, recalling
that R. s is upper triangular.

The following result states the convergence rate of the least squares SC-RCD method
(Algorithm 3.2), which immediately follows from Theorem 3.3.2 for a fixed pivot set S. As
in the psd SC-RCD case, this can be further combined with bounds for the quality of the

low-rank approximation A such as [Che+25, Corollary 5.2], which we do not elaborate on.

Theorem 3.7.1. Let A € R™ "™ and x* be any solution of the least squares problem (3.49).
Suppose that {x*}i>o are the iterates defined by (3.52) with a fived subset S C [n], and

the block J = {j1,...,je} in each iteration consists of { columns independently sampled

according to the distribution {||AZ;||3/[|A°||%})=,. Then

0.+‘ A° 2\ k¢
Bl = xea < (1= BT ) - ey
F

where A° = A —TIa sA, and o, (A°) is the smallest non-zero singular value of A°. Note

that | x* —x*||3r , = |[AX"—Db||3—||Ax* —b||3 measures the suboptimality in the least squares

objective.

3.8 Additional numerical experiments

In this section, we present additional experiments to corroborate the findings reported in
Section 3.4. We adopt a similar KRR setup as in Figures 3.3 and 3.4: we take n = 20,000
samples (z;,y;) € R? from a selection of datasets considered in [Dia+24, Table 1|, which are
sourced from OpenML [Van+13] and LibSVM [CL11|, and solve (K 4+ AI)x = y using the

Gaussian kernel K with bandwidth ¢ = 3 and a small regularization parameter A = 10~ %n.
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We use SC-RCD (with d = 1,000 ~ 74/n and ¢ = 1,000), RCD (with ¢ = 1,000), CG, and
PCG (with d = 1,000).

Figures 3.5 and 3.6 report the convergence trajectories, showing the relative residual
norm ||(K + AI)x* — y||o/|ly|l2 over the first 300 epochs (the median and 0.2/0.8-quantiles
over 10 independent runs are reported), and the corresponding eigenvalue spectra for eight
datasets, loosely grouped in terms of whether the kernel matrix exhibits rapid or slower

spectral decay.
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Figure 3.5: For kernel matrices exhibiting rapid spectral decay, the SC-RCD method is
particularly effective: (Left) Convergence trajectories and (right) eigenvalues for the (i)
ACSIncome (p=11), (ii) Airlines_DepDelay_ 1M (p =9), (iii) cod-rna (p = 8), and
(iv) diamonds (p = 9) datasets.
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Figure 3.6: For matrices with slower spectral decay, SC-RCD with uniformly sampled blocks
typically works quite well: (Left) Convergence trajectories and (right) eigenvalues for the
(i) covtype.binary (p =54), (ii) creditcard (p = 29), (iii) HIGGS (p = 28), and (iv)
SensIT Vehicle (p = 100) datasets.
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3.9 Accelerated subspace-constrained sketch-and-project

The sketch-and-project method can be interpreted as a form of stochastic gradient descent
(SGD) [RT20; Gow+21|. Analogously, the subspace-constrained version can be interpreted
as a form of projected SGD where the iterates are confined within (affine) subspace corre-
sponding to the solutions of QAx = Qb throughout. Indeed, from Lemma 3.2.1, the updates

kMl — xb — gkF where g¥ is a

of subspace-constrained sketch-and-project are of the form x
projected gradient associated with a random sketch of the linear system.

In this section, we will describe an accelerated subspace-constrained sketch-and-project
algorithm for solving Ax = b with A € R™*" that incorporates a Nesterov momentum
term. We will adapt a formulation of the accelerated randomized block Kaczmarz algo-
rithm recently proposed by [Der+25b], building on previous accelerated algorithms analyzed
by [Tu+17; Gow | 18]. Recall that P and Z are the orthogonal projectors onto null( QAB~/2)
and range(PB~/2ATST), respectively.

Given parameters p, 7 € [0, 1] and any initial iterate x° satisfying QAx" = Qb, consider
the following procedure. Set m® = 0, and for k& = 0,1,2,..., draw a sketching matrix

S = S**! independently from an input distribution D, and compute

gt =B ?2PB/?ATST(SAB /?PB'/?ATS")'S(Ax* — b), (3.54)
1-p
k+1 k k
= (mF - 3.55
m g ﬁ(m g"), (3.55)
X" =x —gh 47 mFt (3.56)

The following result bounds the convergence rate of accelerated subspace-constrained
sketch-and-project if the parameters p and 7 are chosen based on quantities related to the

spectrum of E[Z] (analogous to the first and second moments).

Theorem 3.9.1. Let P and Z be the orthogonal projection matrices onto null( QAB™/2)

and range(PB_l/QATST), respectively, as in Lemma 3.2.1. Assume that the exactness con-
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dition (3.30) holds: null(E[Z]) = null(AB~Y2P). Define
=N (E[Z]) and v = A (E [(E[Z]7?ZE[Z]7?)?]) . (3.57)

If {x*} >0 is computed according to the procedure (3.54)—(3.56) using parameters 1, p € [0, 1]

that satisfy
—1 ~ ~, /\_

A<V TP 4 po—n) _

. 3.58
T =5 M (3.58)

then
Ellx* — x*|[5 <8(1—p)" - X" — x| (3.59)

Remark 3.9.2. 1. A choice of parameters that saturate the bounds in (3.58) are given

-1
v v-—=p
== d = . 3.60
P \/: ane 1—p ( )

By choosing 77 = n and p = p, (3.59) implies that the iterates {x"};>o converge with

by

rate 1 — /p/v . Tt can be shown that 1 < v < 1/u (see Lemma 3.9.5). Hence, the
accelerated method with the optimal parameters converges faster than the unaccelerated
method, which has rate 1 — u from Theorem 3.2.4. On the other end, note that choosing
7 = 0 and (necessarily) p = p also recovers the unaccelerated method. Thus, the choice
of 7 and p satisfying the conditions (3.58) offers a smooth interpolation between the
optimal accelerated and unaccelerated methods, and suggests a certain robustness in

the estimation of the parameters.

2. Given estimates i and v that satisfy g < p, v > v, and v < 1/, a valid set of

parameters p, 7] satisfying (3.58) can be obtained by setting

—~ /\71 ~

N 0 v =)
JE and s . 3.61
: \/; we =TI (361)
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3. The conditions on p in (3.58) imply that p < p. Indeed, substituting the first condition
into the second yields p? — up = p(p — pu) < un(1 —p) < pu(v=r—p) = p?> — up. The

first condition also implies that < 1/v.

To prove Theorem 3.9.1, we will consider another formulation of the accelerated sketch-
and-project method [Tu+17; Gow18] that embeds the sequence {x*};>o from (3.54), and
allows for the convergence rate to be bounded using a Lyapunov-style analysis [WRJ21]|.
Specifically, let & and ¥ be positive parameters satisfying ;@ < 7, and define
m . 1 1

= : (3.62)

= ]_— = — 9 . ~
p 5 NG 1+v

Given any initial iterate x° satisfying QAx? = Qb, set v¥ = y* = x% For k = 0,1,2, ...,

draw a sketching matrix S = S**! independently from an input distribution D, and compute

gt =B 1/2PB1/2ATST(SAB /?PB/2ATS")IS(Ax" — b), (3.63)
yrt=x" —gh (3.64)
vl = BvF 4+ (1 = B)xF — g, (3.65)
XM = avit 4 (1 — a)y* . (3.66)

Note that from (3.64), y*™' is obtained from a subspace-constrained sketch-and-
project update from x* (Lemma 3.2.1). Furthermore, observe that the differences

B'/2(xF —x*), BY2(y* — x*), BY/2(vF — x*) € range(P) = null(QAB~!/2) throughout, which

shows that the iterates x*,y* v*

are constrained within the solution space QAx = Qb.
The following theorem describes the convergence rate of the accelerated subspace-
constrained sketch-and-project method formulated in (3.63)—(3.66). In the statement, we

use the notation ||z , = z' BY2E[Z]'B'/?z to denote the semi-norm induced by

”2]31/21@[2}TBI/
B'/?E[Z]'B'/2.
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Theorem 3.9.3. Suppose that the same notation as Theorem 3.9.1 is used. Assume
that the evactness condition (3.30) holds: null(E[Z]) = null(AB~Y/2P). Suppose that
{(x*, y*,v¥) }r>0 are the iterates from the procedure (3.63)—(3.66) using positive parameters

i, v >0 that satisfy i < p and v > v. If we define

AF = HVk — X*H]231/2E[Z]TB1/2 + //Iil”yk - X*H]237

k
EA* < (1 — \/g) -A°, (3.67)

In particular, this implies the bounds

k
Euyk—x*ufgsz(l—\/E) = Xl (3.65)
14
— k
Enxk—x*néss@—\/g) e = X (369
1%

The proof of Theorem 3.9.3 uses essentially the same argument used in the proof

then

and

of [Gow+18, Theorem 3| for the accelerated sketch-and-project method, and involves
some fairly technical and lengthy calculations. The main difference is that the subspace-
constrained version incorporates the projector P to enforce the subspace constraint, which
requires more careful reasoning about subspaces. Moreover, our formulation allows for
the algorithm to use an underestimate ji of p and an overestimate v of v. We will prove
Theorem 3.9.3 in Section 3.9.1.

To show that Theorem 3.9.1 follows from Theorem 3.9.3 , we simply have to identify how
the two formulations of accelerated subspace-constrained sketch-and-project are equivalent

under appropriate reparameterizations, which is given by the following lemma.
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Lemma 3.9.4. The iterates {ax*}y>o from the procedure (3.63)~(3.66) using parameters fi

and U are the same as the iterates {x*}>0 from the procedure (3.54)—(3.56) using parameters

=)
)
|

p= = and 7= (3.70)

Conversely, the iterates {x¥} >0 from the procedure (3.54)—~(3.56) using parameters p and 0

are the same as the iterates {x%}r>o from the procedure (3.63)—(3.66) using parameters

1
~ POPN ~
n=pv and U= < < - (371)
p+1(l—p)
The proof of equivalence follows from some straightforward algebra and the definitions,

and will be deferred to Section 3.9.2. To conclude, we finish by verifying that Theorem 3.9.1

follows from Theorem 3.9.3 and Lemma 3.9.4.

Proof of Theorem 5.9.1. Since Lemma 3.9.4 shows that the sequence {x"*};>¢ from (3.56)
embeds into the sequence from (3.66) with parameters ji = p°v and U = 1/(p + (1 — p)), it
suffices to check that z < p and ¥ > v so that (3.69) from Theorem 3.9.3 can be applied.
Indeed, the conditions in (3.58) are rearrangements of the inequalities v > v and u < p,

respectively, in terms of p and 7). ]

3.9.1 Proof of Theorem 3.9.3

In this section, we will prove Theorem 3.9.3, which bounds the convergence rate of the
subspace-constrained sketch-and-project procedure (3.63)—(3.66). First, we prove some prop-
erties of the moments p and v related to the expected projector E[Z] as in (3.57). The

approach is similar to the proofs in [Gow+ 18, Appendix A.1].

Lemma 3.9.5 (Properties of u and v). Assume that the exactness condition (3.30) holds:
null(E[Z]) = null(AB~Y?P). Let p = M}, (E[Z]) and v = Anax (E [(E[Z]/2ZE[Z]7/?)?]).

min
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Then, we have the following equivalent variational characterizations of p and v:

E[Z E[ZE[Z]TZ]x,

= inf M and v = sup (E[ZE[Z)'Z]x, x) (3.72)
xCrange(PB~1/2AT) <X, X> x€range(PB—1/2AT) <E[Z]X, X>

Furthermore, v > 1 and p < 1/v.

Proof. The variational characterization for p = A'. (E[Z]) follows from applying the

standard min-max theorem for the smallest eigenvalue of a symmetric matrix and
using the exactness condition to identify the nullspace. We do the same for v =
Amax (E[Z]"2E [ZE[Z)'Z] E[Z]'/?), together with the substitution y = E[Z]'*x and us-
ing the fact that E[Z]/2E[Z]*/? is the identity on range(E[Z)).

Next, by Jensen’s inequality and convexity of the map Z <Z]E[Z]TZX,X> =

|E[Z]1/2Zx|)? for fixed x, we have
E [(ZE[Z)'Zx,x)] > (E[Z|E[Z]'E[Z]x,x) = (E[Z]x,X).
Therefore, from the variational characterization of v we deduce that
v > sup
x€range(PB~1/2AT) <E[Z]X7 X>

By using the variational characterization of v again and making the substitution x =

E[Z]"?y, we have

E [(E[Z]'Zx, Zx E[Z]'||E|Zx]|? 1
x€range(PB~1/2AT) <E[Z]X7 X> x€range(PB~1/2AT) <E[Z]X7 X> 2
This completes the proof. O

Furthermore, from the definition of the iterates, it is clear that the differences satisfy the

following invariance property, analogous to Lemma 3.2.2.
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Lemma 3.9.6 (Invariance property). For all k > 0, BY/?(xF —x*), BY/?(y* —x*), BY/?(vF —
x*) € range(PB~1/2AT).

We can now proceed to prove Theorem 3.9.3.

Proof of Theorem 3.9.3. Let ry := [|[VF — x*||g1/2g[z)1g1/2. Our goal is to bound the expecta-

k+1

tion, conditional on the randomness up to time k, of r7,, and ' |ly**' — x*||§ in terms of

an expression involving 77 and fi~'||y* — x*||} to set up a recursion.

Since vF*! = BvF + (1 — B)x* — yg* and g¥ = B~1/2ZB'/2(x* — x*), we have

k+1

rl?;+1 = [[v"" — X*||2Bl/2E[z]TBl/2

=||BvF + (1 - B)x" — x* — B~ 2ZBY?(x" — x Npr/2e (Z]iB1/2"

By expanding the square, we obtain

’l”i_,rl = ”6vk’ —+ (1 — B)Xk _ X*H]231/2E[Z]T + fyzHB_l/2ZBl/2(X7€ _ X*>”]231/2E[Z]TBI/2 (3 73)

—2v(BvF + (1 — B)x" — x*, B?E[Z]'B'/*B~?ZB'/*(x* — x")) .

We will bound the three terms of (3.73) individually. For the first term, we expand the

square and use the parallelogram identity (2 (u, w) = |[u||*> + [|[w]|* — ||u — w||?) to compute

18vF + (1 — B)x" —x ||B1/2E[Z iB1/2 = = [IB(v" —x*) + (1 - B)(x" - X*)”]231/2E[Z]TB1/2
= BQHVk - X*||]231/2E[zﬁ +(1- 5)2||Xk - X*||]231/2E[Z]T131/2
+28(1 = B) (v —x",x" — X*>B1/2E[Z]TB1/2
BV =X e & (L= DI = X [ gz

— B(1=p)|Iv" — Xk||]231/21E[Z}TB1/2'
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Therefore, because 3 < 1 and ||E[Z]T|| = 1/pu, the first term satisfies the bound

[x* — x*||5. (3.74)

' 1-p
18vF + (1 — B)x* — x| g1 eyrmie < Bri + p

Next, we bound the conditional expectation of the second term of (3.73) over the ran-
domness in the (k + 1) iteration only. By using linearity of expectation and the fact that

Z is identically distributed in each iteration, we obtain

Ekl|B_1/2ZB1/2<XIc . X*) ||]231/2E[Z]TB1/2
= E; [(B'?E[Z]'B'/*B~1?ZB2(x" — x*), B~/2ZB'*(x* — x*))]

_ <E [ZE[Z]TZ} Bl/Q(Xk . X*), B1/2(sz _ X*)> )

Note that BY2?(x* — x*) € range(PB~'/2AT) from Lemma 3.9.6. Hence, by using the
variational characterization of v from Lemma 3.9.5 and v < 7, we obtain the following

bound for the second term:

E,|[B~2ZB"(x — x")|3 1 sgzymee < v (E[ZIBY?(x* - x*), B (x* — x"))

<V|BY2(x* — x")|[z) (3.75)
Finally, we compute the conditional expectation of the third term of (3.73):

Ex [(BVF + (1 — B)x* — x*, BY?E[Z]'B/*B/?ZB'*(x* — x*))]
= (BvF + (1 - B)x* — x*, B'?E[Z]'E[Z] B'*(x* — x"))

= (BvF + (1 - B)x" —x*, BY/?B?(x* — x")).

For the last equality, we used the fact that E[Z]TE[Z] is the orthogonal projector onto

range(E[Z]), and BY2(x* — x*) € range(PB~/?AT) = range(E[Z]) from Lemma 3.9.6 and
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the exactness assumption. Continuing, since v¥ = 1(x* — (1 — a)y*),

«

Ex [(BvF + (1 — p)x* —x*, BY?E[Z]'B/?B~/?ZB'*(x* — x*))]

«

= (poxt = B0 (1 B - x))

1—
= <xk —x"+ 0 a(xk —y), B(x* — x*)>
* l -« *
=y + A ey ),
* -« * *
= X" = x5 = B —(Iy" =x"llz = 1" = ¥"lI5 = Ix" = x"[[3), (3.76)

where we used the parallelogram identity again for the last equality.

By collecting the bounds in (3.74), (3.75) and (3.76) for (3.73), we have shown that

Ex[riy] < Bri+ " = x| + 2 PIB2(x" = x") [l

1-p
W
1l—«
2a

(Iy* = x5 — lIx" = y*lI5 = Ix* = x"IB) ) -

(3.77)

o (ux’f - g

Next, our goal is to rewrite |[B'/?(x* — x*)[]3 in terms of the B-norm. Note that from

Lemma 3.2.1, we have BY/2(y*+! — x*) = (I — Z)B'/?(x* — x*), so

Elly*™ — x| = (I - E[Z])BY*(x" - x*), BY(x" — x"))

= |[B2(x* — x")|* — B2 (x" — x) &z,

k+1

Rearranging, ||BY/?(x* — X*)||I%[Z] = |Ix* — x*|3 — E|ly"™ — x*||3. By substituting this

into (3.77), we obtain

" = x" [l + 7 P(Ix" = x| — Eelly™" — x7[I)

1 _
Ex[ri,] < Bri + p p

l—«
2x

o (Hx’“ L

(ly* = %7113 — I = y¥[13 — [Ix* —X*H%)) .
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With some further rearranging, this implies that

N . 11—« .
B 1t + 171y - x] < 5 (12 472t - 1)

3.78
1-p 25 l -« k (|2 ( )
+|——+ 7V -2y -8y [x* —x|B.
i o
The inspired choice of the parameters 3, v, and « is such that

1-— 1-— - 1-—-

vy @ _ v*D  and -5 + 920 — 2y — By a <0. (3.79)
1 o

(Note that if 7 = p and ¥ = v, then we have equality for the latter equation.) This can be

directly verified from the following algebraic identities, together with 1 < u:

=40, and By =~*0 — 1.

1-8_ 1 j__ l-a
= ="-=7"

H Vv B o

Furthermore, observe that v*7 = 1/7i. To conclude, from combining the bound (3.78) with

the conditions (3.79) resulting from the choice of parameters g, v, and a, we have shown

that

1 * 1 *
E. [ F LIy - u%} <5 ( -2y - H%) .

5

That is, E AT < <1 - ) - A*. By iterating, this implies (3.67).

Next, to show that (3.67) implies (3.68), it suffices to observe that
0 *|2 1 0 *|2 1 0 *|2
V' —x HBl/QE[Z}TBl/Z < Z\HV —x'[g = ﬁHX —x'||B;

where we used the fact that ||E[Z]'|| = 1/p < 1/71 again. This implies that A® < 271|x" —

x*[|%. Since ||y* — x*||4 < 1A*, combining these bounds in (3.67) leads to (3.68).
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Finally, we will show that (3.67) implies (3.69). Since x* —x* = a(v¥ —x*)+ (1 —a)(y* —

x*), we have
Ix* — x5 < 20°(Iv* — x5 +2(1 — @)’|ly* — x"[|3.

Note that since (as operators) E[Z]] 7)) and B'/2(vF — x*) ¢

range(E[Z]) = I’range(E[

range(PB~Y/2AT) = range(E[Z]) from Lemma 3.9.6 and the exactness assumption, we
have
IvF = %13 < IV = X amge < AF

Hence, using (3.67) and ||y* — x*||4 < #A* and A° < 277 1|x% — x*||3 from above, we have

2
I < 2002+ 70— At <4 (% 4 (-0 ) I -

From some brief calculation, it follows that

2 1+42
O[_+<1—Q)2:—V <2

e

since 7 > v > 1 and u,v > 0. Combining this with the previous displayed bound leads

to (3.69), which completes the proof. O

3.9.2 Proof of Lemma 3.9.4

Next, we will prove Lemma 3.9.4, which shows the equivalence between the two formula-
tions (3.54)—(3.56) and (3.63)—(3.66) of accelerated subspace-constrained sketch-and-project

under appropriate reparameterizations.

147



Proof of Lemma 3.9.4. Let {(x*,y*, v¥)}1>0 be the iterates from the procedure (3.63)—(3.66)

using parameters i and v. Observe that from (3.66), we have

k+1 k_ ok k1 _ k1
X" =x" — gh + a(vit — yF

With some algebra, we can write

Bl —a), i E+1y _
ﬁ(v —y")=801-a)

Hence, if we define

with m® = 0, then we see that the sequence {m"*};>¢ satisfies m**! = 3(1 — a)(m* — g*).

Furthermore, we can rewrite (3.66) as

X" =x"—gf +a(y - 1)(m" - g")

bk 2= g
=X —g +B(1—o¢)m+1'

If we define p = 11/V, then a = p/(1+p), 5 =1—p, and v = 1/(vp). Therefore,

a(y—=1) v '-p
_

)

]__
PUl=e)=137 o o= 715

)

This shows that the sequence {x"};>0 can be written as

1—

k+1 k koo okl k41 k k
x"T=x"—g'+n7-m"", and m"" =——(m" —-g"),
g 1 ( g")

which is exactly (3.56) with the parameters 7 and p.

For the reverse direction, solving the equations for p and 7 from above in terms of [

and v yields v = 1/(p+7(1 — p)) and i = p*D. Hence, unrolling the argument backwards
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shows that the sequence {x*};>¢ from the procedure (3.54)—(3.56) is the same as the one

from (3.63)—(3.66) with the parameters 1z and . O

3.10 Accelerated subspace-constrained randomized coor-
dinate descent

We can derive an accelerated subspace-constrained randomized coordinate descent method
for solving psd linear systems Ax = b with A € R"*" by casting it as an instance of
the subspace-constrained sketch-and-project algorithm from Section 3.9 and applying the
procedure (3.54)—(3.56). In particular, note that we can reuse the majority of our analysis
of the SC-RCD method from Section 3.3 and the pseudocode in Algorithm 3.1).
Specifically, by copying down the form of the SC-RCD gradient from (3.43), the acceler-
ated subspace-constrained randomized coordinate descent method has the following update
steps, given acceleration parameters p,7 € [0, 1]. First, we obtain a pivot set S C [n] using,
e.g., RPCholesky and compute any initial x° € R" satisfying As.x" = bg. Then, for each
k=0,1,2,..., we sample a block J C [n] of £i.i.d. coordinates with probability proportional

to the diagonal of A°, and compute

gk = (eg — es(As,s)TAs,:eJ)(Af},j)T(AJ,;X’“ —byg),

k+1 P,k k
m = ——(m" — , 3.80
1+p( g) (3.80)
Xk-&-lzxk_gk_}_ﬁ_mk—i-l'

It remains to clarify how we should choose the parameters p, 7. In the following section,
we will show that for block size £ = 1, there is a nice choice in terms of spectral quantities

related to A° that leads to a clean convergence rate.
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3.10.1 Acceleration parameters with block size / =1

From the proof of Theorem 3.46, we know that with block size one, the parameter y =

/\-I—

+. (E[Z]) from (3.57) is equal to u = AF. (A°)/tr(A°). The following result shows that
V = Amax (E [(E[Z]"/?ZE[Z]1/?)?]) also admits a simple, exact expression with block size one.
This extends a result originally obtained for accelerated randomized coordinate descent by

Tu et al. in [Tu+17] to the subspace-constrained framework.

Lemma 3.10.1 (Acceleration parameters with ¢ = 1). Let Z = PAY?e;(A% ;)le A1/?P
be the orthogonal projector onto range(PA'/2e) associated with the SC-RCD method. If

J ={j} is sampled with probability AS ./ tr(A°), then

+. A° A°
M —_= )\Inln—() and vV S - tr( ) 5
tr(A°) minjae >0 Aj;

Proof. Recall that E[Z] = mPAP from (3.46), which implies 1 = A}, (AY2PAY/2)/tr(A°).

By linearity of expectation, v = Ayax (E[Z]1/2E [ZE[Z]'Z] E[Z]'/?), so it suffices to compute

E [ZE[Z]!Z] first. Since E[Z]T = tr(A°) - (PAP), and AY?P(PAP)" = (PA'/2)f,

1
ZRE[Z]'Z = tr(A°) - A A)QPA1/2eje]T-A1/2P(PAP)TPAl/ereJT-AWP
2J
1
= tI'(AO) . WPAl/ere}(PAl/Q)TPAl/ereJT-Al/QP.
757

Observe that (PA'/2)PA'/2 is the orthogonal projector onto range(A!/?P). Thus, the
diagonal elements of this matrix satisfy el (PA!/2)IPA!/2e; € [0,1] for all j € [n].5 It follows

that
1
(A5;)?

ZE[Z]'Z < tr(A°) - PA'%e;el AV?P.

J

6Since range(A/?P) = range(A/?PA/?) = range(A°), Tl := (PA/2)TPAY/?2 is the orthog-
onal projector onto range(A°), and {e}—HAo €;}jeln] are the leverage scores of each coordinate with
respect to A°. If we assume that A is positive definite, then all of the inequalities in this argument
are actually equalities, and the expression for v is exact. To see this, note that since A° must also
be positive definite, tr(ITae) = rank(A°) = n — d. Since PAY/2e; = 0 if and only if A% =0, this
implies that we must have e}—HAoej =1if A;-’J- > 0.
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By taking expectation, where each j € [n] is sampled with probability A$ ;/tr(A°), we obtain

1
ejeT- A2P.

J

E(ZE[Z]'Z]) = ) ALOPAI/ereJTAl/QP:PAl/2 > =

j:AS >0 T G:AS >0 "I
L 1 T . . . . _ o\T
Note that D := (>0 - zo-€j€; ) is a diagonal matrix with D;; = (A°); .. Hence,
5570 A ’

E(Z]'/*E [ZE[Z]'Z]| E[Z]"* < E[Z]/*PA'/*DA'*PE|[Z]//%.

Using the fact that XY and YX have the same eigenvalues for any (square) matrices X, Y,

the eigenvalues of the matrix in the upper bound displayed above are the same as those of

D'/2AY2PE[Z]'PAY?D'? = tr(A°) - DY2AY?P(PAP)'PA/?D/?

= tr(A°) - DV2(PAYH)TPAY2DY2 < tr(A°) - D,

where we use the fact that (PAY/2)/PA!/2 < is an orthogonal projector again. Hence,

tr(A°)

. o
mingae >0 Aj;

]

V < Amax (E[Z]/PPAY2DAY?PE[Z]T/?) < t1(A°) - Apax(D) =

3.10.2 Convergence rate of accelerated SC-RCD with /=1

By applying Theorem 3.9.1, we can immediately deduce the following bound on the conver-
gence of accelerated subspace-constrained randomized coordinate descent (3.80) with block
size £ = 1. It shows that if acceleration parameters p, 7] € [0,1] based on good estimates
of the parameters p and v from Lemma 3.10.1 are used, then the accelerated method leads

to an improved convergence rate over SC-RCD (Theorem 3.3.2). Specifically, a factor of

VAL (A°) in the convergence rate is replaced with \/ minj:ae >0 Aj;, which is no smaller.

J:J7

Theorem 3.10.2. Let A € R™" be a positive semidefinite matriz and x* be any solution
of Ax = b. Given a fized subset S C [n], let A° = A — A(S). Suppose that we are given
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estimates

)\Jr_ o t AP°
n< M and U > — r(A%) —.
tr(A°) minj;ae o Af,

that satisfy v < 1/1i. Let {x*}r>o be the iterates defined by (3.80) where the block J = {j}

is sampled with probability Aj;/tr(A°) in each iteration, and the acceleration parameters

p=+/1/v and = (V7' — p)/(1 — p) are used. Then,
E[x* —x"|[3 <8(1—p)"- [Ix" = x|

In particular, if the exact parameters p = +/p/v and n = (v=' — p)/(1 — p) are used, then

+

min

(AO) minj:A§’j>0 A; :

J 0
tr(A°)

\/A
Elxt — 3 <8 [1- = x4
Proof. If A is positive definite, then this immediately follows from applying the convergence
rate bound for the accelerated subspace-constrained sketch-and-project method in Theo-
rem 3.9.1 for randomized coordinate descent specifically, combined with the discussion of
the relationship between p,7 and 1,7 in Remark 3.9.2). If A is only positive semidefinite

but not invertible, the same argument can essentially be used to draw the same conclusions,

as discussed in the proof of Theorem 3.3.2, and we will not elaborate further. O]

Theorem 3.10.2 suggests that the acceleration effect depends on having a good esti-

mate of At

. (A°), which is not feasible to compute. In practice, a pragmatic possibility is
to use an adaptive scheme to estimate the acceleration parameters p,n (e.g., as proposed
by [Der+25b]), but we do not investigate this further.

Another interesting future direction is to extend Theorem 3.10.2 by proving a bound
on the convergence rate of accelerated subspace-constrained randomized coordinate de-

scent (3.80) with block size ¢ > 1. Intuitively, we would expect that using a larger block size

should improve the convergence rate approximately linearly, relative to using block size one.
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We were able to formalize this (in terms of the iteration complexity) for the parameter p in
Proposition 3.2.9. However, it remains an open problem to compute or obtain reasonably

tight estimates for the parameter v with ¢ > 1 in terms of quantities related to A°.
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Chapter 4

Dynamics of mini-batch gradient descent

with random reshuffling

This chapter is based on the following joint work with Rishi Sonthalia and Eliza-
veta Rebrova:

J. Lok, R. Sonthalia, and E. Rebrova. “Error dynamics of mini-batch gradient
descent with random reshuffling for least squares regression”. Proceedings of the
36th International Conference on Algorithmic Learning Theory. 2025. arXiv:

2406.03696 [stat.ML]

4.1 Introduction

Modern machine learning models are primarily trained via gradient-based methods on large
datasets. Since it is typically not feasible to compute the entire gradient, stochastic gradient
descent (SGD) and its variants are often the algorithm of choice [Bot12]. In a variant of SGD
known as mini-batch gradient descent, a subset of the training data, or mini-batch, is used
in each iteration. Studying the dynamics of gradient descent is an important problem for

understanding the training dynamics and generalization capabilities of the learned parame-
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ters, especially for overparameterized models [Gun-+18b; Gun+18a|. However, the effects of
mini-batching on the error dynamics are less well-understood.

There are also different ways to sample the mini-batch in each iteration. The most
commonly studied method is sampling with replacement, where a random subset of data is
used to select the mini-batch in each iteration. Thus, in each epoch, the same data point may
be used more than once. However, in practice, random reshuffling is typically used: at the
beginning of each epoch, the dataset is partitioned into mini-batches, randomly permuted,
and iterated through. It has been observed that sampling without replacement in this way
often leads to faster convergence [Bot09; Bot12]. However, the introduction of dependencies
between batches makes theoretical analysis of the dynamics more difficult [GOP21; HS19].

In this work, we aim to contribute towards a better understanding of sampling without
replacement. By analyzing the discrete dynamics of mini-batch gradient descent with random
reshuffling for the fundamental problem of least squares regression, we find that there are
higher-order effects introduced by sampling without replacement that are not present when

sampling with replacement, which result in subtly different trajectories.

Contributions. Our main contributions are the following:

e Exact characterization of error dynamics. We show that the training dynamics
(Theorem 4.3.3) and generalization error (Theorem 4.3.9) of the mean iterate of mini-
batch gradient descent with random reshuffling, averaged over the permutations of
mini-batches in each epoch, are governed by a sample cross-covariance matrix 7 :=
%)N(TX that captures the interaction between the original features X and a set of
modified features X (defined in Section 4.3). The matrix Z encapsulates the influence of
preceding mini-batches on each feature in an averaged manner, providing a framework
for analyzing the learning process. Our results are stated under minimal assumptions

on the data, learning rate, and mini-batches.
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e Comparison with full-batch gradient descent/sampling with replacement.
Our analysis demonstrates that the error dynamics of mini-batch gradient descent
with random reshuffling are controlled by the sample cross-covariance matrix Z in a
way that is analogous to how full-batch gradient descent (or SGD when sampling with
replacement) depends on the sample covariance matrix W := %XTX. We find that
Z, which is a non-commutative polynomial in the sample covariance matrices of each
mini-batch, matches W up to leading order with respect to the step size a. Based on
this connection, we establish that the linear scaling rule, which calls for the step size
to be scaled proportionally by the number of batches, matches the error dynamics of
full-batch and mini-batch gradient descent for infinitesimal step sizes (Remark 4.3.6).
However, for finite step sizes, mini-batch gradient descent with random reshuffling
exhibits a subtle dependence on the step size that a continuous-time gradient flow
analysis cannot detect; for example, it may converge to a step size-dependent limit
that differs from the usual shifted minimum-norm solution obtained with full-batch

gradient descent or SGD when sampling with replacement (Corollary 4.3.5).

e Effects of batching. We analyze the effects of batching on the error dynamics com-
pared to full-batch gradient descent by comparing the asymptotic properties of the
matrices Z and W. As the number of data samples n tends to infinity and the di-
mension of the parameters p is fixed, we establish that asymptotically, while Z and W
share the same eigenvectors, the eigenvalues of Z are systematically shrunk compared
to those of W (Proposition 4.3.13), which directly affects the training and generaliza-
tion errors (Proposition 4.3.14). Furthermore, we demonstrate that batching results in
a similar effect in the more complicated proportional regime where p/n — v € (0, c0)
by numerically computing the limiting spectrum of Z under a more specific Gaussian

random matrix model using tools from free probability theory (Section 4.3.3).
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4.1.1 Related works

Gradient flow. The error dynamics of gradient descent has typically been analyzed from
the perspective of continuous-time gradient flow, which is a good approximation assuming
that infinitesimal learning rates are used. This perspective is adopted in [SGB94; ASS20;
AKT19; ADT20| to study the effects of early stopping and implicit regularization via con-
nections with ridge regression. One of the key themes in these works is that the trajectory
and generalization error of (full-batch, continuous-time) gradient descent for least squares
regression are determined by the spectrum of the sample covariance matrix W = %XTX
of the data. In our work, we consider the discrete dynamics of gradient descent with finite
learning rates, and show that the error dynamics of mini-batch gradient descent with random
reshuffling depends analogously on a cross-covariance matrix Z = %XTX that involves a set

of modified features X.

SGD: Sampling with replacement. Stochastic gradient descent has most commonly
been studied assuming that the mini-batches are independently sampled with replacement
in each iteration, which makes the process more amenable to theoretical analysis. From an
optimization perspective, the convergence rates of SGD have been well-studied under various
assumptions on the objective function and with different sampling schemes [BM11; BM13;
NSW16; MBB18; Gow+19b]. Explanations of the good generalization properties of SGD,
based on properties such as the width of the final minima obtained or the optimal batch
size and learning rate, have also been offered based on analogies with stochastic differential
equations [MHB17; SL18; Jas+18; LTE17; LTE19; LMA21; Mal+22]. These works assume
that the mini-batches are sampled independently with replacement in each epoch, and also

typically assume that vanishing learning rates are used.

SGD: Sampling without replacement. A line of work that analyzes the implicit bias of

SGD with finite learning rates uses the technique of backward error analysis, beginning with
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the analysis of gradient descent in [BD21; Miy22|, and extended to analyze SGD with random
reshuffling—which is the same model that we consider—in [Smi-+21|. Specifically, it is shown
that the mean iterate, averaged over the permutations of mini-batches in each epoch, is close
to the path of gradient flow on a modified loss with an additional regularization term that
penalizes the norms of the mini-batch gradients. The mean evolution of SGD using sampling
without replacement is also studied in [Ben23] under weaker assumptions. Backward error
analysis has also been used to show that adaptive algorithms such as Adam and RMSProp
have similar implicit regularization in [CKS24]. Compared to these works, we consider linear
models specifically instead of general loss functions; however, our results are presented with
minimal assumptions and essentially apply to any input data, choice of mini-batches, batch
size, and step size.

Another notable line of work from the stochastic optimization literature studies the con-
vergence rates of SGD when sampling without replacement. In one of the earliest theoretical
results, [GOP21| shows that for quadratic objective functions (or more generally, strongly
convex smooth objectives), SGD with random reshuffling, using a prescribed sequence of
step sizes, converges asymptotically at a rate of O(1/k?) where k is the number of epochs,
which is superior to the O(1/k) rate of SGD when sampling with replacement. In subse-
quent works [Shal6; HS19; NJN19; RGP20; Ngu+21; MKR20], the complexity advantage of
random reshuffling over sampling with replacement (with a primary focus on mini-batches
of size one) is analyzed for more general optimization problems where assumptions such as
strong convexity, smoothness, and bounded gradients are relaxed. In our work, we study
random reshuffling from a different perspective for the special case of least squares regression
by providing an exact description of the error dynamics for various batch sizes in terms of the
spectrum of the data covariance matrix instead of complexity bounds. As such, our results

are not directly comparable with these prior results.
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Linear scaling rule. An important aspect of SGD is the choice of batch size and the
learning rate. It has been observed that training with larger mini-batches can be more
efficient [Smi+18; Gei+22] and lead to better generalization properties [LWM19; Lew-+20.
A connection between the batch size and the learning rate for SGD known as the linear
scaling rule states that by adjusting the mini-batch size and learning rate proportionally
by the same factor, the training dynamics do not change. This was empirically discovered
to be a practically useful heuristic for training deep neural networks using SGD [Kril4;
Goy-+18; Smi+18; HLT19|, and theoretical explanations have been proposed based on the
effect of noise on the estimation of the gradient in each mini-batch for SGD.! For more
general convex losses, it is also shown in [MBBI§| that SGD with mini-batch sizes below a
certain threshold is consistent with the linear scaling rule. In our work, we use a different
approach to find that the linear scaling rule emerges naturally from analyzing the dynamics
of the mean SGD iterate for linear models under no assumptions on the batch size or the
noise from mini-batch gradient estimation. Our approach also shows that the linear scaling

rule can fail to hold (dramatically) for large step sizes; see Remark 4.3.7.

Linear models. Linear models in the high-dimensional regime have recently been exten-
sively studied in the high-dimensional statistics literature, offering explanations for many
interesting empirical phenomena in deep learning, such as double descent and the benefits
of overparameterization. It has been shown that neural networks in a “lazy” training regime
in which the weights do not change much around initialization are essentially equivalent to
linear models [Chil9; Du+19b; Du+19a; MM23|. The generalization errors of ridge(less)
regression with random data are precisely described in [DW18; Has+22; MM22; KSS24|.
From a dynamical perspective, |Paq+21; Lee+22; Paq+22] show that the trajectories of
SGD for ridge regression with finite step sizes and high-dimensional random data concen-

trate on a deterministic function determined by a Volterra equation, assuming the batch

nterestingly, different optimizers may have different scaling rules: a square root scaling rule has
been derived for adaptive gradient algorithms such as Adam and RMSProp using random matrix
theory [GZR22] and SDE approximation [Mal+22].

159



sizes are vanishingly small as a fraction of the sample size. Analogous concentration results
for the trajectories of SGD for a wider class of models such as two-layer neural networks have
also been derived concurrently [SS95; Gol+19; BGJ22; Arn+23|. Our work provides exact
formulas for the training and generalization errors for linear models trained by mini-batch
gradient descent with random reshuffling, establishing an analogy with the more well-studied

dynamics of full-batch gradient descent or SGD with replacement.

4.2 Problem setup

Suppose that we are given n i.i.d. data samples (x;,y;), where x; € R? is the feature vector
and y; € R is the response given by y; = x] B, + n;, with B, € R? an underlying parameter
vector and 7; a noise term. We will assume that the (uncentered) covariance matrix of the

features x; is given by E [x;x]] = X, and the noise terms 7; have mean E [n; | x;] = 0 and

2 conditional on the features. By arranging each observation as a

variance E [? | x;] = o
row, we can write the linear model in matrix form as y = X3, + n, where y € R” and
X e R™P,

We consider the following model of mini-batch gradient descent with random reshuffling
using B > 1 mini-batches, initialized at 8y € RP. For simplicity, we will assume that
B divides n. Suppose that the data X is partitioned into B equally-sized mini-batches
Xi,...,Xg € R®/B)>*p and let yq,...,yp and ny,...,np denote the corresponding entries
of y and n. In each epoch, a permutation 7 = (7(1),7(2),...,7(B)) of the B mini-batches

is chosen uniformly at random, and B iterations of gradient descent with step size o are

performed with respect to the loss functions

B
Ly(B) = %H}% — X813 (4.1)
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for b = 7(1),...,7(B) using this ordering. That is, if 6}({1;) denotes the parameters after the

first b iterations using the mini-batches X ),..., X in the k™" epoch, then

Ba
b b—1 b—1
l(c) :ﬂl(c ) _YXI(b)(XT(b)ﬁl(c ) _yT(b))7 b= 1727"'737 (42)

with B,io) = 1(£)1 and ﬁ((]B) := By. Denote the set of all permutations of B elements by Sg.

Let

B = E;unit(sp) [5,23)] (4.3)

be the mean iterate after k epochs, averaged over the random permutations of the mini-
batches in each epoch. Note that full-batch gradient descent corresponds to B = 1 with this
setup.

Our goal is to study the dynamics of the error vector Bj, — 3, (i.e., the training dynamics),
as well as the corresponding generalization error Rx (), representing the prediction error

on an out-of-sample observation, defined by

Rx(B) = Exp [(x' B~ x'B8.)* | X] =E, I8 - Bull%: | X] . (4.4)

Here, the expectation, conditional on the data X, is taken over a newly sampled feature

vector x and the randomness in 7, and ||z||% = z"Xz denotes the norm induced by X.

Outline. The rest of the chapter is structured as follows. Section 4.3 describes our main
results on analyzing mini-batch gradient descent. After defining the modified features X
and the matrix Z, we provide exact formulae for the training dynamics and generalization
error in Sections 4.3.1 and 4.3.2, respectively. In Section 4.3.3, we consider the asymptotic
properties of Z to evaluate these expressions and provide more insights into the effects of

batching. We will defer most of the proofs and technical details to the end of the chapter.
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4.3 Analysis of mini-batch gradient descent with random
reshuffling

In this section, we will show that the error dynamics of mini-batch gradient descent with
random reshuffling are governed by a set of features that are modified by the other mini-
batches. Specifically, for b = 1,..., B, let W, = %X{Xb denote the sample covariance

matrix of each mini-batch, and define the modified mini-batches X, = X, I1,, where?

0= Erovaitsy | || T— eWa) =5 Z [IT a-ow.). (4.5)
Jig<T—1(b) TESE j:j<T—1(b)

That is, each feature x; in X, corresponds to the feature Ilx; in ib, which has been modified

by all the other mini-batches that appear before it in the learning process in an averaged

way. Let X € R"*? be the concatenation of the modified mini-batches X;, in the same order

as the original partition, and define

B
= 1
Z:=-X'X = - > ImXpX, (4.6)

n
b=1

to be the p x p sample cross-covariance matriz of the modified features with the original
features. The following technical lemma describes some key properties of Z; its proof, which
uses the properties of the symmetric group Sp in the definition of fib, can be found in

Section 4.6.1.

Lemma 4.3.1. Let X and Z be defined as in (4.5) and (4.6). Then Z is a symmetric
matriz, and hence all of its eigenvalues are real. Furthermore, Range(Z) C Range(XT) C

Range(XT"), where range: denotes the column space of a matrir.

2By convention, we identify each permutation 7 in Sp, the set of all permutations of B elements,
with a list (7(1),7(2),...,7(B)) of matrices that are multiplied from right to left in the product.
Thus, 7!(b) denotes the position of mini-batch b in the epoch. Furthermore, we take the product
over an empty set to be the identity matrix.
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Finally, observe that X = X(a) and Z = Z(a) are functions of the step size a. In
particular, it follows from the definition of the modified features )Zb = X,IIp in (4.3.1) that

we can write

Z(a) % S XIX, + 0(a) = W+ O(a), (47)

where W := 1XTX = 155 XTX, and O(«) denotes terms of order « or smaller as @ — 0.
This shows that Z matches W, the sample covariance matrix of the features, up to leading
order in the step size a. In general, Z is a complicated non-commutative polynomial of the

mini-batch sample covartance matrices Wq, ..., Wp.

Example 4.3.2 (Two-batch gradient descent). For a concrete example where we can write
down a tractable, explicit expression for Z, consider the case of two-batch gradient descent
with B = 2 and mini-batches X;,X, € R("/2*P Here, the sample covariance matrices of

the mini-batches are W; = %XIXl and Wy = %X_—;XQ, and the modified mini-batches are

given by
-~ 1 -~ - 1
Xl = X1<Oé) = X1 (I — §OZW2) and Xg = XQ(O() = X2 (I — §OJW1) . (48)

Thus, the features in }21, corresponding to the first mini-batch, are given by (I — %aWQ) X;.

The sample cross-covariance matrix of the modified features X with the original features is

given by
1< <~ 1 1 1 1
7 = Z(Oé) = E(Xl(a) X1 + Xg(a/) Xg) = 5 I- 50&W2 W1 + 5 I- §OéW1 W2
1 1
= 5 (Wl + Wg) - ZO[ (WQWl + W1W2) . (49)

Since (W1 4+ W,) = 2(XTX; +X]X,) = W, it is easily seen that Z = W + O(«). Even in
this simple setting, Z is already non-trivial to analyze since it involves interactions between
the two mini-batches in the term WyW; + W W,, known as the anticommutator of Wy

and WQ.
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4.3.1 Training error dynamics

First, we derive an expression for the dynamics of the mean error 8; — B, under mini-batch
gradient descent with random reshuffling. The expression depends on the spectrum of the
sample cross-covariance matriz Z and the alignment of the initial error By — B, with the

eigenspaces of 7.

Theorem 4.3.3. Let B, € R? be the mean iterate after k epochs of gradient descent with
B mani-batches, step size a > 0, and initialization By € RP. Let X € RV pe defined as

in (4.5) and Z = %)ZTX, and assume that range)zT - rangef(TX. Then for all k > 0,
_ 1 ~
Br — By = (I— BaZ)*(By — B.) + — [I - 1 — BaZ)*] Z'X'n. (4.10)
n

Furthermore, if Py := 1 — Z1Z and Py := 1 — Pz denote the orthogonal projectors onto
the nullspace and row (or column) space of Z, respectively (where (-) is the Moore—Penrose

pseudoinverse of a matrix), then we may decompose the first term as

(I— BaZ)*(By — B:) = Pzo(Bo — B) + (I — BaZ)"Pz(By — B.). (4.11)

The proof of Theorem 4.3.3 is given in Section 4.6.1; the main technical part involves
developing some algebraic identities relating Z and products of the form I — aW,, for each
mini-batch. The requirement range}zT C rangef(TX is purely a technical assumption to
ensure that PzX' = X7 in order to control the learned noise, otherwise the iterate will always

3 The requirement appears to be generic; for example, in the overparameterized

diverge.
regime where p > n, it simply follows from the natural assumption that X has full rank.
The first term Pz o(8o — B.) of (4.11) corresponds to the components of By — B, that

cannot be learned by mini-batch gradient descent with random reshuffling—referred to as a

“frozen subspace” of weights in [ASS20] in the context of (full-batch) gradient descent—and

3For full-batch gradient descent, the corresponding requirement is rangeX' C rangeX'X, which
always holds.
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the second term Pz(8y — B.) corresponds to the learnable components. In particular, note

that the projector Pz is always non-trivial in the overparameterized regime where p > n.

Comparison with full-batch and mini-batching with replacement

First, we recall the known result that the full-batch gradient descent iterate Bk satisfies the

following (for a proof and additional background, we refer to Section 4.5):
~ 1
By — B, =1 —aW)* B, — 8, + - [I-(I-aW)*] WXy (4.12)

Remark 4.3.4 (Sampling with replacement). Suppose that in each iteration, we sample
a mini-batch with replacement uniformly at random from the fixed set of B mini-batches
Xi,...,Xp instead. Then it can be shown that after k epochs (or Bk iterations), the error
corresponding to the mean iterate of this sampling process also satisfies (4.12) up to a time
change by a factor of B; i.e., the same equation holds with k replaced by Bk. For the details,

see Section 4.6.1.

Therefore, comparing (4.12) with Theorem 4.3.3, we see that the sample cross-covariance
matrix Z plays an analogous role as the sample covariance matrix W in the training dy-
namics of full-batch gradient descent or mini-batch gradient descent when sampling with

replacement.

Comparing the limiting vectors. Furthermore, recall that the iterates of full-batch

gradient descent with step size o < 2/|[n !XT X|| tend to the shifted min-norm solution
Boo = Px 0 + (X'X)TXTy, (4.13)

where Px := I — X'X is the orthogonal projector onto nullX, and ||-|| denotes the spec-
tral norm of a matrix. From Remark 4.3.4, this is the same limit for mini-batching with

replacement. In particular, note that this limit is always independent of the step size a.

165



On the other hand, as a corollary of Theorem 4.3.3, we see that mini-batch gradient
descent with random reshuffling, using a step size small enough so that ||(I — BaZ)Pz|| < 1
(i.e., based on the non-zero eigenvalues of Z), converges to a solution B, that can exhibit

more complex interactions between the mini-batches and a dependence on the step size.

Corollary 4.3.5 (Limit with random reshuffling). Consider the same setup as Theo-

rem 4.3.3. If Z 1is positive semidefinite and Ba < 2/|‘n*1)zTX , then By, — Boo as k — 00,

where

Bo = Boo(Oé) =Pz 0060 + (XTX)TXT}’-

We can examine the two limits 8o and Bs from Corollary 4.3.5 and (4.13) in the over
and underparameterized regimes more carefully. For simplicity, we will assume that X is full
rank here to avoid the complexities in the rank deficient case. Recall that y = X3, +n, and

since R = rangeX @ nullX", we can write n = X8 + £ for some 8 € R? and & € nullX".

e In the overparameterized regime (p > n), we have ﬁoo = Px 0080 + Px1 8. + Pxr6 and
B = Pz0Bo + PzB. + P70, since £ = 0 (here, Pxr is the orthogonal projector onto
rangeX' ). Thus, if the ranges of XT and Z are close, then the two limits are also similar,
regardless of the noise vector 7). Specifically, the two subspaces can be shown to coincide
if rangeX' C rangeXT)N(. Therefore, if X is also full rank (which is typical), then the
two limits are actually the same (in particular, the dependence of B, on the step size
vanishes). However, we emphasize that in this case, the two trajectories still differ in a

step size-dependent way.

e In the underparameterized regime (p < n), we have ,[/3\00 = (. + 0, but, assuming that
X is also full rank (so Z = X"X is invertible), Bo = B, + 0 + (X"X)1XT¢. Since the
nullspaces of X' and XT are not necessarily close (so iTé # 0), we find that the two

limits easily exhibit a step size-dependent difference in this case with non-zero noise 7.
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Comparing the trajectories. Note that from Theorem 4.3.3, the error of mini-batch
gradient descent with random reshuffling depends on BaZ. This can be compared with a
dependence on aW in the full-batch case. Since Z matches W up to leading order (4.7) in
«, this suggests that if a step size of a/B is used for mini-batch gradient descent with B
mini-batches, then its dynamics should be very similar to those of full-batch gradient descent
with step size a. The following remark establishes this intuition rigorously for infinitesimal

step sizes.

Remark 4.3.6 (Linear scaling and gradient flow). From Theorem 4.3.3, initialized at Bj_1,
and using the fact that 717X = )N(T, the error vector of mini-batch gradient descent with

random reshuffling with B mini-batches and step size o/ B satisfies
— o ~ — o ~
Be—B. = (1= °X"X) (Be-1 = B) + - X'n.

By rearranging this expression, recalling that Z = W + O(«), we obtain

Br = Bt

«

= %XTQ/' — X,ék_1> + O(Oé)

Hence, by taking the limit as @« — 0, we deduce that the continuous dynamics correspond

to the ordinary differential equation
B = —X"(y — XA(1)). (4.14)

This is the same differential equation for the gradient flow corresponding to full-batch gradi-
ent descent (e.g., [ASS20; AKT19]). Naturally, this also coincides with the continuous-time
dynamics of the model of SGD when sampling with replacement discussed in Remark 4.3.4.
As a consequence, we deduce that a gradient flow analysis cannot distinguish the effects of

batching when sampling without replacement.
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Remark 4.3.7 (Large step sizes). While Remark 4.3.6 shows that the dynamics of mini-
batch gradient descent with random reshuffling are similar to those of full-batch gradient
descent small step sizes using linear scaling, the two dynamics can be dramatically different
for large step sizes. For example, if the step size satisfies a > 2/|[n 'X"X]|| but Ba <

2/“n*1)~(TX

, then full-batch gradient descent diverges while mini-batch gradient descent

still converges. For a simple numerical demonstration of this phenomenon, see Section 4.8.

Next, a natural question is whether an explicit condition, based only on the data X, can
be formulated for how small the step size a needs to be for mini-batch gradient descent with
random reshuffling to converge as guaranteed by Corollary 4.3.5. We can show the following
sufficient condition for two-batch gradient descent: recall from Example 4.3.2 that in this
setting, Z = %(Wl +W,) — ia(wzwl + W;W,) is a non-commutative polynomial of the

mini-batch covariances Wi, Wa.

Proposition 4.3.8. If full-batch gradient descent with step size 2a converges (i.e., a <
1/(n7Y|XTX]|)), then two-batch gradient descent with step size o also converges (i.e., ||(I—
20Z)Pyz|| < 1).

The proof of Proposition 4.3.8, which uses some matrix analysis, is given in Section 4.6.2.
To explain why this seemingly-simple statement is non-trivial, observe that it is not even
immediately obvious when Z is positive semidefinite since it may have negative eigenvalues
if v is large enough (unlike the covariance matrix W). Note that the converse of Propo-
sition 4.3.8 is not true as discussed previously in Remark 4.3.7. Furthermore, based on
the correspondence with full-batch gradient descent using the linear scaling rule, Proposi-
tion 4.3.8 suggests that mini-batch gradient descent with random reshuffling has some sort

of shrinkage effect on the operator norm of Z compared to W.
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4.3.2 Generalization error dynamics

Next, we provide an exact formula for the generalization error of the mean iterate of mini-
batch gradient descent with random reshuffling, which corresponds to the usual bias-variance
decomposition, The following result shows that the bias component of the generalization error
(i.e., the first two terms) only depends on the sample cross-covariance matrix Z, and the
variance component (i.e., the last term) depends on Z and the modified features through
XTX.

Theorem 4.3.9. Consider the same setup as Theorem 4.3.3. Then for all k > 0, the

generalization error (4.4) of the mean mini-batch gradient descent iterate By is given by

RX(Bk) - (,30 - 6*)TPZ,02PZ,0(60 - ﬁ*)

+ (8o — B,) " Pz(I — BaZ)*S(1 — BaZ)*Pz(8, — B.)
2

+ % Tr ([I — (I— BaZ)*] £ [1— (1 - BaZ)¥] Z! (%5(52) ZT> .

The proof of Theorem 4.3.9, which uses the error dynamics from Theorem 4.3.3, appears
in Section 4.6.1. Theorem 4.3.9 shows that the generalization errors of mini-batch and full-
batch gradient descent also correspond under the linear scaling rule, which is consistent with
Remark 4.3.6 (for numerical experiments demonstrating this, see Section 4.8).

As a straightforward corollary, we can also write down the limiting risk of mini-batch
gradient descent with a small enough step size, complementing Corollary 4.3.5, which shows
that the limiting risk consists of the constant term corresponding to Pzo(8o — B.), the
components of the initial error in the frozen subspace, and a term corresponding to overfitting

the noise that is magnified by small eigenvalues of Z.

Corollary 4.3.10. Consider the same setup as Theorem 4.3.9. If ||(I— BaZ)Pgz|| < 1, then

Br — Boo = Pz0B0 + (XTX)TXTy as k — oo, and the limiting generalization error is given
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2 ~ ~
Rx(Bs) = (Bo — ﬂ«)TPz,oEPz,o(,@o - B.) + % Tr (EZT <%XTX> ZT) :

Note that the generalization error depends on both Z and the covariance of the modified
features )N(T}N(, rather than only on Z. If we specialize to the case of two-batch gradient
descent again, then we are able to show the following result, which bounds the generalization
error within a narrow interval that only depends on Z, under a natural assumption on the

step size o that was shown in Proposition 4.3.8 to imply convergence.

Proposition 4.3.11. Consider the same setup as Theorem 4.5.9 with B = 2. If a <

1/(n Y XTX]||), then for all k >0, Rx(Bx) € [R_(k), Ry (k)], where

Ry (k) = (Bo — ,3*)TPZ,02PZ,0([30 - B.)
+ (Bo — B.)"Pz(I — 2aZ)*S(1 — 2aZ)*P3(By — B.)

+ (1 +an™"|XTX]|) %QTr (I-(I-2a2)"] T [I-(1-2aZ)"]Z").

The upper bound is tight if W1 = Wy = ¢l for some ¢ > 0 and o = 2/c. Furthermore,

B — B as k — 00, and the limiting generalization error lies in the interval
2
_ o
Rx(Bs) € (Bo — B+) Pz,oXPz0(Bo — Bi) + (1 04”71HXTXH)g Tr (XZ7) .

The proof of Proposition 4.3.11, which relies on some matrix analysis, is given in Sec-
tion 4.6.2. Note that the width of the interval is linear in the step size «, and thus shrinks

to zero as a — 0.

Remark 4.3.12. Instead of studying the generalization error of the mean iterate 3, =
E- [ﬂ,iB)], it would also be of interest to understand the expected generalization error of the
random iterate 8.7 itself; that is, E,xn[(x"8 —x78.)% | X] = E.,[|8 — 8./ | X],
where the expectation over the random reshuffling process is taken at the end. By a bias—

variance decomposition for the norm of a random vector (e.g., [GR15a, Lemma 4.1]), it can
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be shown that E,,[||8" — B,/|2 | X] = Bx(Bk) + E.n[|8") — Bil|% | X]. Thus, our exact
description of Rx(B;) provides a lower bound for this notion of expected generalization
error. The difference between these two quantities, E. ||| ,B,EB) — Bell% | X] corresponds to

the variance of ,6,(63) over the random reshuffling process (averaged over the noise).

4.3.3 Asymptotic analysis

In this section, we aim to provide more insights into the effects of batching without replace-
ment by interpreting our main results on the training error (Theorem 4.3.3) and generaliza-
tion error (Theorem 4.3.9) asymptotically. This will allow us to obtain a finer characteri-
zation of the sample cross-covariance matrix Z(«a/B) = %}N(TX, which is quite non-trivial
to analyze in general as it is a non-commutative polynomial of the mini-batch covariance
matrices, and compare it with the sample covariance matrix W = %XTX, its full-batch

analogue (under linear scaling).

Asymptotic analysis in the large n, fixed p regime

We begin by considering the more classical statistical regime where p is fixed and n — oo.
Since we assume that the features x; are i.i.d. with E [xixﬂ = %, by the law of large
numbers, the sample covariances W = %XTX and W, = %X{Xb, b=1,...B, tend to X as
n — 00, almost surely. Therefore, by independence, Z(«/B) tends to X(I — pp o(2)), where
PB.o 1s a certain polynomial that depends on the number of mini-batches B and step size .
If we denote the eigenvalues of ¥ by \;, then the limiting eigenvalues of Z(«/B) are given
by Ai(1 = ppa(Ai)).

For example, if B = 2, then Z(a/2) = 1(W1 + W) — 2a(W,y W, + W W) converges to

¥ — }1022, SO P2.a(X) = }laE. In particular, note that the limiting spectrum of W is shrunk

compared to Z.* In general, for any B, we have the following expression for pg :

4For another example, if B = 3, then Z(a/3) = %(Wl + Wy + W3) — %a(W1W2 + W W3+
WoW+WoW3+W3W; +W3W2)+%a2(W1W2W3 +W i W3sWo+WoW W3+ W, W3W, +
W;3W; ;W3 + W3W3yW)), which converges to ¥ — %0122 + 2—17a223, S0 P3.o(2) = %QE — 2—1704222.
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Proposition 4.3.13. Suppose that p is fized. Then as n — oo, Z(a/B) — (I — pp.o(2))

almost surely, where

B-1

pia(®) = 3~y BB LoD oy

2 i+ 1)

The proof of this result uses the algebraic representation of II, as a function of all the
other mini-batches to write down the limit of each W,II,, which allows for the limit of
Z = % Zle W,II, to be obtained by symmetry. For the details, see Section 4.6.3.

Observe that Proposition 4.3.13 implies that the sample cross-covariance Z is not a
consistent estimator of the true (uncentered) covariance matrix ¥ of the features, unlike
W. Moreover, we see that although Z matches W up to leading order in «, asymptotically,
batching results in a step size-dependent shrinkage of the spectrum of W (for small enough
« satisfying, say, a||W|| < 1).

The key idea behind Proposition 4.3.13 is that by exploiting the independence of each
mini-batch and the algebraic properties of II,, the matrix II, that modifies each mini-batch
turns out to be asymptotically independent of b as n — oo; in fact, the limit of each I, is
exactly the matrix I — pp o(2) from Proposition 4.3.13. We can take this idea and make it
an explicit assumption (justified by the fact that it holds asymptotically) to elaborate on
the implications of batching by providing an explicit description of how the trajectories of
mini-batch gradient descent with random reshuffling differ from the full-batch case under

linear scaling.

Proposition 4.3.14. Suppose that I, = 11 :=I1—p(W) for each b =1,..., B, where p = p,
is some polynomial, and that X and II are invertible. Let X = USV' be a singular value
decomposition of X, so that W = V(2STS)VT where 2STS is a diagonal matriz with (non-
zero) eigenvalues denoted by Mo 5\p. Then fori = 1,...,p, the i coordinate (in the

eigenbasis V) of the error vector B, — B, after k epochs of mini-batch gradient descent is
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given by
VT (B, — B.))i = [1 = ahi(1 = p(A)* VT (Bo — B.)];

+ f (1- 1 ad(1 — p(A)IF) [UTn):

)

(4.15)

If we make the further simplifying assumption that V1YV = A is diagonal with eigenvalues

Ai, .-, Ap,° then the corresponding generalization error is given by

p

Rx(Bk) = Z Aill — Oéj\z'(l — p(;\i))]%[VT(ﬂo — Bl

=1 (4.16)

02 &\ “ <) 2
- ; T (1 = ad(1 — p(A)] )

The proof of these claims is obtained from the dynamics described in Theorems 4.3.3
and 4.3.9 under the specific assumptions imposed, and can be found in Section 4.6.3.

For comparison, the corresponding quantities for full-batch gradient descent are the same
as those in Proposition 4.3.14 with 5\1(1 — pB,a(/\Ai)) replaced by A Therefore, if we take
P = PB.o from Proposition 4.3.13 as the specific polynomial that motivated the setup, then we
deduce that the convergence rate [1 — aX;(1 — p(\;))] for mini-batch gradient descent (4.15)
is comparatively smaller due to the shrinkage effect on the spectrum of W. The overall
impact on the generalization error (4.16) is less clear, since the change in the convergence rate
implies a different trade-off between fitting the signal (i.e., bias) and the noise (i.e., variance).
However, if early stopping is used to minimize the generalization error (e.g., [SLR24]), then
a particular consequence is mini-batch gradient descent with random reshuffling may have a
different optimal stopping time and a different early stopped risk (possibly lower), compared

with full-batch gradient descent.

5For example, this holds if we assume that the features x; are isotropic so that ¥ is a scalar
multiple of the identity.
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Asymptotic analysis in the proportional regime: large n and p

Next, we consider the proportional regime in which both n,p — oo such that p/n — v €
(0,00). This setting has been extensively studied in the context of modern large-scale ma-
chine learning in prior theoretical works (e.g., [Has+22; CL22; MM22; Ba+22; WSH24]). In
this regime, the sample covariance W does not have a deterministic limit in general. How-
ever, its limiting spectral distribution can be studied using tools from random matrix theory
if assume that the features x; satisfy some concentration properties.

We will also consider the more tractable setting of two-batch gradient descent, recalling
that aZ(a/2) = (W14 Ws) — 2a*(W,y W, + W W,). This case is also already difficult to
analyze in the proportional regime since it requires finding a non-trivial limiting distribution
of a non-commutative polynomial of random matrices.

For the remainder of this section, we will assume that the entries of x; are i.i.d. standard
Gaussian.® In this case, it is well-known [MP67; BS10| that almost surely, the empirical
spectral distribution” Fw(z) of W (known as a Wishart matriz) converges in distribution
to the Marchenko-Pastur distribution with ratio parameter v and variance «, which has

probability measure v, , given by

1
N 2rayx

dv, o () : Vg — o)z —x_) + (1 — %) Liz—0y, where 24 = a(1£/7)%

+

That is, v, has a density supported on [z_,z.], and a point mass of (1 —~~') at zero if

and only if v > 1 (i.e., in the overparameterized regime).

6While the limiting spectrum of W can be described under more general models, such as assuming
that x; = /22, for some z; with i.i.d. coordinates [DW18; Has+22|, or that x; is a random vector
that is subgaussian or satisfies convex concentration [CL22|, we will require this strong assumption
to study the limiting spectrum of Z using tools from free probability theory.

"The empirical spectral distribution of a symmetric matrix A € RP*P with eigenvalues \;(A) is

defined by Fa(z) := £ 37 T1x,(a)<a}-
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To understand the limiting spectrum of aZ(«/2), our starting point is the observation

that

062

e} e} (e}
0Z(a/2) = S(Wi+Wa) = = (W, Wi + Wy W) = (§W1, 5Wg) (4.17)

is a non-commutative polynomial p(x,y) = x+y— %(my+yw) in the independent Wishart ma-
trices W1 and $W;. To understand its spectrum, we need tools from free probability the-
ory, which, roughly speaking, deals with a notion of free independence for non-commutative
random variables: for the precise mathematical setup, we refer to a standard reference,
e.g., [MS17].

The key result needed is that under the Gaussian assumption on x;, $W; and §Wj
are asymptotically free [MS17, Section 4.5.1|, which implies that the limiting spectral dis-
tribution of aZ(a/2) is the spectral distribution of the polynomial p(w;,ws,) of two freely
independent Marchenko-Pastur distributions w;, ws with ratio parameter 2y and variance
a/2.

However, there is no closed-form or convenient analytical expression for characterizing
the limiting spectral distribution of aZ(«/2). Instead, we were able to use a general al-
gorithm for computing the spectral distribution of a polynomial of free random variables
from [BMS17| for this task by lifting to the space of operator-valued random wvariables.
Specifically, after developing a linearization of the non-commutative polynomial in (4.17), we
implemented the algorithm in [BMS17] to compute the operator-valued Stieltjes transform of
the linearization, from which we could numerically extract the desired spectral distribution
of p(wy,ws). For a detailed description of our procedure, see Section 4.7.

Figure 4.1 demonstrates our results from computing the limiting spectral distributions
of aZ(a/2) and W in the underparameterized (v < 1) and overparameterized (v > 1)
regimes. We observe that batching results in a non-linear shrinkage effect of the spectrum

of aW. This is consistent with the conclusions from Section 4.3.3 in a different asymptotic
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regime (which does not allow for the overparameterized case). The close adherence between
the theoretical predictions and simulations with moderately-sized matrices also highlights

the predictive capacity of the asymptotic theory.

2.5 -
mm Full-batch (size 4,000, a) e Full-batch (size 1,000, a)

—— MP density 257 —— MP density
204 Two-batch (size 2,000, a/2) Two-batch (size 500, a/2)

——— Two-batch limiting density - Two-batch limiting density

2.0

1.5

1.0

0.5 1

0.0- .0-
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.0 0.2 0.4 0.6 0.8 1.0

(a) Underparameterized case: vy = 1/4 (b) Overparameterized case: ~ = 3/2
(n =4,000, p=1,000) and oo = 0.4. (n = 1,000, p = 1,500) and o = 0.2.

Each distribution has a point mass of
(1 —~)~! at zero not shown.

Figure 4.1: Limiting spectral distributions (lines) of W (full-batch) and aZ(«a/2) (two-
batch) compared with empirical distribution of a single n x p standard Gaussian matrix
(histogram).

4.4 Concluding remarks

In this work, we showed that the training and generalization error dynamics of mini-batch
gradient descent with random reshuffling for least squares regression depend on a sample
cross-covariance matrix Z between the original features and a set of new features that have
been modified by the other mini-batches. Using this connection, we established that while the
linear scaling rule for the step size matches the dynamics of mini-batch and full-batch gradient
descent up to leading order, sampling without replacement results in subtle differences that a
continuous-time gradient flow analysis cannot detect. We demonstrated that asymptotically,
batching leads to non-linear shrinkage effects on the spectrum of the sample covariance matrix

W, which directly affects the mini-batch error dynamics.
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Some future directions include studying the dynamics of mini-batch gradient descent
with random reshuffling under more specific assumptions to gain insights into the optimal
choice of batch size and learning rate for generalization, as well as generalizing the results
to more realistic models such as one-layer networks with non-linearities. Finally, there are
some random matrix questions on better understanding Z asymptotically in the proportional

regime, such as obtaining precise analytical expressions in the Gaussian setting.

4.5 Additional background on full-batch gradient descent

In this section, we state formulas for the error dynamics and generalization error of full-
batch gradient descent (i.e., with B = 1). These results are not novel, having appeared in
the literature in many varying forms (e.g., [AKT19; RDR22|). However, they are helpful
for the purposes of comparison with analogous results for mini-batch gradient descent with
random reshuffling.

The first lemma gives an exact expression for the error vector that is driven by the sample

covariance matrix W := %XTX of the features (i.e., Hessian of the least squares problem).
Lemma 4.5.1. Let (Bg)i>0 be the sequence of full-batch gradient descent iterates for the
least squares problem with step size a > 0 and initialization By € RP. Then for all k > 0,

B B = (1—aW) (8~ B.) + [T~ (T aW)'| WiXTn (4.18)

Furthermore, if Px o := I—(X"X)"(X"X) and Pxr := I-Py denote the orthogonal projectors
onto the nullspace and row space of X, respectively, then we may decompose the first term

as

(I —aW)" (8o — B.) = Pxo(Bo — B.) + (I — aW)* Pxr (8o — B.). (4.19)
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Proof. Since y = X3, + m, the error vector satisfies the recursive relationship
a !
Be—B. = (1= °X"X) (Be1 = B) + - X'n.

By recursively applying this relationship, and instating the definition of W = %XTX7 we

obtain

Q

n

k
Br—B. = (1= aW) (B~ B.)+ 23 (1 aW) I X,
7j=1

The proof of (4.18) is completed by using the following identity to simplify the expression
for the sum above, which follows from considering the eigendecomposition of the symmetric

matrix X:

k
Y I-aW) VX = I- I-aW)"| (W) XT.
7=1

Finally, by incorporating the decomposition of the initial error

/60 - IB* == PX,O(BO - ﬁ*) + PXT(ﬁO - /8*)7

noting that (I — aW)*Px o = Px, we obtain (4.19). O

The following lemma gives a formula for the generalization error of full-batch gradient
descent, corresponding to the usual bias-variance decomposition. It reveals that the gener-
alization error is characterized by the eigenvalue spectrum of the sample covariance matriz
W, the alignment of the initial error By — B. with the eigenspaces of W, as well as the

covariance of the features 3.
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Lemma 4.5.2. Consider the same setup as Lemma 4.5.1. Then for all k > 0, the general-

ization error ((4.4)) of the full-batch gradient descent iterates By, is given by

Rx(ﬁk) = (,30 - 5*)TPX,02PX,0(,30 - 5*)
+(Bo — B.) Pxr (I— aW) S (I—aW) Pxr(8, — B.)

+%2Tr([1—(l—on)k] D [I—(I—aW)’“} WT>.

Proof. Note that || B, — B.]|% = |Y%(8kr — B.)||%, where ||-||2 is the usual ¢, norm. Hence, we
may expand the square in (4.18) of Lemma 4.5.1, and use the fact that the cross-terms with
a linear dependence on the mean-zero noise term 7 vanish upon taking expectation. The
first term of this expansion, combined with the decomposition of the initial error in (4.19),
yields the first two terms of the claimed generalization error, corresponding to the bias. The
remaining variance term follows from writing the second term of the expansion as a trace
(i.e., writing ||z"z||3 = Tr (zz")), using the fact that E [nn'] = 0?1, the cyclic property of

trace, and the property WIWWT = WT of the pseudoinverse. O

Observe that by taking the limit as k& — oo with a small enough step size, Lemma 4.5.1
shows that gradient descent converges to the min-norm solution (X'X)'X"y of the least
squares problem, shifted by the projection of By onto the nullspace of X. Additionally,
Lemma 4.5.2 shows that the resulting generalization error is increased by small eigenvalues

of W, which corresponds to overfitting the noise.

Corollary 4.5.3. Consider the same setup as Lemma 4.5.1. Let B = PxoB0 +
(X™X) XTy. If a < 2/(n7YX"X]|), then By — Bo as k — oo, and the limiting

generalization error is given by

2
Rx(Bx) = (B0 — B) PxoZPxo(B — B.) + — Tr (SW')
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4.6 Technical proofs for mini-batch gradient descent

In this section, we provide the technical proofs for our results on mini-batch gradient descent
with random reshuffling. Specifically, in Section 4.6.1, we prove the general results for
general mini-batch gradient descent (Lemma 4.3.1, Theorem 4.3.3, and Theorem 4.3.9). In
Section 4.6.2, we prove some more precise results in the specific setting of two-batch gradient
descent with B = 2 (Propositions 4.3.8 and 4.3.11). Finally, in Section 4.6.3, we prove the
results obtained in the asymptotic regime as n — oo with fixed p (Propositions 4.3.13

and 4.3.14).

4.6.1 Mini-batch gradient descent

As a reminder of our setup, recall that we have partitioned the data matrix X € R™*" into
B equally-sized batches X;,..., Xz € R"™B)*" and we denote the corresponding sample
covariance matrix of X, by W, = %XZXE,. The modified mini-batches are defined by
)~(b := X,II, where II, was defined in (4.5) as

1T, = % I a-aw.y). (4.20)

TESR jij<T1(b)

Another equivalent expression for Il is the following:

1T, = % I a-aw.y). (4.21)

T€SRE jij>T—1(b)

This is because each summand corresponding to a permutation 7 in (4.20) can be matched
one-to-one to a summand corresponding to a permutation 7' in (4.21) by swapping the
sub-permutations to the left and right of the batch b (with position 771(b)). For example,
without loss of generality, consider 7 = (1,...,b—1,b,b+1,...,B),and let 7/ = (B, ..., b+
1,b,1,...,0—1). Then the summand in (4.20) for 7 is (I — aW,_;)...(I — aW,), which
exactly corresponds to the summand for 7/ in (4.21).
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Furthermore, by expanding, it can be verified that another expression for II, is the
following:®
B-1 (—1)i+1

m,=I->" m-oﬂ > W, ... W, ». (4.22)

i=1 {b1,...6:}C[BI\{b)
b1,...,b; distinct, ordered

Finally, X denotes the concatenation of the B modified mini-batches in the same order, and
7 = %)N(TX = % 25:1 I1,X] X, was defined in (4.6) to be the sample cross-covariance matrix

of the modified features with the original features.

Proof of Lemma 4.3.1

Since Z = %XTX = %Zszl }EZXb =1 Zle 1, X} X3, it suffices to show that

B B
Z I, W, = Z W, I,
b=1 b=1

to prove that Z is symmetric, where Il is defined as in (4.21). Fix b € {1,..., B}. Note
that II,W, and W,II, are polynomials in the non-commuting variables Wy,..., Wy, and
that II, does not contain the term Wj. Hence, it suffices to argue that the word ending in
W, on the left hand side (i.e., II,W}) matches the word ending in W on the right hand
side (i.e., the sum of the words ending in Wy in 3, W,IL;).

Observe that II, Wy is a sum of words of the form a;, . ;, W; W,, --- W;, W, where each

of the indices are distinct and a;, . ;, € R is a constant. From the form of II;, this term arises

.....

as a sum over permutations 7 from a set, say 7 = T;,.._;,, such that 771(b) < 77'(iy) < --- <

7 dy) < 771(4y):

@iy...iy Wi, Wiy - - - W, W (B‘ Z KW W, - W, )Wb.
TET

8For example: with B = 2, H1 =I—2aWy; with B = 3, II; = I-a(Wy+W3)+1a?(Wo W3+
W3W2) with B = 4, Hl I-= (W2 + W3 +W4) + 1a2(W2W3 +W2W4 +W3Wsy+W3W, +
W,iW; + WW3) — o (W2W3W4 + WoW, W3 + W3WoW, + W3sW, Wy + Wy W, W3 +
W, W3W5s); and so on.
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The same word arises in the expression » | i+ WjlI; from the single term W, IL;, with W, as
the leftmost matrix in the product. For each 7 € T, consider shifting the sub-permutation
(b,ig,...,12,71) in T cyclically to the right (keeping the other entries fixed) to obtain the
permutation 7" with sub-permutation (i1, b, 4, ..., ). If 77 denotes the set of permutations
obtained from 7 in this way, then by summing over all 7/ € T in II;, — choosing the term
—aW ;) for each j € {771(b), 77 (iy),..., 7 '(i2)}, and I for the rest of the indices in the
product over 7/ — this shows that the word a;j, ; ;W Wy, - W;, Wy, appearing in W;, IT;,

is equal to

1 ¢
W, <§ > (—a) WiQ---WZ-ZWb> = aiyiy Wi, Wiy -« W, W
CreT?
Thus, we conclude that Zszl I,W, = Ele W,I1,, and hence Z is symmetric.
. e . B o~

Next, we will prove that rangeZ C rangeX' C rangeX'. Since Zw = %szl X Xyw
for any w € RP it is clear that rangeZ C rangef(T. Next, let y € R™ be a generic vector
partitioned into yq,...,yp in the same way as the batches Xy,...,X;. From expanding the
product in IT,, we can write )N(Ty = 21];3:1 LX)y, = 25:1 Xy, + Zle X} Xy vy, for some

coefficients oy, € R and vectors v,. Hence, rangeX" C rangeX'.

Proof of Theorem 4.3.3

Lemma 4.6.1. Let A € RP*P be a symmetric matriz, and define P = (I — A)(I— A)" and
Py = I—P to be the orthogonal projectors onto the range and nullspace of I— A, respectively.
Then we have

T+A+--+ A = T- AT - A + kP,

Proof. Since I = P + Py, we can write I+ A+ + A1) = I+ A+ + A1) (P +Py).
By multiplying both sides of the algebraic identity (I+ A +---+ A¥1)(I—- A) = (I - A¥)
by (I—A), we have I+ A +---+ A* 1P = (I - A¥)(I - A)', which yields the first term.
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For the second term, note that A‘P, = P for any ¢ > 1, since Ax = x for any x in the

nullspace of I — A. Thus, (I+ A + -+ A*1)Py = kP, which yields the second term. [J
Proof of Theorem 4.3.3. Recall that from (4.2), the iterates B,gb) from mini-batch gradient
descent after b iterations over the mini-batches in the k*" epoch satisfy

Ba _
V=8 - — X (X wBy ) = yw), b=12...B,

given a permutation 7 = (7(1),7(2),...,7(B)) of the mini-batches in the k™ epoch, where
B,(CO) = ,(f)l and ﬁéB) := By. By using the fact that y, = X;,8, + m, for each mini-batch,

the displayed equation above rearranges to

Ba _ Ba
BY —B. = (1 - X Xs <b>) (B = B+ —Xlmew, b=12....B.

By iterating this relationship, we deduce that the estimate at the end of the k'™ epoch

satisfies
B BO{ B
B B
B =B =[[a-aW.)BZ )+ —>" I @—aW)XJm. (4.23)
b=1 b=1 j:j>7=1(b)

Recall that By = E,ounis (Sg) [,Bk ] Hence, by taking the expectation over the random
permutations of the batches in each epoch, drawn uniformly from the B! permutations in
the symmetric group Sp of B elements, the error vector B3, — B, satisfies the recursive

relationship
B
Br — B = HI—aW ) (Be-1 — Bs)

wl (4.24)
BY{BNZZ [[ @=aWep)XT o m.

TESE b=1 j:ij>7-1(b)
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By moving the sum over b outside, recognizing the definition of II, from (4.21), and recalling

that 5(! = I1,X}, the second term is equal to

Next, by writing Z = 1 S XTX,, we have

Ba B! ZZ H (I—aW.;)aW, | . (4.25)

TESE b=1 ]]>T_1 )

We claim that the identity

Bl Z Z H (I—aW, J))O‘Wb =I- Bl Z H(I — OéW—r(b)) (4.26)

TGSBb 1]]>T 1 ) .’TESBbZ].

holds. Assuming that this is true for now, combining (4.25) and (4.26) shows that (4.24)

can be written as

Br — B. = (I — BaZ)(Br_1 — B.) + %5&7. (4.27)

Hence, by recursively applying this relationship, we obtain
_ Ba t
B — B. = (I — BaZ)*(B, — B.) YZI—BaZ"”JXTn
J=1

The proof of (4.10) is completed by using the following identity from Lemma 4.6.1 to simplify

the expression for the sum above:

k
Y (I- Baz)" X" = [I - BaZ)k] (BaZ) XT.
7j=1
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Here, we use the assumption that rangef(T - rangef(TX = rangeZ to deduce that PZ7OXT =

0. Furthermore, by incorporating the decomposition of the initial error

ﬁD - /3* == PZ,O(BO - IB*) + PZ(/BO - ﬁ*)?

noting that (I — BaZ)"Pz = Pz, we obtain (4.11).
Finally, it remains to prove that the identity (4.26) holds. We prove the equivalent

identity, noting that |Sg| = B! so that the identity matrix I can be brought inside the sum:

FDIM N1 QCSAUSAVETS oY () ) (RN BT

7€SE b=1 ]]>T_1(b) T7€SE =

We will prove this by matching each summand on the left hand side to a summand on the
right hand side. Fix a permutation 7 € Sg; without loss of generality, we may assume that

7=(1,2,...,B —1,B). On the left hand side, the summand corresponding to 7 is
aWgp+ (I—-—aWg)aWg_ 1+ -+ (I—aWpg) - (I —aW3)(I—aWsy)aW;.  (4.29)
On the right hand side, the summand corresponding to 7 is
I-I-aWg)(I-—aWp_)---(I—aWy)(I—-aWy). (4.30)

Consider expanding the product by choosing a term from each bracket going from right to left.
For the last bracket, choosing W yields the term (I—aWpg) - (I—aW3)(I—-aWy)aW;
ending in W7y, matching the left hand side. Otherwise, choosing I results in a smaller
product to which the same argument can be applied recursively. In the end, we are left with
the single term (aWpg — I) — I, so that the identity vanishes and we are left with aWp.
Thus, we see that (4.29) and (4.30) correspond to the exact same expression, and summing

over all 7 € Sg completes the proof of the claim (4.28). O
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Proof of Corollary 4.3.5. Recall that Pz = I-Z'Z and Z = 1X"X. From (4.10) and (4.11)
of Theorem 4.3.3, it is clear that if |(I — BaW)Pgz|| < 1, then By converges as k — 0o to

the vector
1 .~ - -
P70 + 2128, + ~Z'XTn = P76 + (X"X)'XT(XB. +n).
Since y = X3, + n, we obtain the claimed expression for the limiting vector Be. O

On the assumptions in Theorem 4.3.3

In this section, we expand upon the discussion on the assumption in Theorem 4.3.3 that

rangef(-r C range)NCTX.

e In the overparameterized case (p > n), this follows if X € R"*? has rank n. Thus,
for any m € R", we can write n = X6 for some 8 € RP. Hence, XTn = X'X0 €
rangeX ' X.

e In the underparameterized case (p < n), this also follows if we assume that XX (or

equivalently Z) has rank p since rangeiTX = RP.

Next, using less trivial assumptions, the condition also follows if we assume that
rangef( C rangeX. For n € R", let XTX6 be the projection of )N(Tn onto range}NCTX,

where 8 € RP. Thus, X"n — X"X6 is orthogonal to rangeX "X, or in other words,
X"XX"(n — X6) =0.

We claim that X"y = X"X6. Since rangeX C rangeX, we have XX (g — X6) €
rangeX, and thus XT)NQzT(n—XH) = 0 if and only if X}zT(n—XH) = 0. Furthermore,
XXT(n — X6) = 0 if and only if XT( — X6) = 0, which completes the proof.

The assumption in the overparameterized case (which is arguably the more interesting

case for machine learning applications) is natural, and does not depend on the structure of the
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mini-batches or the step size. The underparameterized case seems to be more delicate, and it
remains unclear what the necessary assumptions on the structure of the mini-batches or on
the step size are in this regime for the required condition to hold. However, in our numerical
experiments, XX was always observed to have the same rank as X, so the assumption is
likely to be typically satisfied generically.

In fact, we observed that rangeX' and rangef(TX always appeared to be very similar, if
not identical, which suggests that it may be possible to prove that the two subspaces coincide

under a set of generic assumptions.

Mini-batching with replacement

Here, we will provide more details on our claims in Remark 4.3.4 on the error dynamics
when the mini-batches are sampled with replacement. Specifically, suppose that in each
iteration, we sample a mini-batch with replacement uniformly at random from the same set
of B mini-batches X1, ..., X, instead. If Bk denotes the mean iterate after k epochs (which
corresponds to Bk iterations), averaged over the i.i.d. sampling of the mini-batches in each

iteration, then we will show that

1

B~ B. = - aW)™ (B~ )+~ [[- T—aW)™| WXy (431)

Thus, we see that the error dynamics when sampling with replacement are essentially

identical to those of full-batch gradient descent up to a time change by a factor of B.

Proof of (4.31). Let Bk,t denote the mean parameters in the k™" epoch after t iterations.
(Thus, By = Bro = Br_1,8.) Note that 137 XIX, = LX™X = W, and Y7, X7, =
XT7n. Conditional on the iterate ,(/3\;@7,5, the next mini-batch is sampled uniformly at random

from the B mini-batches Xy, ... Xpz. Hence, we can develop the following recursive expression
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for the expected error vector after one iteration:

_ 1 & B . B
Brir1 — By = B Z { <I - %XZX;,) (Brt — Bs) — %inb}

b=1

= (I-aW) (B - B.) - ~XTn.

By iterating over Bk iterations until the end of the ™ epoch, and simplifying the matrix

geometric series using Lemma 4.6.1, we obtain (4.31). ]

Proof of Theorem 4.3.9

By expanding the square in (4.10) of Theorem 4.3.3 and using the fact that the cross-terms
vanish upon taking expectation with respect to the mean-zero noise 7, denoted by E,,, the

generalization error Rx () is equal to

1 2

n

E, |8 — B:l3 = [|5Y2(1 = BaZ)*(By — B.) |5 + E,

»1/2 [I - BaZ)k] 7 XTn

2

Since Z is symmetric, the first term is equal to (By — B.)" (I — BaZ)*S(1 — BaZ)*(Bo — B.).
When combined with the decomposition of the initial error in (4.11), this yields the first two
terms of the claimed generalization error, corresponding to the bias. The second term of the

expansion above, written as a trace using the cyclic property, is equal to

1 - -
T (2 [I — (- BaZ)*| Z'XTE, [nn"1XZ [1 - (1 - BaZ)’“D .

Since E,[nn'] = 0?1, this completes the proof.

4.6.2 Two-batch gradient descent

For the following proofs, we use the Loewner order defined by the cone of positive semidefinite

matrices: that is, for symmetric matrices A, B, we have A < B if and only if B — A is
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positive semidefinite, or equivalently x" Ax < x"Bx for all unit vectors x. We recall some

basic properties of the Loewner order: if A < B and C < D, then
e (Preserved by conjugation) CTAC < C'BC for any C with compatible dimensions
e A+B<XC+D and aA < aB for any a > 0.
e (Preserved by trace) Tr A < TrB.

Furthermore, recall that W; + Wy = 2n 'X'X. Therefore, the assumption o <

1/(n7||XTX]|) is simply the same as a < 2/||W; + W|| in different notation.

Proof of Proposition 4.3.8

The claim follows if we can show that Z > 0 and 2aZ < 2I, assuming a||W; + W] < 2.

e Z > 0 the key observation is that we can write

1 1
7 = §(W1 + Wz) — Zla(Wl -+ W2)2 + a(Wf + W;)

+ =~ =

1 1

1
4
Since W1, W3 = 0, we have W? + W2 = 0, and using the assumption %a(Wl + W) <1,

we deduce that the first term is also positive semidefinite. Hence, Z > 0.

o 207 < 2I: we can write

1 1
2007, = OéWl <I — 50(W2) + OCWQ (I — 50&W1)

1 1 1
= (Wl + Wg) <21 — 506(W1 + Wg)) - OéWl (I — §OéW1> — OéWQ <I — §C¥W2> .

9Even though W1 +Wj > 0, this is not immediately obvious since the anticommutator W; Wy +
W2 W, is not positive semidefinite in general.
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Since aW; < 2I and W, < 2I by assumption, we have (I-2aW;) > 0 and (I-3aW5) >
0. Thus,
1
207 < 2« (Wl + Wz) — 5042 (Wl + W2)2 .

By considering the eigenvalues of a(W; + Wy), which satisfy ||a(W;1 + Wy)|| < 2 by
assumption, we deduce that the operator norm of the upper bound is at most 2. Hence,

we conclude that 2aZ < 21I.

Proof of Proposition 4.3.11

Our goal is to bound the generalization error given in Theorem 4.3.9 (with B = 2) by
bounding the trace term (corresponding to the variance component). The key observation
is that in the two-batch case, we have the explicit relationship between %}ETX and Z:

(0%

loro 1 1
XX =7+ Kiozw1 - I) W,W, + (éaw2 - I) WIWQ} . (4.32)
n

By using the property Z'ZZ" = Z' of the pseudoinverse, and the fact that the trace preserves

the Loewner order, the claimed upper bound follows if we can show that
1{/1 1 1
Z §CKW1 —1 W2W1 + §CKW2 —1 W1W2 j §HW1 + WQHZ, (433)

assuming that «o||W; + Wy|| < 2. Since Z = %(Wl +W,) — leC((Wgwl + W;W,), the

claim (4.33) is equivalent to showing that

«

8

1

(Wo W, W, + Wi W W) — 2 (Wo W+ W W)

1 «Q
= Z”Wl + Wy|[(W; + W) — §HW1 + W, ||(Wo W, + W W,),
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or, by rearranging,

«

3 {(WoW Wy + W, WoW, ) + |[W; + Wy | WoW, + W W,)} a0
4.34

1

=7 {IW1+ Wol[(W; + Ws) + (W W, + W W)}

Since W1 = [|[W1||I = [|[W1 + W,||I, and similarly Wy < ||[W; + W,||I, the left hand side

of (4.34) is bounded from above in the Loewner order by

(67
S IW1+ Wo {(WE+ W3) + (W Wi+ WiW3)} < (W o+ Wa)?,

A~ =

where we use the assumption aW; + Wy < 2 for the second inequality. Next, since
W1 + W,|[(W; + Wy) = W2 + W2, the right hand side of (4.34) is bounded from below
by

i {(W]+W3) + (Wo2W; + W, W,)} = i(wl + Wy)2.

Combining the preceding two displayed equations shows that (4.34) holds. If W; = Wy = ¢I
and o = 2/c for some ¢ > 0, then it is also clear that (4.34) holds with equality.

Similarly as above, the lower bound follows if we can show that

1[/1 1 1
T |:(504W1 — I) W,oW, + (ﬁaw2 — I) Wlwgl = —5HW1 + W,||Z, (4.35)

assuming that oWy + Wyl|| < 2. This is equivalent to showing that

«

1
3 (W2W1W2 + W1W2W1) — Z(Wgwl + W1W2)

1 «
= _ZHWI + Wy||(W; + Ws) + §||W1 + Wy ||(Woy W, + W W,).
By rearranging and using the fact that WoW Wy + W, W, W, > 0, this is implied by

1 1/
Z”Wl + WLH||[(W1 + W3) = 1 <§||W1 + W, + 1> (WoyW; + W W,).
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By using the assumption «||W; + Wy|| < 2, and the fact that |[W; + Wy||[(W; + W3) =
(W1 + Wy)?2 this is further implied by

1
Z(W1 + Wy)2 = (W W, + W, W,).

N | —

Since (W; + Wy)? = W2 + W2 + Wy,W, + W, W,, this is equivalent to

1
4

1

(W, — W,)? = Z(Wf + W3 - W,y,W, - W, W,) =0,

which is indeed true, and hence we conclude that the claim (4.35) holds.

Finally, the convergence of B; to B follows from Corollary 4.3.5 (with B = 2), using
the sufficient condition on the step size a given in Proposition 4.3.8. The resulting bound
for the limiting generalization error, expressed in terms of Z, is obtained from the fact that

(I —2aZ)F — 0.

4.6.3 Asymptotic analysis

In this section, we consider the asymptotics of Z(a/B) as n — oo with p fixed, and evaluate
the impact on the error trajectory and generalization error of mini-batch gradient descent

with random reshuffling as compared to full-batch gradient descent.

Proof of Proposition 4.3.13

As n — 0o, each Wy, tends to X almost surely. Therefore, by independence, we deduce that
on a set of probability one, W, — X for all b = 1,..., B. Since Z(«a) = %25:1 W, Il,,

it suffices to compute the limiting expression for a fixed W,II, by symmetry. The starting
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point is the expression for II, from (4.22):

B-1 (_1)i+1

m=I-> (¢+1)!’O‘i >, Wi W,

i=1 {b1,.-.,b: }C[B]\b
b1,...,b; distinct

Indeed, we simply have to count the number of terms for the internal summand for a fixed
i€{1,2,...,B—1}, which indicates the number of distinct sample covariances that appear.
There are i!(”.") (ordered) ways to choose i distinct indices {by,...,b;} from [B]\ {b}. For
each such choice, the limit of Wy, ... W, is ¥.'. Therefore, introducing an extra factor of ¥

for Wy, (which is not in any of the terms in II;), we have, as n — oo,

B—1 B-—1 B-1 .
NGO L (B-DI(B-1-19) .,
‘N7 H \ E . E -1 ”L-‘rl( 7 ) 1224-1 _ E I . § —1 7,+1< ZZZ '

The proof is completed by replacing o with o/ B to obtain the claimed expression for Z(a/B).

Proof of Proposition 4.3.14

Recall from Theorem 4.3.3 that the error trajectory of mini-batch gradient descent with

random reshuffling and step size a/B is given by the following (with Z = Z(a/B):

! [I-(I-aZ)")Z'Xy.

n

Br — B = (1-aZ)*(By — B.) +

By using the assumption that II, = II =1 — p(W), we have

B B
1 N 1 .
Z= > MX]X, =11 (5 ;:1: XbXb> = ITW.

b=1
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Since Z is symmetric, Z = WII = W(I — p(W)). Furthermore, X'y = Zszl IL,X]n, =
H(Zle X7my) = [IX . Therefore,

Z' X' =W 'I''IX'n = W 'X'n = nX'n

Since W = V§VT, where X = USVT is the SVD of X with U € R™"™ and V € RP*P

orthogonal and S € R™” diagonal, and S := 1STS € RP*?, we have
VT(Bi— 8) = [1- S0~ p3)*VT (8o — B.) + [T~ [1 - aS(T— p(S))] $UT,

The point of expressing the error in the eigenbasis V is that the dynamics decouple (since

S is diagonal). Therefore, for i = 1,2, ...,p, the i*" coordinate of VT(B3; — 3.) satisfies

| —

VT (B~ B = [1— a1~ p(A) VT (Bo— B+ (1~ [~ adu(1 — p(3))]F) [U

ps

1

Next, we can apply Theorem 4.3.9 for the corresponding generalization error:

Rx(Br) = (Bo — B.) (I — aZ)*S(I— aZ)* (B — B.)
o? 1 oo~
—Tr([I-(I-aZ)]S[I-(1-aZ)"] 2" -X"X)Z).
+nr([(a>}[<a)] (n )
From the calculations above, we have ZT(%XTX)ZT =W (2XTX)W~! = W', Therefore,

changing to the eigenbasis V again, we have

Rx(By) = (VT (Bo — B.))T[L - aS(I — p(S)[*VTEV[L — aS(I — p(S))F (VT (B, — B.))

+ % Tr ([I ~[I-aS(I- p(§))ﬂ VTV [I _[I-aS(I- p(§))ﬂ §—1) .

By using the assumption that VIXV = A (i.e., that ¥ and W are simultaneously diago-

nalizable), then we have again obtained an expression that decouples since all the matrices
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involved are diagonal, and we can write the result as

Rx(Br) = Z [l — Oéj\z‘(l — p(j\i))]%[VT(ﬁo — Bl
02 & Ai 3 k)
+ S (1= -k - pA)))

i=1 7"

This completes the proof of the claimed expressions for mini-batch gradient descent.
Finally, it is straightforward to show that the corresponding quantities for full-batch

gradient descent (under the same assumptions) are the same as the given expressions with

5\1( 1— p(jxl)) replaced by \; using the same strategy and the usual expressions for the error

dynamics of full-batch gradient descent (Lemmas 4.5.1 and 4.5.2).

4.7 Additional details on free probability computations

In this section, we provide a high-level overview of and details on the algorithm from [BMS17]

for calculating the spectral distribution of a self-adjoint polynomial of free random variables.

4.7.1 Additional background

Techniques for computing the distribution of a sum or product of free random variables have
been developed (e.g., see [MS17; RE08|). The reason that we could not apply these techniques
is that while we could compute the distribution of wjws or wew; individually (where wy, wsy
are free random variables), we cannot compute the distribution of wyw; + wyws since the
two summands are not freely independent.

More generally, the problem of describing the distribution of a general polynomial of free
random variables in terms of its individual marginals—such as its density or smoothness
properties—remains a difficult open problem, even in pure mathematics. Recent theoretical
progress in [Ari+24] provides a general description of the atoms: in particular, [Ari+24,
Theorem 1.3| implies that asymptotically, aZ(«/2) and W have the same point mass of
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(1 — 1) at zero if and only if v > 1 (i.e., in the overparameterized regime). To interpret
this result, note that the point mass at zero effectively corresponds to the “dimension” of
the frozen subspaces of weights for gradient descent; i.e., the rank of the projectors Pz and
P for mini-batch gradient descent with random reshuffling and full-batch gradient descent,

respectively.

4.7.2 Algorithm

In this section, we describe our implementation of the general algorithm from [BMS17] for

calculating the spectral distribution of the non-commutative polynomial

p(wy, we) = wy + wy — §(w2w1 + wyws)

of two freely independent Marchenko-Pastur distributions w;, w, with ratio parameter v and
variance . When vy = 21im,, ,, . p/n, this corresponds to the limiting spectral distributions
of the scaled sample covariances « W, and a'Ws of the two mini-batches in two-batch gradient
descent with step size a. For the statement of the algorithm for computing the spectral
distributions of general polynomials of free random variables as well as the technical details
and proofs, we refer to [BMS17| (in particular, Theorems 4.1 and 2.2 of their paper).

First, we state some preliminaries on the Marchenko-Pastur distribution v, , with ratio

parameter v and variance a. The Stieltjes transform of v, , is given by

a(2) = By [V 271 = SN EVE 0O IRE D g

for z € C4, where C; = {z € C : Im(z) > 0} is the complex upper half-plane, and the branch
of the complex square root is chosen with positive imaginary part. The Cauchy transform
is given by G(z) = —m(z). The Stieltjes transform of a real-valued random variable (or
equivalently its Cauchy transform) uniquely determines its distribution through the Stieltjes

inversion theorem (e.g., [MS17, Theorem 6]).
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The algorithm of [BMS17| computes the Cauchy transform G, of p(wi,ws), which
uniquely determines its distribution, given the individual Cauchy transforms of wq,ws by

the following steps:

(1) Compute a linearization Ly,(wi,wy) of the non-commutative polynomial p(wq,wy) =

wy + wy — %(wgwl + wywsy) in the sense of [BMS17, Definition 3.1|: that is, we want to

find
0 u'
Ly (w1, w2) =
v Q
such that p(w;,ws) = —u'Q'v, where u, v are vectors with entries in C{wy,w,), the

algebra generated by w, ws over the field of complex numbers, and Q is a matrix with

entries in C(wy, ws). Specifically, we use

0 1 w1, Wa

1 -1 -1 -1
Lp(wl, U}Q) = . (437)

It may be easily checked that

-1

-1 -1 -1 0 -1 -1
1
Q'=|-1 -1 1 =5|-1 0 1]

-1 1 -1 -1 1 0
so that wy + wy — %(wgwl + wiwy) = —u'Q~tv. We also define the matrices
0 1 0 0 0010 0 0 01
1 -1 -1 -1 0000 00 0O

by := , bp:= , by:= ,

0 -1 -1 1 1 000 0 0 0O
0 -1 1 -1 00 0O 1 0 00
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so that we can write L, (wy, w2) = bg®@1+b; @w; +by@w,. Finally, by ®w; and by ®@w,
(i.e., matrices whose entries consist of w; and ws, respectively) are freely independent

operator-valued random variables.

The operator-valued Cauchy transform Gy, gw, (b) of by @ wy is defined by Gy, guw, (b) :=
E[(b—by@w) '] = [o(b—tb;) 'dy, 4(t) for complex-valued matrices b in the oper-
ator upper half-plane (i.e., whose imaginary part has only positive eigenvalues). By the
Stieltjes inversion theorem, it can be calculated by the limiting formula

Gu, o (b) = lim — / (b — thy) " Tm(Gu, (t + ic)) dt,
R

el T

where the integral is taken elementwise, and the (scalar-valued) Cauchy transform G,
for the distribution v, , is (the negative) of (4.36) above. (In our implementation, we
found that computing this integral with parameters e ~ 107¢ and ¢ ~ 100 worked well;
in particular, ¢ does not need to be large since the matrices involved have bounded
operator norm and the Marchenko-Pastur distribution has compact support.) Similarly,
the operator-valued Cauchy transform Gp,gw, 0f by ® ws can be computed in the same

way with by, w; replaced by by, ws.

Let fi, be the map defined by

fb(a> = hb2®w2 (hb1®w1 (a> + b) + b,

where hy,guw, (2) = (Gp,gw, (a)) ! — a and hp,guw,(2) = (Gp,ew, (@) — a are the so-

called “h-transforms” of b; ® w; and by ® wy, respectively.

The operator-valued Cauchy transform of the sum by ® w; + by ® wsy satisfies
Gbyowy+byows (D) = Goygw, (wW(b)), where w(b) is the unique fized point of the map

fo [BMS17, Theorem 2.2|. (In our implementation, we compute w(b) by iterating
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w; = fp(w;—1) until the maximum elementwise difference between the iterates w; does

not exceed a specified tolerance parameter ~ 1079.)

Thus, the operator-valued Cauchy transform of Ly, (wq, w2) = by ® 14+ by ® wy + by @ wy
can be Computed by GLp (b) = Gb1®w1+b2®w2 (b - bO) = Gb1®w1 (w(b - bo))

(4) Finally, the scalar-valued Cauchy transform Gp(z) of p(wy,ws) can be extracted from the
first entry of the operator-valued Cauchy transform G, of Lj,(w;,w;), evaluated at a

diagonal matrix A.(z), as € | 0 [BMS17, Corollary 3.6]:

Gyl2) = i, (Ac(2))la, where A.(z) i= *

1€

(In our implementation, we found that evaluating G (A.(z)) with ¢ ~ 107% worked

well.)

Thus, the algorithm above allows us to compute the Cauchy transform G, which com-
pletely determines the distribution of p(w;, w,). For example, using G,, we can compute the
density f, of p(wy,ws) at x € R by

fp(z) = lim _—11m(Gp(a: + ig)).

el0 T

For example, see [CL22, Theorem 2.1]. Furthermore, we can compute the point mass g,(z)
at © € R (if there is one) by

gp(x) = li{gl ieGp(x + ic).

4.8 Additional numerical experiments

In this section, we present some additional numerical experiments.
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4.8.1 Full-batch diverges, mini-batch converges

Two-batch ]
12000 —=- Full-batch /
1
1
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& /]

4000 1 ,

/
/
/
2000 -
’/
- - -
ol — e
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Figure 4.2: Training error dynamics where the entries of the data X € R™*? with n = 1,000
and p = 1,500, noise n, and 3, are i.i.d. standard Gaussians, and a step size of a = 0.5 is
used. (This choice of « is slightly larger than 2/(1 + y/p/n)?, which is the almost sure limit
of || X|| by the Bai-Yin law.)

Consider the dynamics of gradient descent with step size o and two-batch gradient descent
(B = 2) with step size «/2. Then it is possible for the full-batch iterate to diverge (i.e.,

T — a2 XTX]|| > 1), while the two-batch iterate still converges (i.e., |[I — oZ| > 1).

4.8.2 Overparameterized regime

Figure 4.3 shows the generalization error dynamics of full-batch gradient descent with step
size o and B-batch gradient descent with step size oo/ B for B = 2,4 in the overparameterized
regime. Overall, the difference is slight (according to the scaling of the figures), highlight-
ing how the full-batch and mini-batch dynamics are matched using the linear scaling rule.
Nonetheless, the difference is visually apparent during the middle of training.

For an extreme illustration of the differences that can be caused by large step sizes, recall
that we discussed in Remark 4.3.7 (and demonstrated in Section 4.8.1) that with a larger
choice of «, full-batch gradient descent can diverge, but two-batch gradient descent still

converges.
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(a) Entire trajectory over 300 epochs. (b) Limiting trajectory in the last 50 epochs.

Figure 4.3: Generalization error dynamics with standard Gaussian data X € RH000x1,500
(v = 3/2), 0 = 0.5, and 3, sampled uniformly at random from the unit sphere. Gradient
descent with step size a = 0.2 compared to B-batch gradient descent with step size o/ B for
B = 2,4. The test error is averaged over 1,000 simulations with 1,000 test samples each.

4.8.3 Underparameterized regime

In Figure 4.4, we compare full-batch gradient descent and mini-batch gradient descent with
B = 2,4 mini-batches using the linear scaling rule for the step size in the underparameterized
regime. Similar to the observations for Figure 4.3, the generalization error trajectories of
mini-batch and full-batch gradient descent are closely matched. However there are very
slight differences; for instance, the limiting risk of two-batch gradient descent is greater by

about ~ 0.05.
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Figure 4.4: Generalization error dynamics with standard Gaussian data X € R*000%1,000
(v = 1/4), 0 = 1, and (3, sampled uniformly at random from the unit sphere. Gradient
descent with step size a = 0.4 compared to B-batch gradient descent with step size o/ B for
B = 2,4. The test error is averaged over 1,000 simulations with 1,000 test samples each.
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Chapter 5

Regularization via early stopping for

linear least squares regression

This chapter is based on the following joint work with Rishi Sonthalia and Eliza-
veta Rebrova:

R. Sonthalia, J. Lok, and E. Rebrova. “On Regularization via Early Stop-
ping for Least Squares Regression”, 2024. Preprint, arXiv:2406.04425. arXiv:

2406.04425 [cs.LG]

5.1 Introduction

Early stopping is a common strategy used during training to regularize machine learning
models, yet our understanding of the properties of early stopped models is far from com-
plete. Recent work has shown that linear models trained with gradient descent can exhibit
grokking, a phenomenon where the model initially overfits and generalizes poorly, only to
later achieve better generalization after prolonged training [LBB24|. As a result, the strat-
egy of early stopping naturally raises a range of important questions, including: (a) What
are the properties of early stopped models? (b) Under what circumstances is early stopping

beneficial? (c) How do we decide when to stop training?
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Whether early stopping is beneficial or not, in terms of the out-of-sample generalization
error, can depend on various parameters of the model. For example, for models trained by
gradient descent, a crucial parameter is the choice of learning rates (or step sizes). Most
prior research on early stopping for gradient descent considers constant step size schedules,
frequently in the continuous-time gradient flow regime where the step sizes are assumed to
be negligibly small [YRC07; RWY14]. However, the gradient flow approach does not explain
how to quantify the optimal stopping time under more general and practical learning rate
schedules.

Another known perspective views early stopping as inducing a form of ¢? regularization.
Intuitively, limiting the number of training iterations ensures that the obtained parameters
remain relatively close to their initialization. Hence, it is commonly believed that with
zero initialization, early stopping induces £2-type regularization, suggesting that the optimal
stopping time should scale inversely with the minimum eigenvalue of the sample covariance
matrix of the features [GBC16; HL22; RWY14|. However, formalizing this intuition has
proven to be difficult.

Again, most prior works approach this by considering the continuous-time gradient flow
dynamics for linear regression [SGB94]|, and impose Gaussian assumptions on the feature
matrix. For example, by studying the exact generalization dynamics under gradient flow,
Advani et al. [ASS20] provides an estimate for stopping after O(A~'log(1 + \)) iterations,
where )\ is a modal eigenvalue of the sample covariance of the feature matrix. Furthermore,
[AKT19| shows that gradient flow and ridge regression are tightly connected—namely, under
the correspondence p = 1/t between the ridge regularization parameter p and time parameter
t, the relative risk is always between 1 and 1.6862 (JAKT19, Theorems 1 and 2|). The authors
also derive a formula for the risk of gradient flow under the Marchenko—Pastur limit with
arbitrary covariance [AKT19, Theorem 5|. Finally, [SGM22| provides a description of the
optimal stopping time (up to constants) under the Gaussian model that is valid with high

probability. However, without strong assumptions such as negligible learning rates and
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Gaussianity, questions such as when to stop to optimize generalization error remain open
[ASS20; AKT19; SGM22; Xu+23].

In this work, we focus on the non-asymptotic discrete dynamics of gradient descent for
least squares regression. This point of view allows us to derive an explicit formula for the
parameters of our model after k£ steps of gradient descent, denoted by B, which can be
expressed in a closed form for many different learning rate schedules used in practice. Using
this, we obtain several novel, more precise answers to the questions above related to early

stopping. Specifically,

1. Exact trajectories. We provide exact formulas for the discrete dynamics of 3 ob-
tained when solving the ridge regression problem using gradient descent that make
no assumptions on the data, learning rate schedule, or noise distribution (Proposi-

tion 5.2.2). We state simple expressions for many common learning rate schedules.

2. Equivalence to (generalized) ridge regression. For the ridgeless case, we show
that for generic data, learning rate schedules, and stopping time 7', the solution ob-
tained after T iterations is equivalent to the minimum norm solution for a generalized
ridge regression problem (Theorem 5.3.1). Additionally, we show that any solution to
the ridge regression problem can also be obtained via early stopping if we can pick a
distinct learning rate in each eigenspace of the sample covariance matrix of the features

(Theorem 5.3.3).

3. Sufficient conditions for early stopping to be beneficial. We provide sufficient
conditions (Theorems 5.4.4 and 5.4.8) for when early stopping improves the general-
ization performance under some general assumptions. Conversely, we also provide suf-
ficient conditions for when early stopping is not beneficial (Theorems 5.4.6 and 5.4.8).
As a corollary, we show that early stopping is beneficial for many common learning
rate schedules, independent of the input data distribution, and that it is not beneficial

for some other learning rates (Remarks 5.4.7 and 5.4.9).
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4. Optimal stopping time estimate for ill-conditioned covariance and non-
constant step sizes. We propose an estimate for the optimal stopping time for
generic data and a large class of learning rate schedules: see (5.37) in Section 5.5. Our
estimate generalizes a prior estimate from |[ASS20] that only considered constant step
size schedules and requires the covariance matrix of the features to be well-conditioned.

We numerically verify the accuracy of our estimate on synthetic and real datasets.

5.1.1 Related work

The dynamics of gradient descent and its related variants have been the subject of extensive
research in recent years. Without attempting to cover all the relevant literature, we will
highlight below some key works and approaches most closely related to early stopping and

our methodology.

Gradient flow dynamics. A common approach to understanding gradient-based meth-
ods is to study gradient flow, which assumes that the learning rates are negligibly small.
Prior works such as [SGB94; ASS20; AKT19; LBB24; SGM22; BF25] have studied the
gradient flow approximation of full-batch gradient descent. Other works have also studied
the dynamics of stochastic gradient descent or flow |[ADT20; Paq+25; Paq+22|. Here, we
study the discrete dynamics of full-batch gradient descent instead of gradient flow, which,

in particular, allows us to derive nontrivial results when non-constant step sizes are used.

Generalization error and regularization. In this work, we study the regularization
effects of early stopping in terms of the out-of-sample generalization error. There has been a
lot of recent work that uses tools from random matrix theory to understand the generalization
performance of linear regression with other forms of regularization. Some works studying
generalization for the ridge regression problem include [DW18; Has+22; KLS20; YH22;
Nak+21; WSH24; Jac+20b; Jac+20a]. One of the surprising results from this line of research

is that the optimal ridge parameter can be negative [YH22|. Other works such as [SN23;
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KSS24; DL21; CZ23] study the effects of noise regularization. Recent work [SLG23| also
studies the problem with both noise and ridge regularization. However, our focus is on the
regularization effects of early stopping. Recent work by Stark and Steinerberger [SS25| shows
that if the ridge regularization parameter is large enough, then early stopping for gradient
descent with constant step sizes is not beneficial, which we have established independently
for general step size schedules (see Theorem 5.4.8 and Remark 5.4.9). In addition, [SS25]
elaborates on and proves optimality results for a fully data-driven methodology for estimating

the optimal ridge regularization parameter.

Early stopping for statistical inverse problems. Early stopping of iterative procedures
is also studied in the inverse problems literature [BHR18a; BHR18b; HR25; MR25|, where
regularization is crucial to recover a signal from ill-posed problems. In particular, early
stopping for gradient descent, which is known as the Landweber iteration in this literature,
is studied in [BHR18b|. The adaptive early stopping rules studied in this literature are based
on the discrepancy principle [EHN96]|, which halts when the residual is of the same order as
the noise level (which is assumed to be known or estimable a priori). Moreover, the quality
of the solution is typically measured in terms of the distance to the underlying signal or the
residual error (i.e., in-sample training error), in contrast to the generalization error on an
unseen test sample that we focus on. In these works, the model is typically situated in the

underparameterized setting, whereas our work allows for overparameterized models.

Other related works. Understanding the dynamics of gradient descent for linear models
can provide insights into the dynamics of gradient descent for neural networks. Specifically,
[Chil9] showed that in a lazy training regime, which holds under some circumstances such
as with a large variance initialization, the trajectory of the parameters of a neural network
is close to the trajectory of the parameters of a corresponding linearized model. Note that
we can think of the linearized network as a kernel ridge regression problem with the neural
tangent kernel [JGH18|. Recent work such as [Gei+20| seeks to understand the relationship
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between feature learning and lazy training, and it is shown in [Kum+24] that grokking for
neural networks occurs due to the transition from lazy training to rich training.

While our work focuses on studying gradient descent, studying the dynamics and regular-
ization effects of early stopping for stochastic gradient descent (SGD) is an important related
problem. Different learning rate schedules have been analyzed for SGD, and we will only
mention a few works that do so. Learning rate schedules with linear decay and switching
from constant to linear decay were studied in [Gow+19b]. In the streaming setting, SGD
with square root decaying step sizes and oblivious noise was investigated in [PF20], and SGD

with exponentially decaying step sizes and semi-adversarial noise was analyzed in [JNR25].

5.1.2 Problem setup and preliminaries

Suppose that we are given n training data points (z;,y;) drawn i.i.d. from a distribution D,
where z; € R? are the input vectors and y; € R are the responses. Let ¥ : R? — RP be a
feature map and x; = ¥(z;). Let X € R™P be the matrix containing the feature vectors
x; of the training data as rows, and y € R" denote the response vector. Furthermore, we
assume that there exists an underlying vector of parameters 3, € RP such that y = X3, +¢,
where € € R” is a residual or noise term with i.i.d. coordinates ¢; = y; — ZTB*.

Given a regularization parameter p > 0, the ridge regression problem aims to minimize

the following loss:

1
Lu(8) = 5-1XB — yI3 + 511813 (5.1)

We solve the ridge regression problem (5.1) using gradient descent. Let By € RP be the
chosen initialization and {7y }x>1 denote the sequence of step sizes used in each iteration. If
we denote the iterate after k iterations of gradient descent by B, € RP, then the gradient

descent update for the k™ iteration is given by

Br = Br—1 — %XT(X/BI@—I —y) — MttBr—1- (5-2)
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For any estimator 3 € R?, the excess risk with respect to 3, is given by
T T 2 2
Rx(B) = By, [[[0(2)78 = 978,13 | X| = 18- B.I1%. (5.3)

where 3 := E,p,...[¥(z)¥(z)"] is the (uncentered) covariance matrix of the feature vectors
x = U(z), drawn according to some test distribution z ~ Dieg, ||-||l2 denotes the Euclidean
norm, ||v||% = v' Xv, and the expectation is taken over a newly drawn test sample, condi-
tional on the training features X.

Finally, we introduce the following notation. Let Y = n1XTX € RP*? be the sample
(uncentered) covariance matrix of the features X. Let X = UXx VT and XX = VAVT be
the singular value decomposition and eigendecomposition of X and XX, respectively, where
U € R™™ and V € RP*P are orthogonal matrices, and ¥x € R"*? and A € RP*P are diagonal
(which we may assume to be in non-increasing order). Note that A = XI Xx = nVTSV.
We will also be interested in the representations of the parameters 3, and residual € in the

eigenbasis of X'X (i.e., V) and XXT (i.e., U), respectively, which we will denote by
Br:=V'B., B.:=V'B,, and &:=Ue. (5.4)

We shall denote the identity matrix by I. Given a matrix A, we shall denote its Frobenius

norm by [|A||r = /Tr(ATA) and its Moore-Penrose pseudoinverse by AT,

Remark 5.1.1. We do not restrict the class of feature maps; for example, ¥ could represent
a random feature model [RRO7], the features learned by the final layer of a neural network,
or the feature map for the neural tangent kernel [JGH18|. Moreover, we do not require that
the distribution Dye for x = U(z) at test time from (5.3) to be the same as the distribution
D used to obtain the training data. This allows for covariate shift, which is an important

problem that has been widely studied; see, e.g., [TAP21; KSS24|.
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5.2 Exact trajectories

To understand the regularization effects of early stopping and to determine when to stop,
we begin by quantifying the trajectory of the parameters By and its associated excess risk.
The aim of this section is to prove Proposition 5.2.2, which gives exact expressions for the
dynamics of B and its representation Bk in the eigenbasis V.

To build intuition, we first consider the unregularized problem (u = 0) with constant step
size mr = 1 and zero initialization By = 0. Simple calculations (e.g., [GBC16, Chapter 7.8])

show that we can recursively unravel the gradient descent dynamics from (5.2) to obtain

n

k k ki
By = (1 - ZXTX) Bo + Zg (I - QXTX) XTy. (5.5)
=1

From (5.5), we can deduce the classical convergence result: if 7 is small enough, then the
first term tends to zero as k — oo, and the second term converges to the minimum norm
solution (XTX)'XTy.

Similarly, if a sequence of non-negative step sizes {7 }r>1 is used, then the above changes

to

k k k
B i T ) i < N ~T ) T
— I—XTxX i I-2X™X)XTy. 5.6
Be=TI (-2 Bo+§i::1 n]-:]H[l - y (5.6)

i=1
The general expression (5.6) involves an unfactored matrix polynomial with coefficients that
depend on the step sizes. With constant step sizes, the dynamics are tractable because the
polynomial expression can be simplified using the formula for the geometric series. One of
the technical contributions of our work is a technique for factoring the polynomial above that
works for any given step size schedule. With this goal in mind, we shall define the following

function ¢:
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Definition 5.2.1. Given a learning rate schedule {7;};>1 and a real number (, define the

function ¢(k; ¢, {n;}) for positive integers k by

o(k; ¢ Amit) = ©(0;0) - 1 (1 = mC),

—.

1

)

where (0;() is a positive number that only depends on ¢ and not on the learning rate
schedule. Whenever it is clear from context, we shall suppress the dependence of ¢ on (
and {7;}i>1. Furthermore, given y > 0 and a diagonal matrix A = diag({A;};_,), we define

®(k; pu, A) € RP*P to be the diagonal matrix whose ;™ diagonal entry is given by

o(k;p+n"tA)
Sk, A); = . 5.7
(ks 11, )3 ©(0; pp+n—tA;) (5:7)

In matrix form, we can write

®(k;p, A) = [J(XT = mi(pI +n7'A)). (5.8)

i=1
Whenever it is clear from context, we shall also suppress the dependence of ® on p and A.

In particular, we will choose A to be the diagonal matrix with the eigenvalues of XTX.
Therefore, n™'A; is the j™ largest eigenvalue of the sample covariance matrix of the features,
3 =n'X'X, and O(k;0,A); = 1if j > rank(X).

In Section 5.2.1, we will derive explicit expressions for the function ¢ for a variety of
standard learning rates. The following result exactly characterizes the trajectory of 3, and
is completely generic in that it makes no assumptions on the data, the learning rate schedule,

or the initialization.

Proposition 5.2.2 (Trajectory). Let X = UXx VT be any feature matriz andy = X3, +¢€.
If By are the parameters after k steps of gradient descent for the ridge regression problem (5.1)

with regularization parameter p > 0, initialized at By and with arbitrary learning rate schedule
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{nk}r>1, then we have
Br = V(s 1)V By + (1 — VO (ks ) VT (unl + XTX) Xy, (5.9)
Moreover, recalling that Bk =V'3., B* =V'3,, and € = U'e, we have
B — B = @(k: 1) (Bo — B.) + (unI + A)' (I — @(k; 1)) (Ske — punB.). (5.10)

Remark 5.2.3 (Why is early stopping beneficial?). Proposition 5.2.2 suggests that early
stopping can be beneficial for a wide variety of learning rate schedules {ny}>1. Specifically,
if the step size is sufficiently small and ®(k) is monotonically decreasing, then the error
from learning the signal ®(k)(By — B.) is monotonically decreasing, while the second term
(unI+A) (I—®(k; p))(Xhe— /mg*), which corresponds to fitting the noise, is monotonically
increasing. Thus, stopping early may allow for the minimum to be achieved by balancing
the two quantities. We make this intuition precise in Section 5.4 by providing conditions on

the learning rates under which early stopping is beneficial (or not).

Remark 5.2.4 (Decoupling of the learning dynamics). Equation (5.9) shows that 8, can
be thought of as a convex combination of the initialization B, and the minimum norm
solution (unI + X"X)™X"y with weights given by V®(k)VT. Equation (5.10) also shows
that the dynamics of 3, — 3, decouple when the parameters are expressed in the eigenbasis

V: recalling that ®(k; u) is a diagonal matrix, it can be rearranged to

B — B =®(k; ) |(Bo — B.) — (unI + A)f (k& — pmB.) | + (und + A)f(Ske — punB.).
(5.11)

Thus, each coordinate of Bk — ,(1 evolves independently of the others.

The proof of Proposition 5.2.2 follows from matrix computations. We present it below

to illuminate the notation and for completeness.
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Proof of Proposition 5.2.2. From (5.2), the gradient update is given by

B = B — ”’““XWXﬁk —XB, —€) — 1115

Subtracting 8, from both sides, we obtain

Bt = Be = (L= o) (B — B) — EEXTX(B, - B.) + (X e — unB.)
[(1 — My p)I = nkHXTX] (Br — B.) + ?7]:1 (XTe — unpB.)

=V [(1 = )T = EEA] V(B — B) + BV (SEUTe — jinVTB,)

By multiplying both sides by VT to perform a change of basis and using the notations

n (5.4), we have

2 3 Mke+1 Me+1 <
B =B = (1= meapl = LA| (B - B.) + T (2ke — unf.)
We can rewrite this as the matrix equation

Bkﬂ — 3* (1 = 1) T — mean ™' A} g™ Bk - B*

»ie— ,Lm,g* 0 I DL ,Lmé*
Note that the product of block upper triangular matrices is also block upper triangular.

Thus, we have

Bri1 — B. ’ﬁ (1= nip)I —min™"A] nin™'T Bo — B.
DI un,g* i=1 0 1 nke— ;m,g*

[ (1= ma)T — min ™" A] S0 (Hfi,ﬂl (1 —mnj)I — njn*lAD nin~'1 Bo — B.
0 I ¥ & — ung,
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By inserting the notation (5.8) from Definition 5.2.1, we have shown that

Bk+1 - B* ®(k+1;u,A) Zfif (Hf;l.ﬂ (1= mju)I— W’flAD nin 1 BO - E*

Z;é — una* 0 I Z;é — ;ma*

We can rewrite the sum in the top right block as follows. For the /*" diagonal entry, writing

ag := 4+ n~tA, for brevity, we have

— e k+1 k+1pq nA,
_ZU%<H 1—nj(u+n1Az)]> :%Zm<gl [ =n;(p+ )]>

j=i+1 i=1 i1 (L= mi(p+n71A)]

_ki < ’“j;)“”). (5.12)

If ay # 0, then we have the following identity, which is formally stated and proved in
Lemma 5.2.5 below:

L (ok+Lia)\ 11 [ p(k+1;a)

n <= plizar) ) na ©(0; ar)
If ap = 0, then p = Ay = (XxXx)ee = 0, and so the corresponding entry of the vector
(XL & — unB,); is also zero. Thus, we obtain

Brir — B. ®(k+1;p,A) (unI+A) (T—®(k+1;p,A)) By — B.

»he — un,&k 0 I »he— ;mﬁ*
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This implies that (5.10) holds. Now, we will show how this implies (5.9). Since A and

®(k; ) are diagonal, we have

By = ®(k; 11)(Bo — B.) + (I — ®(k; ) (unl + A)T(Z%é — unB.) + B.
= ®(k; p)(Bo — Bi) + (I— ®(k; 1)) (unl + A)T(Z%é + AB,)
_ (I o (I)(k; H))(MHI + A)T(,un:[ + A)B* + E*

= ®(k; 11)Bo + (I — @(k; ) (und + A)'(Zke + AB.).

The last step holds since A is a diagonal matrix whose leading r x r principal submatrix is
non-zero, recalling that rank(X) = r, and ®(k; ;1) is diagonal with entries ®(k;p); = 1 for
j > r, so that

(L= ®(k: o)) (unL + A (unI + A) = T — B (ks ).

By multiplying by V to change back to the original basis, recalling that VAVT = XTX we
have

Br=V@(k; 1)V By + (I = V& (k; ) V') (und + X' X)X (XS, + €).
Since y = X, + ¢, this implies (5.9), which completes the proof. O

Lemma 5.2.5 (Technical sum identity). For any non-zero real number ¢, we have

b 1 1/ 1 1
;”ﬂoa;o < (w(k;C) - 90(0;4)) |

Proof of Lemma 5.2.5. For notational simplicity, we will write (i) = ¢(i; (). We will prove

the identity using induction. For the base case with k = 1, the left hand side is 7, /¢(1), and

the right hand side is equal to
T EE I R
C\e(1)  »0)) ¢ (1) p(1)
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Hence, the base case holds. For the inductive step, assuming that the identity holds for some

k, we can write

k+1 77 0 | 1 1
k+1 k+1
771 N T ~ — + = ( - )
EE: ZE: e(t)  @k+1) ¢ \ek) »(0)
Ne+1€ n A—mag) 1T 1 ( 1 )
e(k+1)¢  ok+1)C  Cp(0) ¢ \pk+1) ¢(0)
This shows that the identity also holds for k£ 4 1. This completes the proof. n

5.2.1 Formulas for the function ¢

For generic learning rate schedules {7;};>1, we may not have closed-form expressions for
o(k; ¢, {n;}). However, for many common learning rate schedules, ¢ can indeed be evaluated
in terms of analytic functions. For constant learning rate schedules (i.e., my = n), we can see

that Definition 5.2.1 is satisfied by

p(k; ¢ An}) = (1 —n0)" and ©(0;¢) = 1.

The following two results give expressions for ¢ in terms of the Gamma function for learning

rates with polynomial decay or constant additive decay.

Proposition 5.2.6 (Polynomial decay). If n, = n/k™ for some integer m > 1, then we have

1 m m

o(k; ) = WHF(k+1—wj(nC)l/m) and ¢(0;¢) :HT(l—wj(ng)l/m), (5.13)
=1 j=1

where wy, . . . ,wn, are the m™ roots of unity, and I'(z) = fooo t*~te~t dt is the Gamma function.

Proof. First, note that using the roots of unity, we have the following polynomial factoriza-

tion:
1-L¢= H( 2(m¢)M™)
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Thus, given a learning rate schedule with polynomial decay with 1, = n/k™, by using this

identity and switching the order of the products, ¢(k; () and ¢(0; () must satisfy

(1——<>
ﬁ( 1/m>_ k+1m ﬁH (i — w;(nO)"™) .

1 =1 j=11i=1

,’:]w

@(k; ¢) = ¢(0;¢) -

s
Il
—

E?r

7

From the fundamental property I'(z + 1) = 2I'(2) of the Gamma function, we have

T (i ireytfmy — D+ = w;(nQ)™)
g (i =estme)”™) P'(1 = w;(n¢)tm)

Thus, defining ¢(k; () and ¢(0;() as in (5.13) leads to a valid expression according to Defi-
nition 5.2.1. O

Proposition 5.2.7 (Constant additive decay). If np = no — kn, then we have that

Y (kL 1 —no¢ A 1—n%)
o(k; ¢) = (nC) F(k:—i—l-I— - ) and (0;() F(l—l— e , (5.14)

where T'(z) = [;°t*'e~"dt is the Gamma function.

Proof. The function ¢(k; () and ¢(0; () must satisfy

k
p(k;¢) = 0(0;¢) - [J(1 = mo¢ + in¢) = WH( 1_”“).
=1

Using the property I'(z+1) = 2I'(2) again verifies the validity of the claimed expressions. []

Finally, for learning rates with exponential decay, ¢ can be evaluated in terms of a function

known as the q-Pochhammer symbol, which is defined by

n—1

(a:9), = [ [(1 = aq). (5.15)

=0



From the definition of the g-Pochhammer symbol (5.15), we immediately obtain the following:

Proposition 5.2.8 (Exponential decay). If n, = n*, then we have that

o(k; Q) = (G and  9(0;¢) =1—¢. (5.16)

We can also obtain a formula for composite learning schedules by multiplying the corre-
sponding ¢ functions. For example, given a cyclic learning rate schedule with period 7" such

that ng.r = nk, for any iteration k = ¢ + r, we have that

MhOZ(%%g)-MﬂQ

In summary, we can obtain closed-form expressions for ¢ for many (but not all) learning
rate schedules used in practice. One prominent learning rate schedule that we do not have

a formula for is cosine annealing [LH17].

5.3 Early stopping and generalized ridge regularization

In this section, we show an equivalence between early stopping for the least squares problem
(with = 0) and generalized ridge regularization. Specifically, given a matrix D € RP*P

the generalized ridge regression problem is the following:
1 5 1 9
argmin - |XB ~ y3+ 1 [DB]3 (517)
BERP n 2

The generalized ridge regression parameter allows for a different regularization strength
for each coordinate of 3; in the eigenspaces of XTX. Recall that ®(T) = ®(T;0,A) is the
diagonal matrix defined in (5.8). Using Proposition 5.2.2, we can show that the early stopped
solution after T' iterations solves a generalized ridge regression problem corresponding to

some matrix D that depends on ®(7'):
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Theorem 5.3.1 (Early stopping = generalized ridge regression). Let X be any feature
matriz and y = XB, + €. Suppose that Br are the parameters after T steps of gradient
descent for the least squares problem (5.1) with u = 0, initialized at By = 0, and with
arbitrary learning rate schedule {ny}x>1. Then, the early stopped solution Br is the minimum

norm solution to the generalized ridge regression problem (5.17) with
1 1/2
D= (—A<I>(T)(I — @(T))T) VT
n

Remark 5.3.2. Crucially, note that Theorem 5.3.1 makes no assumptions on the data or
the learning rate schedule. In fact, if we consider large learning rates, then ®(7") could have
negative entries! In this case, the entries of D would be complex. Prior work [YH22| has
shown that the optimal ridge regularization parameter can be negative. Here, we see that
this is analogous to training with ¢ = 0 and large learning rates. A version of Theorem 5.3.1

was proved in [AKT19, Lemma 3] for constant step size schedules.

The main idea behind the proof is that we have a closed form expression for the minimum
norm solution of the generalized ridge regression problem, which can be shown to coincide

with the expression for B from Proposition 5.2.2.

Proof of Theorem 5.5.1. First, observe that the generalized ridge regression problem can be

reformulated as an augmented least squares problem:

1 1 1|y X
%\|X5—Y\|g+§\|D5H§: o — B
0 v/nD

2
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The min-norm solution 3 to the generalized ridge regression problem (5.17) is given by

.I_

pP) = lXT \/EDT} * [XT \/ﬁDT}
/nD
— (XX +nD'D)' X7y

— V(A +2VD'DV)' VIXT(XB, +¢)

~V(A+nV'D'DV)'AB, + V(A +nV'D'DV)' 5%e.
Let 3®) := VT3®) By multiplying by VT and subtracting 3, on both sides, we obtain
A% —B. = |(A+nV'D'DV)'A~1| B, + (A+nV'D'DV)' TLe. (5.18)
Next, substituting in the chosen value of D, we have that
A+nV'D'DV = A + A®(T)(I - ®(T))".

To simplify this expression, note that all of the matrices are diagonal matrices. Recalling
that r = rank(X), and writing Ay, 1., to denote the leading r x r principal submatrix of a

matrix A, we have

Aivir O ®(T)1:p1:r O
A= it and ®(T) = (D
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Thus, we see that

A+nV'D'DV = A+ AS(T)I - &(T))f

B 7 T
Al:r,l:r 0 (I)<T)1:r,1:r 0 I - @(T>1:r,1:r 0
0 0 0 1 0 0

Al:r,l:r 0 I + (ﬁ(T)l:r,l:r(I - Q(T)l:r,lzr)_l 0
0 0 0 I

Observe that for the leading principal r X r submatrix, we have

I+ ®(T) eI = @(T)1rs) " = [T = @(T)11r) + P(T)1prr] T = (T)1ep1)

- (I - Q(T)lzr,lzr)_l-
Hence, we have shown that

(I - (p(T)l:r,lzr)A;}",l:T 0

(A+2V'D'DV)' =
0 0
Substituting this back into (5.18) shows that
o _ |®My. 0o -
5o f— | T O B A () E e
0 I

From Proposition 5.2.2, we see that with © = 0 and By = 0, the parameter estimate after T’

iterations of gradient descent also satisfies

~ - e, 0 -
,BT - ﬁ* = ( )1. ! (_18*) + AT(I - Q(T)I:T,I:T)E-)r(é7
0 1
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which completes the proof. O]

Next, we shall present a partial converse to Theorem 5.3.1. We show that for any reg-
ularization parameter p, the minimum norm solution of the ridge regression problem (5.1)
can be obtained via early stopping. However, similar to Theorem 5.3.1 where we had to
regularize each component of Bk in the eigenspaces of X"X independently, we require a

different (constant) learning rate for each direction.

Theorem 5.3.3 (Ridge regularization = early stopping). Let X be any feature matriz
and y = XB, +¢e. For any reqularization parameter u, let 3 = (un[ + XTX)Jr XTy be the
minimum norm solution to the ridge regression problem (5.1). Suppose that for each j, we

choose

Gy "
pun 4+ A,

to be the learning rate for the j% coordinate of,[; (if un + A; =0, then we choose n9) =0).

Then, after one step of gradient descent for the unreqularized least squares problem (5.1),

initialized at By = 0, we obtain B™) .

Proof. Recall that the dynamics of 3, — 3, decouple when expressed in the eigenbasis V

from (5.11). With By = 0, one step of gradient descent for the unregularized least squares
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problem with step size %) for each coordinate of ,g can be written as

0 0 L 0
0 n® 0
61:% SR : [AB*+2;4
n®=1 0
(0 0 ... 0 @]

= (unI+ A)' [AB; + 2;4
— VT (unI+ VAVT) [VAVTS, + XT¢]
— VT (unI + X"X)" X7 [X3, + €]

— VT (unI +X"X)' XTy.

Multiplying both sides by V shows that 3; = (;mI + XTX)T XTy = B as desired. ]

Remark 5.3.4. A version of Theorem 5.3.3 can be presented given any learning rate schedule
{n;}i>1 such that o(k; ¢, {n:}) — 0 monotonically as k — oo for any (. In this case, for each
coordinate j of B, we would choose a separate stopping time 7} such that ¢(Tj;n A, {n;})
is closest to n/(pn + Aj). However, since we cannot guarantee equality for generic learning

rate schedules {7;};>1, we can only obtain an approximation in this way.

5.4 Should we stop early?

In the previous section, we showed that early stopping acts like a form of ¢? regularization.
However, that does not tell us whether (a) regularization is beneficial for improving gener-
alization; and (b) if it is beneficial, what the optimal stopping time is. In this section, we

provide conditions for when early stopping is beneficial (or not).
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5.4.1 Early stopped risk

To determine when to stop, we need to understand the dynamics of the expected excess risk

Rx(Br) = Ee[Rx (Bx) | X] = Ec[|B3 — B.]1 | X] (5.19)

during training, where the expectation is taken over the residual e = y — X3, (which has
i.i.d. coordinates e; = y; — x] 3.), conditional on the feature matrix X. To formulate our
result, we shall impose the following assumption on the first and second moments of the

residual e:

Assumption 1. The coordinates of e satisfy Ele; | x;] = 0 and E[e? | x;] = 7% < oo for all

1< <n.

Note that Assumption 1 is more general than the common assumption that the con-
ditional distribution of the residual € given X is subgaussian [Bar+20; Xu+23; Zou+23;
RWY14].

Recall that ®(k; ) is the diagonal matrix defined in (5.8), and 3, = V'8, and 3, =
VT3, from (5.4). We can leverage the formula for Bi. — B. given in Proposition 5.2.2 to

obtain the following exact formula for the expected excess risk Rx(8k):

Proposition 5.4.1 (Risk with ridge regularization). Let X = UXx VT be any feature matriz
andy = X3, + . Assume that Assumption 1 holds. If By are the parameters after k steps
of gradient descent for the ridge regression problem (5.1) with ridge regularization parameter
w >0, initialized at any Bo, and with arbitrary learning rate schedule {ng}r>1, then
-~ - ~ 12
Rx(Be) = ||V [@(k: ) (Bo — B) — pn(un + A) (T — @ (ks )] |

+ 72|22V (und + A) (I — ®(k; ) A2

2

2
I
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Proof. From Equation (5.10) of Proposition 5.2.2, we have that

Br. — B = ®(k; 1)(Bo — B.) + (I + A) (I — ®(k; 1)) (ke — unB.)

= ®(k; 1) (By — B.) — pn(und + A)/ (T — B(k; 1)) B, + (] + A) (T — B(k; 1)) Ex UTe .

=:a ;,b
(5.20)
Our goal is to compute the expected excess risk:
2 ~ ~ 2
Rx(Br) = Ec[Rx(Bk) | X] = E. [HEI/Q(Bk — B, | X} =E. {HEWV <Bk — B*> , | X} .
By substituting in (5.20) and expanding the square, we have
1/2x7( 3 =7 _ 1/2 2 1/2 2
E. [Hz V(B -8 | X} —E. [|[="2val; | X] + E. || =2 VD[, | X]
(5.21)

+2E. [a"V'EVDb | X].

Recall that X = UXx VT, and that A = ¥] Zx is diagonal. Thus, VAVT = XX and

from (5.8),
k

V& (k; )V = H(I —n;(pI +n'XTX)).

The significance of this observation is that V®(k; 1) VT is a function of the feature matrix

X. Hence, using the fact that V is orthogonal (i.e., VIV = VVT =1), we can write

Va = [VB(k; 1) VT(B. — Bo) — un[V (unl + A)VT][V(I - @ (k; ) V.

— [VB(k: ))VT)(B. — By) — pm(unI + XTX) (I~ V@ (ks ) V)8, (5.22)
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Hence, for the first term of (5.21), we have E. [[|Z"?Valf3 | X] = ||="/?Val[3 since £'/*Va

is a function of X. Similarly, to compute the second term of (5.21), we can write

Vb = [V(unI + A)IVT[VI — ®(k; p))VT][VELU e

= (I + X" X)) (I - V& (k; 1)V Xe. (5.23)
Also,
Vbb'VT = (unI+X"X)(I-V®(k; 1) V)X Tee" X(I- V& (k; 1) V) (unI+XTX)T. (5.24)

Since the residual has covariance matrix E.[ee" | X] = 721 by Assumption 1, it follows from

using the linearity of expectation and (5.24) that

E[Tr(XVbb'VT) | X]
= Tr(Z(pnI + X"X)I (I - V@ (k; p) VI)X'E [ee” | X] X(IT— V& (k; ) V') (unl + XTX)T)
=2 Te(B(pnI + XTX)(I - V®(k; ) VHXTX(T - V®(k; 1) VT (unI + XTX)1)

=2 Te(EV (unI 4+ AT — ®(k; 1)) AT — ®(k; p)) (und + A)TVT).
Hence, by using the cyclic property of trace, the second term of (5.21) is equal to

E.[|="*Vb]3 | X]
=E[Tr(b"V'EVb) | X] = E.[Tr(ZVbb' V') | X]
= T Te(SY2V (unl + A) (1= @ (k; 1)) S Bx (I — @(k; ) (unl + A)TVIE?)

— 72| SV (unT + A) (1 — ®(k; 1)) Sk
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Finally, for the third term of (5.21), using the observation (5.22) that Va is a function of X,

and the expression (5.23) for Vb, we have

Ec [@"V'EVb | X] =E. [a" V' E(unl + X' X) (I - V@®(k; ) V)X e | X]

=a' VI (unI + X" X)"(I - V& (k; ) VHX'E, [e | X] =0,

since E.[e | X] = 0 by Assumption 1. Thus, the cross-term vanishes, and we conclude that

Rx(8r) = |ZY?Va||? + E.[||X'?Vb||2 | X], which leads to the claimed result. O

As an immediate corollary of Proposition 5.4.1, we can read off the expected excess risk

for the ridgeless case with p = 0.

Corollary 5.4.2 (Ridgeless risk). Let X = UXx VT be any feature matriz and y = X3, +e€.
Assume that Assumption 1 holds. If By are the parameters after k steps of gradient descent
for the least squares problem (5.1) with p = 0, initialized at any By, and with arbitrary
learning rate schedule {ng}r>1, then, recalling that ®(k) = ®(k;0),

SVAV(I - @(k))z;Hi.

2 9
+ 7
2

Rx(Br) = HEWV@(k)(ﬁo - B*)

Remark 5.4.3 (Early stopping as regularization). Corollary 5.4.2 offers another viewpoint
on the regularization effects of early stopping to complement Theorem 5.3.1, which describes
the regularizing effects of early stopping on the solution obtained from training the model
with a zero initialization. On the other hand, Corollary 5.4.2 allows us to understand early
stopping from the perspective of the generalization error with arbitrary initialization. Indeed,
prior work [DW18; CM24]| has shown that for generic data, the expected excess risk for the
solution B to the ridge regression problem (5.1) with regularization parameter u is given
by

Rx(8") = ?BI(Z + p) 7' S(Z + 1) 7' B, + %2 Tr (SRS + 1) %)
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From Corollary 5.4.2, we see that the early stopped risk after k iterations of gradient descent

for the unregularized least squares problem (with p = 0) is given by

2

Bx(Br) = (B. = Bo) (VR(R)VDE(VE(K)VT)(B. — B) + = Tr (NI - VE(K)V)?)

recalling that ¥ = n!XTX. We see that this is similar to the risk for B under the
correspondence

VO (E)VT ¢ u(S + pl)

Indeed, note that if I=V® (k) VT = I—pu(E4ul) ™ = S(Z+uI) 7!, then STI-VS(k)VT)2 =
(S + pI)~2. Recall that the j™ diagonal entry of ®(k) = ®(k;0) is equal to []" (1-

i=1

T]z‘nilA]) .

5.4.2 When is early stopping beneficial?

Given Proposition 5.4.1, all we need to do to find the optimal iteration £ to minimize the
expected excess risk is, in principle, to differentiate Rx(3;) with respect to k and compute
the critical points. However, the expression is only defined for discrete values of k. To
circumvent this technicality, we impose the following assumption on the function ¢, which

implies that ®(k; ) can be extended to a differentiable function of k:

Assumption 2. For all fixed ¢ and learning rate schedules {n;};,>1 such that for all i,
n; < ¢, the function k — @(k;¢,{n;}) can be extended to a monotonic differentiable

function on [1, 00).

The differentiability of the extension is satisfied by many learning rate schedules. For
example, recall that with constant step sizes n, = 1, ¢(k;¢) = (1 — n¢)*, which can clearly
be extended to the differentiable function z — (1 — 7n¢)* on R. Propositions 5.2.6 and 5.2.7
show that learning rate schedules with polynomial decay (7, = n/k™) and constant additive

decay (mpx = no — kn) also satisfy Assumption 2 since the Gamma function is known to
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be differentiable on [1,00). Finally, learning rates with exponential decay (m, = 7*) also
satisfy this assumption; this is implied by Proposition 5.2.8 and the differentiability of the
g-Pochhammer symbol, the technical details of which are established in Section 5.7.
Additionally, we shall also make the following statistical assumption on 3, — B3y, which
is similar to a common statistical spherical prior assumption that B, ~ N(0,c*I) with zero

initialization [DW18; ASS20; AKT19]:

Assumption 3. The entries of 3, — By are i.i.d. and have mean 0 and variance 2.

This means that the results address the performance of generic signals on average. Under
Assumption 3, we shall also take an additional expectation over B, — By and analyze the

Bayes excess risk:

Rx(Br) = Eg.—p,[Rx (By)] (5.25)

To build intuition, we begin by presenting our results on when early stopping for the

least squares problem (5.1) with regularization parameter p = 0 is beneficial.

Theorem 5.4.4 (Early stopping). Let X = UXx VT be any feature matriz with rank(X) =
r, andy = X8, +¢e. Recall that Ay is the largest eigenvalue of X"X. Suppose that Assump-
tions 1, 2, and 3 hold. Let By be the parameters after k steps of gradient descent for the least
squares problem (5.1) with p = 0, initialized at any Bo. If the learning rate schedule {n }r>1
is such that n, < 1/(n"tAy) for all k, and for all j < r, we have that

. _1A~ 2
lim plkin” ;) < T ,
k—oo 0(0;n~1A;)  Ajo? 4+ 72

(5.26)

then there is a finite T such that for all k > T, Rx(By) > Rx(Br). That is, early stopping
is beneficial. Furthermore, if P = V'YV, then for all k,

r 2

p
_ T
Rx(Br) > o” | :Pj,j—AUQJrTg + > Pl (5.27)
J

j=1 j=r+1
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Proof. From Corollary 5.4.2, noting that AT = (X1 ¥x)" is a rank r diagonal matrix, the

expected excess risk after k iterations is given by

Rx(Br) = (Bo — B.) ®(k)PR(k)(By — B.) + 7 Tr (AT — @(k))P(I — &(k)))

(k;n='A)p(k;n~tA; -~
- ZP [i e Ai;igo ; (Bo— B.):(Bo — B);

+ZPJ r—(1— Eg;ljﬁi) .

Taking the expectation over B, — 3¢ under Assumption 3, we see that the cross terms vanish,

and the Bayes excess risk is given by

) o(k:nA)? O , 1 (kA \?
—yop, 2B A P2 (1o fmn A)) 2
Ftx(Br) o p(0;n 1A )2 7 +Z 377 A e(0;n~1Ay) (5:28)

Taking the derivative in k and noting that ¢(k;n~'A;) is constant for j > r, we get

Opp(k;n™ 1A, ;) gp(k:;nilAj) 9 5 1 (k:;nflAj)
hRx(Br) = QZPJJ o(0;n1A) L&(O;n_lAj) ot =7’ A; ! ©(0;ntA;)

"\ P Opo(k;nT'A)) [o(k;n™'A))
=92 159, ) J ) J 2A' 2y 2 )
Aj p(0snTAy) Le(0;nTAy) <U i ) '

J=1

Note that since ny < 1/(n"'Ay) for all k, p(k;ntA;)/@(0;n1A;) is a non-increasing func-
tion of k by Assumption 2, and hence dpp(k;ntA;)/@(0;ntA;) < 0. Since A; > 0 and
P;; > 0 (because P is a positive semidefinite matrix), the sign of the derivative 9 Rx (8}

is determined by

Sp(k;nlAj)< 2 2) 2

P ) (G2 -

(0 TA )\ T T T
Therefore, by using the assumption (5.26) that limye @(k;n™tA;)/@(0;n71A;) <
72/(c?A; + 7%), we deduce that for all sufficiently large k, OpRx(B%) > 0. This shows

that the derivative of the Bayes excess risk is eventually positive, from which we conclude

that we should have stopped earlier to minimize the risk.
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To obtain the lower bound on the Bayes excess risk, observe that we can minimize the
expected excess risk independently in each eigendirection. Since ¢ is monotonic, we see that

solving
p(kjin~'A)) s

QO(O, Tl_lAj> - O'QA]‘ + 7'2

for k; achieves a global minimum in the j™ eigendirection for j < r. By plugging this into
the expression (5.28) for the Bayes excess risk for each j < r, we obtain the lower bound as

follows. For j < r, the corresponding term in the summation is P;; times

9 72 ? o1 72 ? 9 72 ? 51 o2 A, 2
ol———] +t7— 1) =0 | ———— ) +7°— | "=
o2\ + 12 A o2\ + 12 o2\ + 72 Aj \o?A; + 72
o
BRI VE S

For j > r, note that ¢(k;n~'A;)/p(0;n~'A;) = 1. This completes the proof. O

Remark 5.4.5. The only reason that Assumption 3 is needed is to address the cross terms
in (5.28). However, another condition that would lead the cross terms to vanish is if the
matrix P = V'YV is diagonal. This is satisfied if the features are isotropic, i.e., ¥ =
I, or more generically, if 3 and 3 are simultaneously diagonalizable by the same basis
of eigenvectors V. The latter is similar to a common requirement in works studying the
problem of covariate shift, where assumptions on the alignment between the eigenspaces
of the covariance matrices of the training and test distributions are required [TAP21]. If
P is diagonal, then a version of Theorem 5.4.4 showing that early stopping is beneficial
for minimizing the expected excess risk Rx () holds under the assumption that for all

J < rank(X),
. _1A< 2
hm SO(kJn“il ]) < _ TN ,
k=oo (057 A;) A (By — B.); + 72

and a lower bound on the expected excess risk is given by

Rx(ﬁk) Z XT:PJJ . Ti<§0 i B/*)i -+ Zp: Pj,j : (50 - B*)?
j=1 AJ(IBO - /8*)5 + 72 j=r+1
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Next, as a counterpart to Theorem 5.4.4, we shall provide sufficient conditions for when
early stopping for the least squares problem (5.1) with regularization parameter u = 0 is not

beneficial.

Theorem 5.4.6 (Early stopping converse). Consider the same setup as Theorem 5.4.4.
If the learning rate schedule {ny}tx>1 s such that mp, < 1/(n"'Ay) for all k, and for all
Jj <rank(X), we have that

ey 2
hm gO(k, n A]) Z T ,
k—oo (0;n1A;) — Ajo? + 72

(5.29)

then early stopping is not beneficial.

Proof. The proof is the same as for Theorem 5.4.4, except that the inequality for 9y Rx (B%)
is reversed, and we deduce that the derivative of the Bayes excess risk is always negative.
Hence, early stopping is not beneficial since the risk can always be decreased by further

iterations. O

Remark 5.4.7 (Step size schedules and late generalization). In summary, Theorems 5.4.4
and 5.4.6 show that the learning rate schedule affects whether early stopping is beneficial
or not. Theorem 5.4.4 provides a sufficient condition for when early stopping is beneficial.
In particular, if p(k;¢,{m}) — 0 as k — oo for all {, then we see that early stopping
is always beneficial, independent of the spectrum of the covariance matrices of the training
and test data. Examples of learning rate schedules {7 }r>1 that satisfy this assumption
include constant learning rates (, = n < n~'A;) and learning rates with linear decay
(ne = n/k). Furthermore, if the learning rates satisfy Assumption 2 along with the Robbins—

Monro conditions from stochastic optimization:

an =00 and Zni < 00, (5.30)
k=1 k=1

then p(k;¢) — 0 as k — oo for all ¢, and hence early stopping is always beneficial.
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We can interpret late generalization or grokking as the phenomena where we want to
keep training, even after overfitting the noise. On the other hand, when early stopping is
beneficial, we have shown that we do not want to overfit the noise. Hence, we show that
for many different learning rate schedules, linear models trained by gradient descent do not
exhibit late generalization.

Theorem 5.4.6 allows us to construct examples of learning rate schedules for which it
is possible that early stopping is not beneficial, including fast decaying step sizes such as
learning rates with polynomial decay (1, = n/k™ with m > 1) or exponential decay (n, = n*

with n < 1).

Having built intuition in the ridgeless setting, we now characterize when early stopping is

beneficial for solving the ridge regression problem (5.1) with regularization parameter p > 0.

Theorem 5.4.8 (Early stopping with ridge regularization). Let X = UXx VT be any feature
matriz and y = X8, + €. Recall that A, is the largest eigenvalue of X'X. Suppose that
Assumptions 1, 2, and 3 hold. Let B be the parameters after k steps of gradient descent for
the ridge regression problem (5.1) with regularization parameter p > 0, initialized at By = 0.
If the learning rate schedule {ny,}r>1 is such that m, < (u+n"*Ay)~t for all k, and for all
7 =1,...,p, we have that

. olk;p+n"tA;) 72 —0o?un
im
k—oo p(0; u+n~tA;) 24 02,7

(5.31)

then there exists a finite T such that for all k > T, Rx(Br) > Rx(Br). That is, early
stopping s beneficial.

On the other hand, if for all j = 1,...,p, we have that

lim o(k;p+ntA) S 72 — o?un

5.32
k—oo (05 +n~tA;) = 124 02/ ’ ( )

then early stopping is not beneficial.
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Proof of Theorem 5.4.8. Let P = V'3V as in the proof of Theorem 5.4.4. From Proposi-

tion 5.4.1, the expected excess risk after k iterations is given by
Rx(By) = Py + 72 T (P [(unl + A)T]* (T = @(k; p))*A) (5.33)
where

V= [‘P(k; ) (=B.) — pn(pnI + A)T (I — B(k; u))ﬁ*} :

By expanding the inner product, we can write the first term of (5.33) as the sum of the

following three terms:

VTP = [®(k: ) (~B.)] PR (k) ()
+ [ + A) (T - (K M»B*}T Ppun(unI + A) (I — ®(k; 1))B.

—2 [y + A (L~ (ks p)B.] PB(k: ) (-,

After taking expectations with respect to B, under Assumption 3, we see that the first

summand becomes

p
ZPJJ ’ Q(k)? ’ 0-27
j=1

where ®(k); = p(k; p+n1A;)/0(0; u+n~A;) is the j* diagonal entry of ®(k; ). Similarly,

the second summand becomes

and the third summand becomes

p
un
237 Pig e B (= @ (R),) o
j=1
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Next, we can write the second term of (5.33) as the following:
2 P T2\
% Tr (P [(unI+ A)T]" (I — ®(; M))M) = P ———(1- (k)"

Thus, summing the displayed expressions above shows that the Bayes excess risk is given by

2,2 .2

Fx() = 3 oot + (EETEEN ) (- o0+ 20t a1 - o(h),)|.

To analyze the benefit of early stopping, we compute the derivative with respect to k:

2 wPn?o? + m2A,
(pn + Ay)?

Oultx(B) =23 Py () | 0(k) (L 0(0)) + (1= 20(0))|.

pun + A

Note that with a ridge regularization parameter 1 > 0, ®(k); is not necessarily constant for
j > rank(X). Since 0y®(k); < 0, the sign of 0y Rx(8).) depends on the sign of the expression

inside the brackets:

2.2 2 | 2
wnio® + 17N, L
2 (T L) 21— ®(k),) +o? (1—2®(k);).
j

D(k);
()JU Mn+Aj

Simplifying, the coefficient of the term with ®(k); is given by

o2 |14 pin? _ g KT I T2, — 52 Aj i T°A;
(b +A5)* pn+ A (pn+ Aj)? (ki +Aj)%  (un+ Aj)?
B o?\; + 72
a (,LLTL + Aj)27

and the coefficient for the remaining terms without ®(k); is given by

pw2n?o? + 72N, 5  HNn a’un — 12

vol =
A2 7 Ay (un T A)?

235



Thus, we have shown that

B (B0 (A + 1)+ (0% )] (534)

OuRx(Br) =2) _ Pyj- 0,0(k); CEYE

j=1
Observe that for each j, solving for the value of ®(k); for which the square bracket is zero

yields

72 — o?un

O(k); = m.
Therefore, if the condition (5.31) holds for all j = 1,...,p, then the gradient is eventually
positive, i.e., Oy Rx(B)) > 0 for all sufficiently large k, which implies that early stopping is
beneficial. Conversely, if (5.32) holds for all j = 1,...,p, then we deduce that 9}, Rx (8x) < 0,

which implies that early stopping is not beneficial. O

Remark 5.4.9 (Early stopping for ridge regression). Theorem 5.4.8 extends Theorems 5.4.4
and 5.4.6 by providing conditions under which early stopping remains beneficial (or not)
even in the presence of explicit ridge regularization. It reveals an interesting implication:
if u > 72/(no?), then early stopping is never beneficial. In other words, if the explicit
ridge regularization is too strong, then the benefits of early stopping diminish. As discussed
in the related works, this particular result was also established concurrently by Stark and
Steinerberger [SS25, Theorem 2.5 for gradient descent with constant learning rates.
Suppose that we train our model until convergence for the ridge regularized problem.
Then prior work [Nak+21] has shown that u* = 72/(no?) is an optimal ridge regularization
parameter that minimizes the generalization error. Hence, if we choose p = p*, then early
stopping is not beneficial! However, this does not imply that the expected excess risk cannot
be improved by using both ridge regularization and early stopping. In particular, the optimal
early stopped solution with p < p* may outperform the converged solution with u = p*.
We validate this numerically in Figure 5.1. In this experiment, we sample 40 data points
x ~ zX'/? € RP with p = 100, where z ~ N(0,p~'I) and ¥ is a diagonal matrix with

entries X;; = j72. We sample 2,000 parameters 3, ~ N(0,p 'I) and independent mean-
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zero Gaussian noise with variance 72 = 1; i.e., we work in the spherical prior setting with
02 = (0.01. We consider gradient descent with constant learning rate n, = n = 0.01/(n"*A;)
for four ridge regression problems with regularization parameters u = 0,0.5, 2.5, 4, where A4
is the largest eigenvalue of X' X. Here, the optimal ridge regularization parameter p* = 2.5.
We see that for p < 2.5, early stopping is beneficial, while for p > 2.5 early stopping is not
beneficial. Additionally, we see that for u > u*, the early stopped risk is very similar to the
converged risk with = p*. Hence, we can obtain computational advantages by training for

fewer iterations using smaller amounts of ridge regularization.
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©1.005 §1.0052
01,000 O
o] @ 1.0050
£0.995 = 2 N =
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Iteration Iteration
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© © ]_
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Figure 5.1: Bayes excess risk trajectories from using gradient descent with constant learning
rate ny = n = 0.01/(n"*A) for four different ridge regression problems: from left to right, we
have @ = 0,0.5 on the top, and p = 2.5,4 on the bottom. The optimal ridge regularization
parameter p* = 2.5. When early stopping is beneficial (top), the purple line shows our
estimate for the stopping time that we give later in (5.37), and the green line shows the
empirical optimal stopping time.
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5.5 Optimal stopping time estimate

Having shown that early stopping is beneficial for a wide variety of learning rate schedules,
we will now provide an estimate for the optimal stopping time. Recall that from (5.34) in

the proof of Theorem 5.4.8, the derivative of the Bayes excess risk is given by
A

— [@(k); - (°Aj +7°) + (6°pun — 77)] .

OuRx(Br) =2) Py 0,P(k); (L ENWE

J=1

Solving the equation above for a critical point is quite challenging. However, we can de-
termine the optimal stopping time for each eigendirection by setting each summand to zero
individually. That is, recalling that ®(k); = o(k; u+n"1A;)/0(0; p+n"tA;), for each j < r,
we need to find k; such that

k 2

T —O'QIM’I’L
[[t—n Ay = ———
i:1< 7”](/,L+TL ])) 7'2+0'2Aj

(5.35)

We may assume that p < 72/(no?), otherwise early stopping is never beneficial. By taking
the logarithm of both sides and using the first order expansion of log(1 + ), we obtain

k;

) N ilog(l —ni(u+n"Ay) = —(u+nT ) Y

i=1

72

— log <—72 i UQAj

—o%un

Hence, the choice of k; should satisfy

2 2
k. Ti40%A;
’ log (W)

Ry (5.36)

=1

If 1+ = 0 and constant step sizes 7; = n are used, then from (5.36), we obtain the estimate
Ej ~ log (1 + :—;A]) /(nn~tA;), which corresponds to the discrete version of the estimate
proposed in [ASS20]; see [ASS20, Eq. (16)]. However, the estimate (5.36) obtained from

our method allows for general step size schedules {n;}+>1 and the presence of explicit ridge
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regularization. Furthermore, note that as u approaches 72/(no?), the optimal stopping time
goes to infinity. Finally, the expression (5.36) provides a stopping time estimate for each
eigendirection. A single estimate can be obtained by using the mean of the eigenvalues; i.e.,
replacing A; in (5.36) by the mean A :=r~! Z;Zl A;.

Putting everything together, Theorem 5.4.8 and the heuristics discussed above lead to
the following estimate of the optimal stopping time:

% = arg min ;> =
gk — 7 w4+ n—tA

(5.37)
Here, A = Tr(X"X)/rank(X"X), recalling that y is the ridge regularization parameter, 72
is the variance of each entry of the residual &; under Assumption 1 (i.e., the strength of the
noise), and o is the variance of B, — By under the prior in Assumption 3 (i.e., the strength

of the signal). We test the performance of this estimate empirically in the next section.

5.5.1 Experimental validation

Synthetic data. In this experiment, we sample n data points x ~ zXY? € RP, where

«

z ~ N(0,p'I) and ¥ is a diagonal matrix with entries X;; = j~*. We consider gradient
descent for the unregularized least squares problem (x = 0) with four different learning rate
schedules given by n, = n/k™ for m = 0,1/4,1/2,3/4 and n = 0.9/(n"'Ay), where A; is
the largest eigenvalue of XTX. We shall work in the spherical prior setup (Assumption 3).
For each setting, we sample 800 parameters 3, ~ N(0,p 'I) and independent, mean-zero
Gaussian noise with variance 72.

Figure 5.2 shows the Bayes excess risk curves, the empirical optimal stopping times, and
the predicted stopping times from the estimate (5.37). As shown by the plots, our estimate is
quite accurate. Furthermore, we see that the optimally early-stopped solutions with different

learning schedules essentially all have the same risk (keeping all the other parameters p, n,

7, and « the same), which aligns with the lower bound from Theorem 5.4.4.
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(d) p=100, n =40, 7 = 0.15, and o = 4.

Figure 5.2: Bayes excess risk curves for different sets of parameters p, n, 7, and «, described
in the main text. From left to right, the plots show the results from using the learning rate
schedule n;, = n/k™ for m = 0,1/4,1/2,3/4 with n = 0.9/(n"'A;). The purple line shows
the estimated stopping time from (5.37), and the green line shows the empirical optimal
stopping time.

Real data. We repeat the same experimental setup as above, where we sample n data
points x from the CIFAR10 and MNIST datasets instead. We consider gradient descent the
unregularized least squares problem (u = 0) with three different learning rate schedules given
by mi, = n/k™ for m = 0,1/4,1/2 and n = 0.9/(n"'A;), where A; is the largest eigenvalue

of XTX. The results, displayed in Figure 5.3, show that the same results also hold for real

data.
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(a) CIFAR10 dataset with p = 3,072, n = 2,000, 7 = 150.
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(b) MNIST dataset with p = 784, n = 1,000, 7 = 50.

Figure 5.3: Bayes excess risk curves for the CIFAR10 (top) and MNIST (bottom) datasets
with different sets of parameters p, n, and 7. From left to right, the learning rate schedule
m. = n/k™ for m = 0,1/4,1/2 with n = 0.9/(n"*A;) is used. The purple line shows the
estimated stopping time from (5.37), and the green line shows the empirical optimal stopping
time.

5.6 Concluding remarks

In this chapter, we analyzed the discrete dynamics of gradient descent for linear regression
with generic data and learning rate schedules. By determining expressions for the exact
trajectory of the parameters, we proved various results that formalize the intuition that
early stopping is similar to ¢? regularization. Furthermore, we established general conditions
on the learning rate and spectrum of the sample covariance matrix of the features that show
whether early stopping is beneficial or not. Finally, we provided an estimate for the optimal
stopping time, which we verified empirically.

An important direction for future work is to extend the results to the non-linear case.
While the current work is limited to linear models, we believe that our approach can serve
as a foundation for more complex models, such as multi-layer neural networks. For example,
a simple case that may be tractable is the analysis of two-layer neural networks with layer-
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wise training. Existing works such as [Mon+24; WWZF24] describe how the spectrum of the
features learned by the first layer evolves during training. Once the spectrum is known, our
framework can be used to analyze the risk for the overall model by introducing two time
parameters, corresponding to the number of steps each layer is trained for, which can then be
optimized to minimize the risk. Understanding the dynamics of jointly training both layers
is a significant and challenging open problem.

Another natural direction for future work is to analyze early stopping for other training
algorithms, such as stochastic mini-batch gradient descent. Recent work [LSR25| shows that
the dynamics of mini-batch gradient descent evolves in a way that is analogous to full-batch
gradient descent, and depends on the spectrum of a modified cross-covariance matrix that
encodes dependencies between the mini-batches. An interesting question is to quantify early
stopping behavior in terms of the eigenvalues of this modified matrix.

Finally, our analysis shows that the optimal stopping time is, in general, different for each
eigendirection of the covariance of the features. This is impossible to implement in practice
with the usual gradient descent algorithm. However, it would be interesting to develop and
study principled methods that augment the learning dynamics in the later stages in order

to enhance the movement along the directions with longer stopping times.

5.7 Additional properties of the g-Pochhammer Symbol

In this section, our goal is to establish some technical facts about the g-Pochhammer symbol
(a;q)n = H?;Ol(l —aq’). In particular, we would like to justify being able to take derivatives
in n when analyzing the risk of gradient descent with an exponentially decaying learning rate
schedule (see Proposition 5.2.8 and Assumption 2). Since (a; ), is only defined for integer n
so far, we first need to find an extension to the set of real numbers. Throughout this section,

we shall assume that |g| < 1.
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First, observe that we can write

(a;9). = (<a; Vo (5.38)

aq”;q)oo

Here we see that the right hand side is defined for all z € R. The main result of this
section is the following, which shows that the extension (5.38) of the g-Pochhammer symbol

is differentiable.

Proposition 5.7.1. Let |q| < 1. The function

(45 @)oo

1s differentiable in x, and the derivative is given by

oo

(@5 ¢)oo ¢
(Q)e = ] > (ag"; @) oo-
Oz (a5 q)a g g2 ™ 0g(q) 2T ag (ag”; q)

We shall build up towards the proof of Proposition 5.7.1 by proving some technical

lemmas.
Lemma 5.7.2. For |q| < 1, the function a — (a;q)e is continuous.

Proof. Let € > 0. We shall show continuity at a fixed point ag. Fix § > 0, which we will

choose later, and let a be any point such that |a — ag| < 0. Define

M := max { ( .r_riaXOOH [(1— aqk)|> : (i’jr:riaxoon |(1— aoqk)|) ,1} .

.....

Note that M is finite because |q| < 1, and therefore only finitely many terms (1 — ag"),

(1 — apq”®) have magnitude greater than one. We claim that if |a — ao| < J, then

n—1
(a3 @) — (a0; @)ul < M |gl* (5.39)
k=0
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for all n. Assuming that this is true for now, then by taking the limit as n — oo, we obtain

oM
a;q)o0 = (405 q)oo| = 7
|( Q) (OQ> | 1_|q|

Hence, choosing 6 < (1 — |¢|)e/M implies that |(a;¢)e — (a0;¢)s| < €, as desired. To

complete the proof, we will prove the claim (5.39). Note that

(@5 @)1 — (@05 @)n+1]
= [(a;¢)n(1 = aq"”) = (ao; @)n(1 — aoq") — (a0; q)a(l — ag") + (ao; ¢)n(l — ag")|
< |1 —aq"(|(a; @)n — (ao; @)n| + [(a0; @)nlla — aollq|"
<1 —aq"[[(a;q)n — (a0; @)n| + d|(a0; @)nllq|"

< |1 = aq"| |1 = ag" | (a: g)n-1 = (a0: @)u-1] + 8l(a0; @)1l lal" | + 8l(ao: a)ullal"

n
<. . < 5ch|q|k,
k=0

where each ¢ is of the form ¢, = ( (1 — aq£)|) : ( é’,“:% (1 — a0q£)|). Thus, ¢ < M

I=iy,

for all k, which implies the claimed result. O]

Now that we have continuity, we want to bootstrap this to get differentiability. To do

this, we shall need to prove the following lemma:
Lemma 5.7.3. Let |q| < 1. Then, for all a, (a;q), — (a;q) locally uniformly as n — oo.

Proof. Let € > 0 and ag be any fixed point. We will prove uniform convergence in the closed

ball B(ag,€) :={a:|a —ao| < e}. Let M = maXqcp(ag,e) |a|. For any a € B(ag, ), we have

[(@;@)n — (a5 @)oo| = [(a;@)nl|1 = (aq"; @)ool
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By Lemma 5.7.2, the function a — (a; ) is continuous at zero. Thus, there exists a number
d > 0 such that if [a] < 0, then

1 — (@5 @)oo] € ——7—-
= @)l = ]

Note that maxy(a; q)x is again finite since |¢| < 1 and |a| < M. Thus, by choosing N such

that aq’¥ < §, we deduce that for all n > N,

£

a; q)nl|l — (aq";9) | < |(a5¢)n| —————— <=
[(@; @)nl|1 — ( Joo| < |( )Imaxk|(a;q)k|

This establishes the uniform convergence of (a;q), to (a;¢)s on the closed ball B(ay,¢), as

desired. ]

Lemma 5.7.4. If |q| < 1, then

o0

9:(aq”; q)oo = —agq” log(q Z e (aq”; @)oo

k=0

Proof. Since we have locally uniform convergence from Lemma 5.7.3, we can use the formula

for the derivative of an infinite product of analytic functions to compute

2 (09”5 q)oc i(?z —ag" ) [](1 = ag™™)
k=0

J#k

= — Z aq”log(q H aq”t?)

Proof of Proposition 5.7.1. The differentiability of (a; q), in = and the formula for the deriva-

tive follow from Lemma 5.7.4. O
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Chapter 6

Analysis of a randomly sparsified power

method

This chapter is based on a joint work with Robert J. Webber and Jonathan

Weare, currently in preparation.

6.1 Introduction

The problem of computing the leading eigenvalue and eigenvector of a square matrix A is a
fundamental problem in numerical linear algebra. The extremely large scale of the matrices
increasingly encountered in modern applications means that classical iterative approaches
can be too expensive, even if A is sparse—for instance, the solution vector x itself may be
too large to be stored.

In this chapter, we consider the problem of computing the leading eigenvector v € [0, 1]

X associated with the eigenvalue one, also known

of a column-stochastic matrix A € [0, 1]
as the Perron—Frobenius eigenvector [Sen81]. We will assume throughout that the second
largest-magnitude eigenvalue A\y(A) of A satisfies [A2(A)| < 1, i.e., A has a spectral gap.

This implies that the eigenvector v satisfying Av = v is unique. We will assume that v is

normalized to be a stochastic vector with entries summing to one. Equivalently, the eigen-
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vector v represents the unique stationary distribution of a Markov chain with probability
transition matrix given by A. We note that while the Markov chain perspective is good for
building intuition, it will not be needed in this work, which emphasizes a linear algebraic
perspective that focuses on the sparsity properties of A and v.

The power method is a classical iterative approach for computing the leading eigenvector

v, which, starting from any initial stochastic vector x¢ € [0, 1]™, has updates

Xy = AXt_l. (61)

Under our assumption that A has a spectral gap, the power iterations converge geometrically
to the unique leading eigenvector (|Sen81, Theorem 4.7]). A natural way to quantify the
convergence rate of the power method for stochastic matrices is in terms of its contractivity

with respect to the ¢! norm.

Definition 6.1.1 (Contraction coefficients and mixing time). For any column-stochastic

matrix A € [0,1]"*" and index r € N, define the r-step ¢! contraction coefficients:

|A"2]}x

2R, Y 2(i)=0  ||z]s

ay(A) == e [0,1]. (6.2)

Furthermore, define the mizing time of A by

1
Tmix (A) 1= argmin{ max [[ATe; — v||; < 5} (6.3)

TEN Ze{Lvn}

This is the first time that the total variation distance (which is equal to half the ¢! norm)
between the distribution of the Markov chain with probability transition matrix A and its

stationary distribution v is less than 1/4.

Since A'xg — v = Af(xo — v) and 17(x¢ — v) = 0, where 1 is the all-ones vector,

IA"%0 = vl1 < eu(A) - [Ix0 = V1. (6.4)
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Some properties of the ¢! contraction coefficients will be discussed later in Section 6.4.2. In
particular, it can be shown that c;(A) ~ [A2(A)|" as t — 00, i.e., the power method converges
with rate |A\2(A)| asymptotically. Moreover, if R is an integer such that agz(A) < 1/4, then
Tmix(A) < R (see Proposition 6.4.3).

The goal of this chapter is to develop the theoretical foundations of two algorithms—one
deterministic and the other randomized—that systematically impose sparsity in between
each power iteration in order to mitigate the computational and storage costs. Our results
will show that the sparsified methods with a relatively small user-chosen sparsity level are
effective if the underlying power method is performant, in the sense that its ¢! contraction
coefficients «,.(A) decay quickly, and the leading eigenvector v is approximately sparse, in

the sense that its entries decay rapidly.

6.1.1 Deterministically sparsified power method

The first approach that we will study is a deterministic scheme. Given a sparsification
parameter m < n, let @ : [0,1]" — [0,1]" denote the deterministic sparsification operator
that keeps the m largest entries of an input stochastic vector, zeros out all the other entries,
and redistributes their mass evenly among the entries that are kept. (Any ties in choosing
the largest entries can be broken arbitrarily.) Then, the iterates of the deterministically

sparsified power method are given by

Yt = Ax;q,

X; = P(y1).

(6.5)

This scheme is optimal in the sense that @ deterministically outputs a m-sparse stochastic

vector that optimally controls the ¢? sparsification error for any p € [1, o0]; see Lemma 6.5.1.

Remark 6.1.2 (Why sparsify?). Suppose that each column of A has at most ¢ non-zero

entries. Then the sparsified power iteration (6.5) requires O(mq) operations, whereas each
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standard power iteration (6.1) requires O(ng) operations since the iterate x, will rapidly
become dense due to fill-in. Moreover, the cost of storing the iterate reduces from O(n) to
O(m). Thus, the sparsified power method with a relatively small sparsification parameter
m, ideally independent of or growing sublinearly with the underlying dimension n, has

significantly lower computational and storage costs.

If A is strictly contractive in the sense that the one-step ¢! contraction coefficient satisfies
aj(A) < 1, then we can prove the following convergence guarantee for the deterministically
sparsified power method. The bound is composed of a geometrically decaying error and an

irreducible component that is proportional to the ¢! tail mass of the leading eigenvector v.

Theorem 6.1.3 (Error with deterministic sparsification). Assume that aq(A) < 1. Let
v+ € [0,1]" be a weakly decreasing rearrangement of the leading eigenvector v with |v*(1)] >

. > |v*(n)|. Suppose that the sparsification parameter m € N satisfies

40[1(A)

m > 2m,(A), where my(A) = m.
—Qq

Then, for any time t > 1, the iterate x; aftert steps of the deterministically sparsified power

method (6.5) satisfies

Gou(A) (1+0i(A))' 21+ (A)) |
I = vl < R (RS o - vl Amata? mzmj i),

The proof of Theorem 6.1.3 will be given in Section 6.5. The requirement for strict
contractivity is very strong. A stochastic matrix A with a spectral gap is guaranteed to
have ar(A) < 1 for some R > 1, but it will generally not satisfy a;(A) < 1.

A natural question is whether Theorem 6.1.3 can be generalized to allow for a contraction
over multiple steps, i.e., ag(A) < 1 for some R > 1. The following result shows that for
general matrices A and initializations xg, this cannot be done in a meaningful way. Namely,

for any dimension n, we can present a stochastic matrix A with constant mixing time and
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constant spectral gap (i.e., it is very well connected globally), such that the deterministically
sparsified power method, given a poor initialization, can remain stuck with mazimal {* error,

even if an unreasonably large sparsification parameter m ~ O(n) is used.

Theorem 6.1.4 (Failure mode of deterministic sparsification). Fiz an integer n € N. Then,
there exists a column-stochastic matriz A with leading eigenvector v that has one-step (*
contraction coefficient ay(A) =1 and spectral gap 1 — |A2(A)| > 1/3, as well as a stochastic
vector Xq € [0, 1]", such that for any sparsification parameter m < n/2, the iterates x1,Xa, . ..

of the deterministically sparsified power method (6.5) initialized at xo satisfy

|x¢ = V|1 =2 forallt=0,1,2,....

The proof of Theorem 6.1.4 will also be given in Section 6.5. The main issue is that
the one-step nature of deterministic sparsification can be foiled by local bottlenecks in the
connectivity graph associated with A, which can trap mass in a suboptimal solution and

inhibit movement towards the leading eigenvector.

6.1.2 Randomly sparsified power method

The second approach that we will study is a randomized scheme. Let ¢ : R® — R" be
a random sparsification operator, parameterized by a user-chosen sparsification parameter
m € N, whose output is (i) unbiased, i.e., E[¢p(x)] = x, and (ii) m-sparse, i.e., the number of
non-zero entries ||¢(x)||o is at most m for all x. Then, the iterates of the randomly sparsified

power method are given by

v = Axy_,
(6.6)

X; = @i(yt),
where each ¢, is an independent realization of the random sparsification operator ¢. In
particular, we will choose ¢ to be the pivotal sparsification operator, which exactly preserves

some of the largest-magnitude entries of the input vector, and randomly samples a subset
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of the remaining entries to produce an unbiased approximation with m entries in total. We
will defer a detailed description of pivotal sparsification to Section 6.4.1.

When the sparsification parameter m = 1, the iterates x; produced by (6.6) are equivalent
to a Markov chain with probability transition matrix A. Hence, in the context of column-
stochastic matrices, the randomly sparsified power method is a generalization of the Markov
chain Monte Carlo (MCMC) sampler.

Because of the random sparsification, the iterates xi,Xs, ... are noisy. However, we can
reduce the noise by averaging after some burn-in time t, > 0 and reporting the tail-averaged

iterate:

t
1
R = Z Xp, 1>t (6.7)
o bT:tb+1

Observe that the sparsity of the tail-averaged iterate X; is also controlled: ||X;||o < m(t—t).
If it is not even possible to store a full dense vector due to fill-in for ¢ > 1, it is still possible to
estimate low-dimensional projections of v by simply keeping track of the numbers u*x, € C

for any fixed vector u € C", and reporting

1
u'x, = " Z u*x,. (6.8)

Note that computing (6.8) aligns with the goals of many MCMC schemes, where the object
of interest is typically an average with respect to the stationary distribution v, instead of
completely characterizing the vector itself.

Our main result for the randomly sparsified power method shows that if the sparsification
parameter m is large enough, relative to the mixing time 7,5 (A) of A, then we can bound the
error of the tail-averaged iterate by a bias component that decays geometrically in multiples
of the mixing time, and a variance component that is proportional to the ¢! tail mass of the

leading eigenvector v.

Theorem 6.1.5 (Error with random sparsification). Let Tyix = Tmix(A) be the mizing time

of A and v+ € [0,1]" be a weakly decreasing rearrangement of the leading eigenvector v with
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IVH(1)| > ... > |vH(n)|. Suppose that the sparsification parameter m € N satisfies
m > 2567 (A).

Then, for any time t after a burn-in time of t, = |[t/2|, the randomly sparsified power

method (6.6) produces a tail-averaged iterate Xy = (t — ty,) ™" Zf,:th x, that satisfies

2
8672 12t [/ 7\ Y/ mix 1,02472. n
= 2 mix 2 ) mix s
Elx —v|; < v (1 +— ) (g) %0 — V|7 + — ( d v (l)) :

i=[m/2]

This result is a simplified version of Theorem 6.6.2, which is stated and proved in Sec-
tion 6.6. The error bound in Theorem 6.1.5 is stated in terms of the L? error for simplicity.
The full version implies that the same bound holds in terms of a stronger “triple norm”

}Hit — VH| (see Definition 6.6.1), which implies the following guarantee for any estimate u*X;

VE

Note that if a;(A) < 1, then mui(A) < [log(4)/log(1/a1(A))]; see Proposition 6.4.3

of u*v as in (6.8):

X, — u*v|2 < Jullool[[xe = v]||-

and (6.20). Therefore, if A is strictly contractive, we can compare Theorem 6.1.5 with
our error bound for the deterministically sparsified power method given in Theorem 6.1.3.
Although the bound with deterministic sparsification is in terms of the stronger ¢! norm,
the bound with random sparsification has a better irreducible component that exhibits an
improved dependence on the ¢! tail mass of the leading eigenvector (i.e., it is deeper and
smaller by a factor of m~%/2), and reflects the possibility for further improvement with rate
t=1/2 by tail-averaging.

More importantly, Theorem 6.1.5 applies far more generally. For example, it implies that
the randomly sparsified power method rapidly converges for the counterexample described
in Theorem 6.1.4 for the deterministically sparsified power method, which is not strictly

contractive (see Remark 6.5.5).
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6.1.3 Beyond-Monte Carlo rates

Intuitively, we would expect the sparsified iterations to be effective if the leading eigenvector
v is approximately sparse, in the sense that its entries decay rapidly. For example, if v
were truly m-sparse, then it would indeed remain a fixed point of the (deterministically or
randomly) sparsified iterations. To make this intuition more precise, we can make some
idealized assumptions on the decay of the entries of v to derive the consequences on the
convergence rate implied by our bounds. We will write v* € [0,1]" to denote a weakly

decreasing rearrangement of v such that v+(1) > v+(2) > ... > v¥(n).

1. (Ezponential decay). If v¥(i) < Ce™ for some constants C,c > 0, then

—CS

gv%i) < gCeCi < 10_6 et

2. (Polynomial decay). If v*(i) < Ci~(+9 for some constants C,c > 0, then

n

Z vH(i) < Z Ci~0+e) < C/ 2019 dy = gs’C.

i=s+1 i=s+1 ¢
By applying these calculations with s = [m/2] in Theorem 6.1.5, we see that the ran-
domly sparsified power method can achieve beyond-Monte Carlo rates as a function of the
sparsification parameter m based on the ¢! tail decay of the leading eigenvector v, i.e., faster
than O(m~'/2). More precisely, after a sufficiently long burn-in period ¢, = O(7mix(A))
such that the bias component is negligible, the error H}it — V|H can scale as O(e™“™) or

O(m~1/2%9)) for some constant ¢ > 0 if the entries of v* decay exponentially or polynomi-

ally, respectively.

6.1.4 Numerical demonstration with the Ising model

Consider the ferromagnetic Ising model on a graph G = (V, F) with inverse temperature

B > 0 and external field h € R. This is a probability measure on each configuration o €
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{£1}V, which is an assignment of spins from {+1, —1} to every vertex, defined by

e~ BH(o)
uﬁ,h(a)zz( 0L where H(o)=— Y  o(uo()—hY o(v) (6.9)

(u,v)EE veV

is the Hamiltonian, and Z(f, h) is the normalization constant known as the partition func-
tion, which is computationally intractable.

The (heat-bath) Glauber dynamics is a classical dynamical system for simulating the
Ising model that is studied in non-equilibrium statistical mechanics [Gla63| and related con-
texts |Lig85; CFL09]. From any given configuration o € {41}V, the next configuration
o' is sampled by choosing a vertex v € V uniformly at random, and sampling a new spin
o'(v) € {£1} from the Ising model (6.9), conditional on all other vertices being fixed. Each
update is extremely local and easily computable. The Glauber dynamics is an irreducible,
aperiodic, and reversible Markov chain that has the Ising model (6.9) as its unique station-
ary distribution (e.g., see [LPW17]). For additional background on the Ising model, see
Section 6.8.

As a test of our theory, we will numerically investigate the performance of the determin-
istically and randomly sparsified power methods for solving the eigenvalue problem Av = v,
where A is the column-stochastic transition matrix corresponding to the Glauber dynamics
on an ¢ x { lattice with nearest-neighbor interactions and periodic boundary conditions (i.e.,
torus). The leading eigenvector v corresponds to the Ising model (6.9), and expectations
of quantities with respect to the Ising measure (e.g., magnetization or correlations) can be
estimated by estimates of the form u*X; as in (6.8). Note that A is very sparse: each column
has ¢? 4 1 non-zero entries, significantly smaller than the size of the state space 2%, which

grows exponentially in the number of vertices. For example, on a 2 x 2 torus, the 16 x 16
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matrix A with each configuration indexed by its bitstring looks like

x pU? pt? p? 2
7« p” p? p”
P Y « p© p” 2
© L0 2 »©
pi‘” x pP pl® p
p? p(+_2) * p? p?
P P « p p?
A WP 0 »
p(fQ) T ¥
p} P« p” p!”
p? p Y x p? p?
p{¥ P p o« p®
o o . B0 O
p Py P p?
P NIRRT
o N

Here, pSf) = (14 28y =1 /4 and p“) = (14 e2E+M)=1 /4 for £ € {—2,0,2}, corresponding
to the sum of the neighboring spins of the vertex to be updated, and the diagonal entries
are left implicitly defined such that A is column-stochastic.

Figure 6.1 presents the numerical results for the Ising model on a 4 x 4 torus with
inverse temperature § = 0.45 and external field h = 0.25. The size of the grid is chosen for
computational simplicity, since the size of the state space (2*** = 65,536) is non-trivial, yet
small enough to handle explicitly. The parameters § and h are chosen to situate the Ising
model in a low-temperature and strong external field regime, which speeds up the mixing of
the underlying Glauber dynamics and promotes approximate sparsity of the Ising measure v
(i.e., such that the entries v*(i) < Ci~(1*9) exhibit polynomial decay; see Proposition 6.8.1
in Section 6.8 for a precise statement).

The left plot shows that the ¢2 error of the randomly sparsified power method decreases at
a beyond-Monte Carlo rate in m that follows the shape of the best m-sparse approximation
of the leading eigenvector v and improves with tail-averaging, as predicted by Theorem 6.1.5.
The deterministically sparsified power method, for which we do not have any guarantees in

this case since A is not strictly contractive, is much less effective for this problem. The
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Figure 6.1: The ¢? error ||x;—v||2 from solving the eigenvalue problem Av = v corresponding
to the Glauber dynamics for the Ising model (6.9) on a 4 x 4 torus in a low-temperature
and strong external field regime with 8 = 0.45 and h = 0.25 using the deterministically
and randomly sparsified power methods (with and without tail-averaging), initialized from a

random configuration. The optimal m-sparse error represents the £% error (3.1 | v*(i)?) 1/2
from the best m-sparse approximation of the Ising model. (Left) The errors at time ¢t =
20,000 after a sufficiently long burn-in time of ¢, = 10, 000 as a function of the sparsification
parameter m. (Right) The dynamics of the error with a fixed sparsification parameter
m = 2,000. The mean errors over 30 independent runs of the randomized algorithms are
reported, with the corresponding 0.2/0.8"" quantiles indicated by the shaded intervals.

right plot shows the dynamics of the ¢2 error for m = 2,000 as a function of the number of
iterations t, confirming that tail-averaging helps the randomly sparsified power method to
achieve lower errors with further iterations. However, it does not help the deterministically

sparsified power method since the solution vector is stuck in a suboptimal solution.

6.1.5 Outline

The rest of this chapter is structured as follows. Section 6.3 describes another application
of the deterministically and randomly sparsified power methods for the PageRank problem.
In Section 6.4, mathematical preliminaries related to the pivotal sparsification operator and
ergodic coefficients for stochastic matrices are presented. The proofs of our main results

are provided in Sections 6.5 and 6.6 for the deterministically and randomly sparsified power
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methods, respectively. We present some concluding remarks in Section 6.7. Additional

technical details are presented in Sections 6.8 and 6.9.

6.1.6 Notation

We will write vectors v € R™ and matrices A € R"™"™ in boldface, and denote their entries
by v(i) and A(i, 7). We write I € R™ " for the identity matrix, e; € R™ for the i*" standard
basis vector in R”, and 1 for the all-ones vector. We will use the vector ¢, ¢2, and (>
norms given by [[vlly = X0 VG, Vil = /00 VP, and [[V]le = maxici,._o [v(3)],
respectively. We will use the notation ||v||o to count the number of non-zero entries of a
vector v. We will also write v* € R" to denote any weakly decreasing rearrangement of a
vector v such that |v(1)| > [v¥(2)] > ... > |vH(n)|. We will use the matrix ¢! operator

norm [|All; = max,,=1[|Azl|; = max;=;, .|| Ae;l:.

6.2 Related works

6.2.1 Deterministically sparsified power method

The deterministically sparsified power method is most closely related to the truncated power
method analyzed by Yuan and Zhang in [YZ13|, which also preserves the m largest-magnitude
entries after each iteration. It is also similar to the power method with iterative hard
thresholding studied in [Mal3|, which uses a fixed threshold designed to filter out noise
rather than an adaptive threshold for maintaining a fixed sparsity. The main difference is that
these iterative algorithms, which are proposed for the problem of sparse principal component
analysis (PCA) [ZHT06; ZX18|, are studied from a statistically-oriented perspective, focusing
on the statistical consistency and rates of the procedure for the recovery of an underlying
sparse eigenvector. Our analysis focuses on the implications of maintaining a user-chosen

sparsity level for computational reasons on the convergence rate.
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6.2.2 Randomly sparsified power method

The randomly sparsified power method is an instance of a general approach based on impos-
ing sparsity in between each update of an iterative method called fast randomized iteration
(FRI), which was proposed by Lim and Weare [LW17] to mitigate the computational and
storage costs for large-scale numerical linear algebra problems. These algorithms are moti-
vated by the success of diffusion Monte Carlo algorithms, which have been applied to solve
eigenproblems as large as 10'% x 101 [She+12].

Soon after, the research groups of Weare and Berkelbach developed more intricate versions
of the randomly sparsified power method and applied them to solve large-scale eigenvalue
problems in quantum chemistry [Gre+19; Gre+20; Gre+22a; Gre+22b|. However, these

works leave open a range of mathematical questions, including:

e What is the smallest possible sparsification parameter m needed so that the randomized

iteration is stable?

e What is the effect of increasing the sparsification parameter m on the convergence

rate?

e What can be proved for a deterministically sparsified power method, where a deter-
ministic sparsification operator is applied in each iteration, and how does it compare

to the randomly sparsified case?

In this chapter, we provide mathematical analysis of the randomly and deterministically
sparsified power methods for stochastic matrices that answer these questions.

More recently, Weare and Webber [WW25| analyzed a randomly sparsified Richardson
iteration for solving linear systems Ax = b. Based on the observation that the solution

of the linear system satisfies the fixed-point formula x = Gx + b, where G := 1 — A, the
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randomly sparsified Richardson iteration begins with xy = 0 and iterates:

yi=(I—-A)x;—1 +Db,
(6.10)

Xp = Sot(}"t)-

The authors prove that if G is a strict 1-norm contraction (||G|; < 1) and a sufficiently
large sparsification parameter m > 1/(1 — ||G||?) is used, then the error of the randomly

sparsified Richardson iteration can decay at a faster-than-Monte Carlo rate—e.g., polynomial

C cm

m~¢ or exponential e~ in m for some constant ¢ > 0—for problems where the entries
of the solution vector decrease quickly ([WW25, Theorem 2.1]). In our main result for
the randomly sparsified power method (Theorem 6.1.5), we establish a similar result for

eigenvalue problems.

6.3 Application to PageRank

Consider the PageRank problem [Glel5]: given a directed graph on n vertices {1,2,...,n},
a column-stochastic transition matrix Q € [0,1]"*", and a stochastic vector r € [0,1]", a
random walker flips a biased coin at each time step. If the coin lands heads with probability
0 € [0, 1], the walker travels from its current state i to an outgoing neighbor with probability
Q(j,1). Otherwise, if the coin lands tails with probability 1 — @, the walker travels to a node
randomly selected from the renewal distribution r.

We are interested in the long-run behavior of the random walker, which is given by the

stationary distribution v € [0, 1] that solves
Av =v, where A:=0Q+ (1—6)rl'. (6.11)

In other words, v is the Perron—Frobenius eigenvector of the column-stochastic matrix A. If

6 € [0,1), then a unique stationary distribution v always exists |Gle15, §2|. Otherwise, if § =
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1, then a unique stationary distribution exists if the graph is irreducible and aperiodic [Sen81,
§1].

The PageRank problem was originally proposed by Google to find the most relevant
websites in response to a search query [Pag+99|. The entries of the PageRank vector v can
be used as a centrality measure for the importance of nodes in the graph: intuitively, nodes
that are “important” have incoming edges from other “important” nodes. In particular, if
0 < 1 and r is sparse, the PageRank vector v conveys localized information about a region
of the graph corresponding to the support of r, and the problem is typically referred to as
personalized PageRank. The PageRank problem has found numerous other applications in
the analysis of social, physical, and information networks. For a more detailed discussion,

we refer to the survey [Glel5|.

6.3.1 Computing the PageRank vector

We may compute the stationary distribution v by applying the power method (6.1) to solve
the eigenvalue problem (6.11). Starting from any initial stochastic vector x, € [0,1]" (e.g.,
Xg = r), we iterate:

x; = Ax; 1 = 0Qx; 1 + (1 —0)r. (6.12)

Note that Az = 0Qz + (1 —0)r1Tz = 0Qz for any z with 17z = 0. Therefore, we can bound

the one-step ¢! contraction coefficient by the parameter 0:

a1(A) = max ||Az||;=60- max zlli =0« < 4. 6.13
()= s, Al =0 ngy_ sl =0-0,(@) < (613
Z||1= Z||1=

From (6.4), combined with the submultiplicativity of the ¢! contraction coefficients (Propo-
sition 6.4.3), this immediately furnishes the following convergence guarantee for solving the

PageRank problem using the power method (6.12):

Ix: = v|1 <0 ||xo — V|1 (6.14)
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We may also compute the PageRank eigenvector using the deterministically sparsified

power method (6.5):
yi = Axi1 = 0Qx;—1 + (1 —O)r,

Xy = 1/J<Yt)-

(6.15)

If & < 1, then we can bound the error ||x; — v||; by applying Theorem 6.1.3 with a;(A) < 6.
Alternatively, we can compute the PageRank vector using the randomly sparsified power

method (6.6):

yi=Ax;1 =0Qx;_1 + (1 - 0O)r,
(6.16)

x; = Pi(ye)-
If @ < 1, then we can also obtain a bound on the error E||X; —v||3 by applying Theorem 6.1.5
with i (A) < [log(4)/log(1/6)]. However, if § = 1, we can also bound the error using

Theorem 6.1.5 in terms of the mixing time of the random walk on the graph.

6.3.2 Numerical demonstration

We consider solving the personalized PageRank problem on the largest strongly connected
component from the twitter_ combined dataset [ML12], which consists of a social net-
work where there is a directed edge from vertex A to vertex B if user A follows user B.
The graph is irreducible, aperiodic, and has n = 68,413 vertices and 1,685,163 edges. We
construct a 10-sparse renewal distribution r by placing mass equally over 10 vertices chosen
uniformly at random.

Figure 6.2 shows the ¢2 error from applying the deterministically and randomly sparsified
power methods using various sparsification parameters m for the PageRank problem with
6 € {0.85,1}. For each 6, the burn-in time was chosen to be large enough for the random
errors to stabilize, and the final tail-averaged iterate X; is averaged over the last 1,000
iterations.

The plot on the left shows the results with # = 0.85, which adds a significant amount

of regularization that makes the power iterations much more effective. In particular, Theo-
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Figure 6.2: The ¢? error ||x; — V|| from solving the personalized PageRank problem (6.11) on
the twitter_combined dataset using the deterministically and randomly sparsified power
methods (with and without tail-averaging), initialized from xy = r. The optimal m-sparse

error represents the (2 error (Z?:m 41 Vi(i)2)1/ ? from the best m-sparse approximation of
the leading eigenvector. (Left) The errors with § = 0.85 at ¢ = 1,100 after a burn-in time
of t, = 100. (Right) The errors with # = 1 at ¢t = 3,000 after a burn-in time of ¢, = 2, 000.
The mean errors over 10 independent runs of the randomized algorithms are reported.

rems 6.1.3 and 6.1.5 apply since A is strictly contractive, and we observe that deterministic
and random sparsification are both effective and perform equally well in this setting, pro-
ducing an error after a sufficiently long burn-in period close to the optimal m-sparse error.
However, random sparsification allows for further improvement from tail-averaging, in con-
trast to deterministic sparsification which produces a fixed point that cannot be improved
with tail-averaging.

The plot on the right shows the results with § = 1, where the power method is less
effective and its convergence properties depend on the mixing time of the random walk on
the underlying graph. Since A is not strictly contractive, we do not have any guarantees for
the deterministically sparsified power method, but we can apply Theorem 6.1.5 to bound the
error of the randomly sparsified power method. We observe a greater separation between
the deterministically and randomly sparsified power methods, illustrating how deterministic

sparsification can result in mass being trapped in a suboptimal solution.
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6.3.3 Comparison with randomly sparsified Richardson iteration

Note that computing the leading eigenvector v of the PageRank problem (6.11) with 6 < 1

is equivalent to finding a solution of the following linear system (see [Glel5]):

(I—0Q)v = (1—0)r. (6.17)

The randomly sparsified Richardson iteration [WW25|, applied to solving this linear sys-
tem with zero initial vector xy, = 0 instead, results in the same iterations as the randomly
sparsified power method (6.12). Therefore, Theorem 6.1.5 can be compared with the con-
vergence bound obtained in [WW25, Proposition 3.1|, which produces qualitatively similar
predictions. In practice, initializing with the stochastic vector xo = r is preferable (|Glel5,
Remark 2.3]), in which case only our results on the power iterations are applicable. Moreover,

if & = 1 and the matrix A is not strictly contractive, only Theorem 6.1.5 can be applied.

6.4 Preliminaries

In this section, we discuss some mathematical preliminaries for the pivotal sparsification
operator used in the randomly sparsified power method, and ergodic coefficients for stochastic

matrices.

6.4.1 Pivotal sparsification

For the randomly sparsified power method (6.6), we will use the pivotal sparsification operator
@ : R" — R™ with sparsification parameter m. This procedure exactly preserves some of the
largest-magnitude entries of the input vector based on an adaptive threshold, and randomly
samples (without replacement) and rescales a subset of the remaining entries to produce an

unbiased approximation with m entries in total.
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More precisely, for any input vector y € R”, let y* € R” denote a rearrangement of the
entries of y with weakly decreasing magnitudes, |[y*(1)] > |y*(2)| > ... > |y*(n)|, and o
be the corresponding permutation such that y(o(i)) = y*(i) for all i € {1,2,...,n}. Then,

pivotal sparsification y — ¢(y) is applied as follows:

(1) Determine a threshold

L 3wl

q*:min{ogqgm:|y (g+1) |<
zq—l—l

(2) Calculate a vector of inclusion probabilities p € [0, 1] by the formula

p(i) =1 if o(i) < g,
P(i):mb’(ﬂ<1 if o (i) > q..

(3) Sample a subset K C {1,2,...,n} with exactly m entries based on the inclusion prob-

abilities p: that is, P{i € K} = p(i) for all i € {1,2,...,n}.
(4) Set p(y)(i) = y(i)/p(7) for each entry i € K that is kept, and set ¢(y)(7) = 0 otherwise.

Remark 6.4.1 (Implementation). The threshold ¢. for Step (1) can be computed in
O(]ly|lologm) time in a single pass by finding the top m entries of y using a min-heap.
Alternatively, it can be done in O(]||y|lo + ¢« logm) average time using a selection method
based on QuickSelect.

The subset K in Step (3) can be computed using pivotal sampling [DT98|, which can be
implemented using a single pass through the non-zero entries of y in O(||y||o) operations;
see [WW25, Algorithm 5.2| for a pseudocode. For additional discussion on the practical im-
plementation of pivotal sparsification, including strategies for parallelization, see |Gre+22a,

Appendix A].
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As the most important feature, pivotal sparsification leads to a high-accuracy approxi-
mation whenever the entries |y+(i)| decrease rapidly in magnitude. The following explicit

bound was proved in [WW25, Proposition 5.2]:

0<s<m m — s\ .
i=s+1

Ellp(y) — 3 < min — (Z Iyi(i)!) : (6.18)

In fact, it was also established in [WW25| that pivotal sparsification is the optimal unbiased,
m-sparse sparsification scheme in terms of L? error.

In order to control the variance of the randomly sparsified power method, we will use
the following bound on the triple norm error of pivotal sparsification for vectors with non-

negative entries from [WW25]:

Lemma 6.4.2 ([WW25, Corollary 5.5|). Let ¢ be the pivotal sparsification operator. Then

for all non-negative valued vectors'y € R’y and subsets E C {1,...,n}, it holds:

lly = e)llI* = max Elu(y - e(y)[* < m_l g (%;W)) :

6.4.2 Stochastic matrices

Recall that the matrix A € [0, 1]"*" represents a column-stochastic matrix throughout the
chapter, which has leading eigenvalue \;(A) = 1 with corresponding left eigenvector 17 =
1TA and a right eigenvector v € [0, 1]* by Perron-Frobenius theory [Sen81]. It is beneficial
to identify A as the probability transition matrix of an associated Markov chain [LPW17], so
that v represents a stationary distribution of A. We also assume that A exhibits a spectral
gap: i.e., the second-largest magnitude eigenvalue A\o(A) satisfies |[A2(A)| < 1. A typical
structural condition that guarantees this is that the matrix A is wrreducible and aperiodic;
see, e.g., [Sen81, §1] for the precise definitions of these terms related to the classification of

non-negative matrices.
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Let P := I — v1T be the oblique projector onto {x : 1"x = 0} along v that annihilates
the leading left and right eigenvectors of A. Observe that P commutes with A, and 1Tw = 0
for any eigenvector w of A corresponding to eigenvalue A # 1. Moreover, note that for any

index r € N, the ¢! operator norm of A"P is given by

|A"P|; = max ||[A"Pe;|l; = max |A”e; —v|; €[0,2], (6.19)
1€

yeee} i€{l,...,n

where e; the i standard basis vector in R". That is, ||[A"P||; is twice the total variation
distance between the distribution of the Markov chain with transition matrix A after r steps
and its stationary distribution v in the worst-case initialization.

The following proposition collects various properties of the ¢! contraction coefficients
a,(A) defined in Definition 6.1.1. These are known in various forms throughout the liter-
ature; e.g., see the survey [IS11] on ergodic coefficients. For completeness, we will include

elementary proofs of the properties in Section 6.9.

Proposition 6.4.3 (Properties of ! contraction coefficients). Let A € [0, 1]™*" be a column-

stochastic matriz with leading right eigenvector v € [0,1]", and P =1 —v1T. Then:

1. (Scrambling identity). The £* contraction coefficients of A can be written:

1 n
ar(A) = 5 max||A(e; —ej)fi =1 - min ) " min{A"(k, i), A" (k, j)}.
’ -

2. (Submultiplicativity). The (' contraction coefficients of A are submultiplicative:

@, (A) < as(A)a,_s(A)  for each s <.

3. (Oblique projection bounds). The ¢! contraction coefficients of A satisfy

1
SIAP[ < ar(A) < [[ATPY.
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4. (Eigenvalue bounds). Let A\y(A) be the second-largest magnitude eigenvalue of A. If

|A2(A)| < 1, then the £* contraction coefficients of A satisfy

M2(A)]" < o(A) and  lim o, (A)Y" = |\ (A)).

Example 6.4.4. As an illustrative example, consider a random walk on a circle with four
vertices that stays put with probability 1/2 and moves clockwise with probability 1/2 as

depicted in Figure 6.3, which is an irreducible and aperiodic Markov chain.

1
2

1
2

Figure 6.3: A random walk on a clockwise directed 4-cycle with self-loops.

The transition matrix A, where A(j,7) contains the probability of moving from i to j,

and its powers for r > 1 are given by

1111 cosf, —sinf, —cosf,. sind,
111 1 11 1 \" 2| sin®, cosf, —sinf, —cosb,
poot e |
1111 V2 —cosf, sind, cosf, —sind,
1111 —sinf, —cosf, sind, cos 0,

where 0, := r7/4. Even though the matrix A is irreducible and aperiodic, the ¢! contraction

1

coefficients a,(A), using Proposition 6.4.3, part 1, are given by 1,1,1, 1, 1 1 for r =
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0,1,2,3,4,5,.... In general,

(1/v/2)"  if r is even,
a.(A) =

(1/4/2)" if r is odd.

Furthermore, [A\y(A)| = 1/v/2. This confirms that a,(A) > |M\(A)]" = (1/v/2)" and

lim, o0 o (A)Y7 = [Ay(A)| = 1/4/2, which is consistent with Proposition 6.4.3, part 4.

Remark 6.4.5 (Scrambling matrices). Assuming a;(A) < 1 is much stronger than assuming
the spectral gap condition |As(A)| < 1. Indeed, from Proposition 6.4.3, part 1, the condition
aj(A) < 1is equivalent to requiring that A is “scrambling”, i.e., every pair of columns A(:, 1)
and A(:, 7) shares a common positive element. The proof of [LW17, Corollary 1| claims that
a1(A) < 1 whenever the column-stochastic matrix A is irreducible and aperiodic. However,

this is apparently false.

Next, recall the definition of the mixing time Tyix(A) from Definition 6.1.1. From (6.19),

we see that equivalently,

TeN

1
Tmix (A) = au"gmin{HATPH1 < 5} (6.20)

Since the Markov chain corresponding to A converges to v under a spectral gap assumption,
we know that the mixing time is finite: i.e., there exists an integer R such that |AfRP||; <
1/2. However, this does not say anything about the rate of convergence, and understanding
the dependence of the mixing time on the size of the state space for different Markov chains
is a fascinating and active area of research that is beyond the scope of our investigations.
For a comprehensive treatise on the mixing times of Markov chains, we refer to [LPW17].
In the context of exponentially-sized state spaces with n = 2¢, a Markov chain that mixes in
O(polylog d) steps is commonly said to be rapid mizing, while one that mixes in O(exp(cd))

steps is slow mixing.
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The mixing time 7, (A) can be lower bounded by the reciprocal of the spectral gap of

A (|JLPW17, Theorem 12.5]):

Tmix(A) > (ﬁ — 1) log(2), (6.21)

recalling that Ao(A) denotes the second largest-eigenvalue of A. Thus, while the mixing time
is a natural quantity for stochastic matrices, Theorem 6.1.5 suggests that a sparsification
parameter that is at least of order m > O(1/(1 — A3(A))) is necessary for the effectiveness

of the randomly sparsified power method for more general (e.g., Hermitian) matrices.

6.5 Proofs for deterministically sparsified power method

In this section, we describe the proofs of our main results (Theorems 6.1.3 and 6.1.4) for the

deterministically sparsified power method (6.5).

6.5.1 Properties of deterministic sparsification

We begin by establishing some properties of the deterministic sparsification operator .
First, we prove that the deterministic sparsification operator 1 is optimal for stochastic

vectors in an P sense for any p € [1, 00].

Lemma 6.5.1 (Optimality of deterministic sparsification). Let 'y € [0,1]" be any stochastic
vector and 1(y) be the output of deterministic sparsification with sparsification parameter

m. Then, for any m-sparse stochastic vector z € [0,1]" and p € [1, 00],

Iy =2l < lly — 2llp-
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Proof. Suppose that we are given any m-sparse stochastic vector z supported on S C

{1,2,...,n}. First, consider the ¢7 error with 1 < p < o0,

ly —zlp =) Iy(@) =20 +)_y(i)

icS i¢S
Note that by using |S| = m and Hélder’s inequality, we have
p
(Z |2(i) — Y(i)\) <mP Y [a(i) — y ()P,
ieS i€S

with equality if and only if z(i) — y () is constant for i € S. Furthermore, by applying the

triangle inequality, using the fact that >, cz(i) = 1 and y is a stochastic vector, we have

Yoy =1=Yy@) =) 2() =) y(i) <) la(i) — y(i)l.

iZS 1€S i€S 1€S 1€S

Hence, we deduce that

ly —z[ly > m'™? <Z W’)) + > yli)

¢S ¢S
n p n
> ml—p< Z y%i)) + Z yi(i)p = |ly — "/’<Y)||§
i=m-+1 i=m-+1

For the ¢*° error, we can apply the following bespoke argument that uses the same ideas.

Note that

Iy = 2l = max{ e y(0) - 20 iy )

Observe that because |S| = m, max;¢s y (i) > y*(m+1). Next, notice that the maximum over

the set S is at least as large as the average over S. Therefore, using the triangle inequality
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and the fact that ), ¢ z(i) = 1 and y is a stochastic vector again, we deduce that

max [y (i) — (i |>—Z!y

1€S

>3 2 - Yy =1-> vy =D yi)> > yHi).

1€S 1€S 1€S ¢S i=m+1

Hence,

Iy el > max{ 2 5% ¥H0¥ o4 D) =y e+ ) = |y = 93

1=m-+1

We conclude that for p € [1,00], the ¢ error of any m-sparse approximation z of y is
minimized by choosing the support S to be the m largest entries of y and evenly redistributing
the mass of y outside the support, i.e., z(i) = y(i) + m™* > igs ¥ (i) for i € S and z(i) = 0

otherwise. O

Next, we prove the following bound on the error from applying the deterministic sparsi-

fication operator.

Proposition 6.5.2 (Bounded truncation error). Fiz two stochastic vectors y,v € [0, 1],
and let 1 (y) denote the output of the deterministic sparsification operator applied to'y with

sparsification parameter m. Then, for any s < m, we have
[b(y) — vl < [1+ }Hy—VHH'?(Z Vi(’i))- (6.22)
i=s+1

Furthermore,

lb(y) =yl < lly = vl + < > Vi(i))' (6.23)

i=s+1
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Remark 6.5.3 (Optimality of the bound). For fixed integers s < m, consider the following

example of a bad vector in R™"* for deterministic sparsification:

v=(1/s,...,1/5,0,...,0), y = (\1/(S—|—m),...,1/(s+m)l),
—_————

-
s times s 4+ m times

YP(y) = (0,...,0,1/m,...,1/m).
—

m times

Essentially, the method is picking all the wrong entries to truncate. We can calculate

) —vii=2, > V) =0,
i=s+1
“ || 1 1 i 1 sm + sm 2m 2
—V = S| — — ml| ——— = = = s
Y ! s s+m s+m s(s+m) s+m  (s/m)+1

Therefore, in this case, the deterministic sparsification error is given by

I9) = vl =1+ 2 Iy = vl

This shows that the first term of the bound (6.22) in Proposition 6.5.2 is near-optimal, up to a
constant factor of two. Furthermore, note that for general y, [y —e(y)[s =231, .., y* (@),

which shows that the second term in Proposition 6.5.2 is also optimal.

Proof of Proposition 6.5.2. Let the s largest entries in v be denoted T for “target”, and the m
largest entries in y be denoted K for “kept”. By definition of the deterministic sparsification

operator 1,

lo(y) = vii =D b)) = V(@) + Y [9(y)(i) — v (i)

ieK igK
<D0 =y @)+ DIy = v+ D[ )() - v(i)]
ieK ieK 2K
=Y ¥+ ly@) = vl + Y v(i).
igK ieK 2K
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Next, observe that we can bound

dovii)y= Y i)+ > v()

K ieKenTe i€T\K
< Y v+ > VO -y + Y y().
ieKenTe i€ET\K i€ET\K

Similarly,

Yoy =Y y@+ Y v

iZK 1€T\K ieKenTe
<D v+ Y @ —vl+ D v).
i€T\K ieKenTe ieKenTe

Combining the preceding displayed bounds yields

lp(y) =vih <2 Y y@) +lly vl +2 Y ().

1€T\K 1€eKenTe

Now, since K consists of the m largest entries of y, we have the following inequality between

the average entry of y in T\ K and K\ T, assuming that |T \ K| > 0 and |K\ T| > 0:

1 , 1 .
TR 2 Y0 = e 2 Y0

i€T\K ieK\T

Note that
|T\ K| B s —|TNK] < s
IK\NT| m—|TnK| ~—m

Therefore,

() —vih <2080~ iy w2 3 v

’K \ Tl ZEK\T ieKCmTC
S . .
<2— >y + lly = vih +2' > (i)
iEK\T ieKenTe
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If T C K and hence |T \ K| = 0, then this bound also holds trivially. By further routine

application of the triangle inequality, we deduce that

lo(y) = vl <22 37 v@) +25 37 Iy - v+ ly - vii+2 > v

iEK\T iEK\T ieKenTe

< Zmax{%,l}z (§) + [1+ }Hy—VHl

¢T

After inserting the definition of T and using s < m, we obtain the first inequality.

For the second inequality, by a similar argument, we know that

) =yl < Yo y@+ Y Iy@)-v@l+ > v

i€T\K ieKenTe ieKenTe

S . . . .

< > oy + D Iy =vOl+ D V().
iEK\T ieKenTe ieKenTe

By using s/m < 1 and combining terms, we conclude that

[p(y) =yl <D Iy (@) = v(i) + > v(i)

i€T¢ 1€TC

<y =vli+ v

i€Te

6.5.2 Error bound with strict contractivity

We will now prove Theorem 6.1.3, which establishes a non-asymptotic error bound for

the deterministically sparsified power method, assuming that A is strictly contractive with

O[l(A) < 1.

Proof of Theorem 6.1.3. By the triangle inequality, we have

[x: — v < [JA'% — V|1 + [|x¢ — A" |1

< ar(A)|lxo — Vi1 + [|x: — A'xol]1.
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The first term corresponds to the error from the full power iterations without any sparsifica-
tion (6.4), where we have used the fact that Alxy—v = Af(xg—v) and 17(x¢—v) = 0. The
second term corresponds to the deviation of the deterministically sparsified power method
from this trajectory, and our goal is to show that this can be controlled with a sufficiently
large sparsification parameter m.

To do so, we will first write the deviation as a telescoping sum:

t—1
I — A'xolly = || AT Ax, — ¢ (Ax,)]
r=0
t—1 '
< AT A% - y(Ax)] ],
r=0

t—1
<> (AT Ax, — p(Ax,) -
r=0

Fix integers s < m. By using Proposition 6.5.2 to bound the one-step sparsification error,

we obtain

t—1 n
I = Al = 3 () (A%, = vl + 30 v0)
r=0 i=s+1

-1 A) (6.25)
t—r l—ay ' ¢ .
S 7‘22041(.A) ||XT—V||1+T1(M Z V‘L(Z)-

Now, for r <t — 1, by using Proposition 6.5.2 again, we have

1% = vl = l[9(Ax—1) = v

25 = .
< <1+%)||Axr_1 vl +2 > V)

1=s+1

< ai(A) (1 + %) %1 — vl +2 i vH(i).

i=s+1
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Let 8 := a1(A)(1 + 2s/m). Clearly ay(A) < (. By iterating the previous inequality, we

deduce that

I, = vlls < llxo v + 2(1 fh4 +B’"‘1) S Vi)

i=s+1

(6.26)

< BTHXO — VH1 + 2(11%5)7”) Z Vi(i).
1=s+1

For the contribution from the initial error to decay, this suggests that we require a large

enough sparsification parameter m such that

2s 2s 1
= All+— 1 — — 1. 2
B =a( )(+m>< (:>m<041(A) (6.27)
Under this assumption, inserting (6.26) back into (6.25) yields
21— +
1% — A1 < ;al(A)t_T <5T||X0 — v+ 1-5 i_;l Vi(i))
1-— (0%} (A)t - /s
+ o (A) 'Z vH(i)
i=s5+1
t—1 g\
— ay(A) -
w3 () o
t—1 n
2&1(A)t—r<1 — 5T) 1 — Oél(A)t L
+ Z 1-7 +1—041(A) 'Zv(z).
r=0 i=s+1
Note that
t—1 r
. 64 . (1+2s/m)t—1 _m ,
= (A) - < —p
o) X () = R <5
Furthermore,

rz_; ai(A)7(1 = ") = au(A) - % - (A)- (14 222//7:;) —1
o 228



Hence, we deduce that

th _ AtXOHl S _5tHX0 o VHl + |:2Oé1(A) + 1:| 1 — Oél(A>t Z V¢<i>

1 ﬁ 1-— (03] (A) imat1
m ., 1 1 +a1(A)
< P+ 1) S g
i=s+1
Finally, inserting this back into (6.24) yields
,oomo, I 1+o(A) & Lo
= vl < (an(AY + 226 o = v+ g PN

To conclude, we will provide a choice of s for any given m that satisfies (6.27) to derive

an explicit form for 5. Suppose that we choose

Note that the assumption m > 2m,(A) implies s is non-trivial (i.e., s > 1). Then,

s s a1 (A

Furthermore, using the assumption on m,

mo_ m _ 2a1(A) 1 daq (A)
25 = o 1-a1(A) T l-a(A) - A 1 T 1y (A)
2(m 1) o1(A) 1 @1 a1(A)

Inserting the choice (6.29) of s for the depth of the tail into (6.28) and applying the simpli-

fications above completes the proof. m

6.5.3 Failure mode of deterministic sparsification

Finally, we will prove Theorem 6.1.4, which constructs a counterexample showing how the

deterministically sparsified power method can fail.
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____________

Figure 6.4: Markov chain on n+ 1 vertices with n even: K and K5 are two complete graphs
on n/2 vertices with self-loops, directed edges in both directions, and edge weights 4/(3n).
Each vertex in K5 has a directed edge with weight 2/(3n) to each of the vertices in K,
and each vertex in K; has a directed edge to a special vertex M with weight 1/3. M has a
self-loop with weight one.

Proof of Theorem 6.1.4. For simplicity, we will describe the construction for when n for when
n is even. Consider the following column-stochastic matrix A € [0, 1]+D*(+1 " written in
block form:

1 510, o'

A=10 5 Luonz 5 Lajaxns2

0 0 3L j25/2
Here, 1,5 € R"? and 1,,/9x,/2 € R™?*™2 denotes the all-ones vector and all-ones matrix,
respectively. That is, A is the probability transition matrix corresponding to the random
walk on the graph in Figure 6.4, where A(j,7) gives the probability that a random walker
at state ¢ moves to state j in the next step. The first index corresponds to the special
vertex M, the next n/2 indices correspond to the vertices in the clique K7, and the last n/2
indices corresponding to the vertices in the clique K;. (If n is odd, we can simply modify the
construction by adding an extra vertex to the special cluster M, and the argument essentially

remains the same.)

Note that the states in K7 and K5 are inessential, and therefore the stationary distribution

of the Markov chain is supported on the special vertex M, which is an absorbing state. That
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is, the leading eigenvector solving Av = v is given by
v =(1,0,...,0).

Next, note that from Proposition 6.4.3, part 1, we see that a;(A) = 1; i.e.,, A is not
scrambling. Using the block representation of A, it can be verified that A\o(A) = 2/3 is an

eigenvalue with corresponding eigenvector

vy =(—n/2,1,...,1,0,...,0),
The remaining eigenvalues are equal to 0, with n/2 — 1 eigenvectors coming from placing a
permutation of (1, —1,0,...,0) € R™"?2 in the n/2 indices corresponding to K, and similarly
n/2 — 1 eigenvectors coming from placing a permutation of the same vector in the last n/2
indices corresponding to Ks. Since the trace of A is equal to 1+ 2(2/3), it follows that the
second largest-magnitude eigenvalue is indeed A2(A) = 2/3, which has algebraic multiplicity
two. Thus, the spectral gap of A is 1 — A\(A) = 1/3.

Now, we will show that with the initialization
Xg = €pyr1 = (O,,O,l)

in K5, the deterministically sparsified power method with any sparsification parameter m <

n/2 remains stuck in Ks. After the first iteration, we have

2
yvi=Axo=—(0,1,...1,2,...,2).
3n —_—— ——

n/2 times n/2 times

After deterministic sparsification, the resulting vector consists of the unit mass equally dis-

tributed among m entries over the last n/2 indices in K3. Without loss of generality, we
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may assume that the indices {n/2+1+1,...,n/2+ 1+ m} are chosen. Thus,

0,0,...0,1,...,1,0,...,0).
—— —

n/2 times m times

1
X1 = = —
1 ¢(Y1) m
By computing another deterministically sparsified power iteration, we have y, = y; and

X3 = X;. Hence, by induction, we conclude that ||x; — v||; = 2 for all times t = 0,1,2,...,

which is the maximal ¢! distance between two stochastic vectors. O

Remark 6.5.4 (Better initializations). Note that the counterexample described in Theo-
rem 6.1.4 can be “fixed” by a better initialization. For example, if x, has enough mass in
K instead of K5, then the deterministically sparsified power method will indeed converge
geometrically to the leading eigenvector. Moreover, the matrix A in the counterexample can
also easily be modified into an irreducible matrix by adding a single directed edge with tiny
edge weight from the vertex M to any vertex in K5, and the conclusions will not materially

change.

Remark 6.5.5 (Convergence with random sparsification). We can show that the randomly
sparsified power method effectively converges for the counterexample described in Theo-
rem 6.1.4. Using the same matrix A and notation from the proof (see Figure 6.4), we
can compute the mixing time 7, (A) by calculating the maximal distance to stationarity:
|ATP||; = max;eqi2,.. nt1}||AT€; — v||;. Clearly, the worst case corresponds to an initializa-
tion in K5, say e,11 = (0,...,0,1). Similar to the calculations in the proof of Theorem 6.1.4,

we can compute

2 4

Ae, = <0, _]-n/27 %]—n/2>7 A2€n+1 = (

- 1 8 8 )’

o lnp, 1
9" 9n "* 9 2
and so forth, with corresponding ¢! errors
16
HAen+1 - VHl - 27 ”A2€n+1 - VH1 = ?’

280



Observe that ||A'xq — v||; is independent of n for all 5 > 0. By continuing the elementary
computations, we find that 7, (A) = 8; ie., ||APe,.1 — v|[; < 1/2. Hence, because v
is a truly sparse vector, Theorem 6.1.5 implies that there exists an absolute constant C
(independent of n) such that the randomly sparsified power method with a sparsification

parameter m > C' converges geometrically to v in the triple norm.

6.6 Proofs for randomly sparsified power method

In this section, we will prove the full version of our main result (Theorem 6.1.5) for the
randomly sparsified power method (6.6). Before stating the full result, we will define a

stronger error metric than the L? error that was introduced by [LW17].

Definition 6.6.1 (Triple norm). For any random vector Z € C", define

2]} = (e E

uelCn, |ul|oc<1

) 1/2
u*Z|> : (6.30)

From [LW17, Eq. (27)], we have the relationship
2
Bzl < [|Z]]” < E|Z|. (6.31)

Both inequalities can be saturated, since ||Z||| = || Z||; if Z is deterministic, and |HZH|2 =

E||Z||3 if Z has independent, mean-zero components.

The triple norm |Hit — VH| bounds the error of any low-dimensional projection of the
tail-averaged iterate X; from the corresponding projection of the leading eigenvector v, and

is stronger than the L? error by (6.31).
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6.6.1 Full version of the main result

We will prove the following fine-grained bound on the triple norm error of the randomly
sparsified power method that depends on the ¢! tail decay of the leading eigenvector v as

long as the sparsification parameter m is large enough:

Theorem 6.6.2 (Fine-grained error bound). Let R > 1 be an integer such that | ARP||; < 1.

Suppose that the sparsification parameter m € N satisfies

12|AP|2R
~ (1= (1 - [A"P})

+ s for some § € [1/2,1) and integer s € N.

Then, for any time t after a burn-in time of ty,, the randomly sparsified power method (6.6)

t

produces a tail-averaged iterate X, = (t —t,) ™' Y _, 1 Xy

that satisfies
R- 2 —tp)/R 2\
(AP (S ap)y)
(t —tp)?

. { (14 25 ) GIATPIE + (1= 8)" M v+ ( 2 V%)) }

m —S .
1=s+1

e = vl <

(6.32)

Assuming that Theorem 6.6.2 holds for now, we will show how it implies Theorem 6.1.5

after some simplifications.

Proof of Theorem 6.1.5. Let R = i (A) so that ||[AFP||; < 1/2 by (6.20). Let 6 = 1/2
and s = |m/2]. Then, we have §||[A%P||? + (1 — ) < 3/4 and m — s > m/2. For 0 <
¢ < R —1, we can use the (very loose) bound [[A‘P|; < 2, so that (Zf:_ol |AEP||1)2 <
4R?%. Furthermore, we can bound the sum in multiples of the mixing time by a geometric

series; (Y10 M)/ F ||ARP||7f)2 < (ZZ‘;O(l/Z)“)Q = 4. By applying Theorem 6.6.2 with these
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parameter choices and simplifications, we obtain the bound

ot " 2
= v < ) { (1+29(3) R Lo ( > v%z)) }
i=[m/2]
The stated bound in Theorem 6.1.5 follows from bounding E||X;—v||3 < }Hit - VH|2 by (6.31),
and inserting the numerical simplifications t, = [¢/2] and /3/4 < 7/8.
Finally, it remains to verify the lower bound on m required. Since 12||AP|? < 48 and
(1—6)(1 —||JARP||?) > 3/8, the condition m — s > m/2 > 128 suffices. This completes the

proof. O

Note that if a;(A) < 1, then by using the submultiplicativity of the ¢! contractiv-
ity coefficients (Proposition 6.4.3), we deduce that a,(A) < af(A) < 1/4 whenever r >

log(4)/log(1/a1(A)), which implies that 7, (A) < [log(4)/log(1/a;(A))].

Remark 6.6.3 (Asymptotic rate with large m). Note that if m = n, then the randomly
sparsified power iterations reduces to the usual power iteration (6.1), which we know has
error decaying like |Ay(A)|?"™ asymptotically from (6.4). From Theorem 6.6.2, we can deduce
a similar qualitative prediction for the randomly sparsified power method if m is very large.
More precisely, by choosing § = 1—||A%P||? and s = |[m/2] in Theorem 6.6.2 and simplifying
the expression, we deduce that if

24| AP [ 7imix(A)
~ ATPIF(1 - [ARP})

then the contribution of the initial error ||xo — v||? towards the error |||x; — V|H2 decays as

tn/R

(2| AEP|2)™" ~ |A2(A)[* as R — oo, where we use the fact that |ARP||VE ~ | Ay (A)].

Thus, the bound can capture the correct asymptotic dependence of the bias component on

the second eigenvalue of A.
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6.6.2 Proof outline

The proof of Theorem 6.6.2 is based on a bias-variance decomposition for the triple norm.

For any u € C" with |lul|» < 1, note that we have the following equality:

Eu(x - )| = [u' (E[x] - v)[" + EJu’ (x - E[x])["

By taking the supremum over u, it follows that
% = vI” < B[R] - vIi} +[I% — B[ (6.33)

The bias is bounded in Section 6.6.3, and a general variance bound is derived in Section 6.6.4.
These are sufficient to derive a simple bound (Proposition 6.6.7) showing that the randomly
sparsified power method converges with Monte Carlo rates for any choice of sparsification
parameter m, which is discussed in Section 6.6.5.

In order to prove the more fine-grained bound in Theorem 6.6.2, the most technically
involved part of the proof is to control the variance more carefully. To this end, fixed-
time error bounds on |HXT — VH|2 with improved rates are obtained in Section 6.6.6 by
resolving a recursive inequality. These are then leveraged in Section 6.6.7 to bound the
variance of the tail-averaged iterate X;, which can then be combined with the bias-variance

decomposition (6.33) to complete the proof.

6.6.3 Analysis of bias

The bias of the randomly sparsified power method is the same as the error of the deterministic

power method with tail-averaging.
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Lemma 6.6.4 (Bias bound). The randomly sparsified power method (6.6) produces a tail-

averaged iterate Xy = (t — t,) ! Ziztbﬂ X, that satisfies

|IEX:] — v < a;%lgf)[ Z ar(A)] “|Ixo — vlf1-

Proof. Observe that E[x,] = A"x, for all » > 0. Therefore,

1
E[it} —V = ﬁ(Atb+1 4+ ...+ At)(XO — V).
— b

Note that 1TA"(x¢o—Vv) = 17 (xo—Vv) = 0 for all » > 0. Thus, applying the triangle inequality

and the definition of the ¢! contraction coefficients a,.(A) yields

- 1 & s
IE[X:] — vl < Po— > AT (xo = V)|
b T:tb—l-l
1 t
S— [ Z ar(A)] %0 — V1.
b r=tp+1

Finally, we use the submultiplicativity of the ¢! contraction coefficients «,(A) (Proposi-

tion 6.4.3, part 2) to complete the proof. O

6.6.4 Analysis of variance: general framework

Next, we provide a general bound on the variance of the randomly sparsified power method

in terms of the sparsification errors that are induced at each step.

Lemma 6.6.5 (General variance bound). The randomly sparsified power method (6.6) pro-

t

duces a tail-averaged iterate X; = (t — t,) ! Dt t

1 X, that satisfies

¢ t 2

I-mmll < = | 3 AP e —xl

— 2
(t tb) r=1 [ ¢=max{t,+1,r}
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Proof. Introduce the Doob martingale M, = E[X; | x1,...,X,|, and write
t
X —E[X] =) (M, - M,,).

r=1

For any u € C" with ||ul|» < 1, it follows that

u (M, - M, _,)|*.

Elu (% - E[%]))| =D E

We will proceed to bound each of the summands

calculation using the unbiasedness of the random sparsification operator yields

t

1
M, =M= = ), (Bblx] —Elxe|x-1])
L=max{ty,+1,r}
t

=7 . Z AZ?T(XT - yr)'

b {=max{ty,+1,r}
Therefore, since x, = ¢, (y,),

t
u*(M’I‘_M’I‘—l)| S % Z
{=max{t,+1,r}

u*Ae_r(SOT (yr) - yr) } :

w (M, - M, )| Forr=1,2,...

Since 17 (Sor(yr) - YT> =0, Aeir(QOT(YT) - YT) = AE?TP(SOT(YT) - yr>' Because ”u“OO <1

the vector (A“"P)*u satisfies ||(A*"P)*ul|o < ||A*"P||;. Therefore,

WA (3) = 3] = [u AP (e (v) ~ )

< AP - |||er(vr) — voll|-
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Putting this all together, we have shown that for any u € C" with ||u|| < 1,

(M, M)

IE|11>(< (it
t t 2

sz ST AP ey -yl

r=1 [ ¢=max{ty,+1,r}

Since the right hand side is independent of u, we can take another supremum over u to

deduce that it is also an upper bound for |||x; — E[X;] H’Q O

6.6.5 Variance bounds with Monte Carlo rates

Since each y, is a stochastic vector, combining Lemmas 6.6.5 and 6.4.2 immediately implies

that the variance is of order O(1/m) for any choice of sparsification parameter m.

Corollary 6.6.6 (Variance bound I). The randomly sparsified power method (6.6) produces

a tail-averaged iterate Xy = (t — tp,) ™" Ziztbﬂ X, that satisfies

t—ty—1
- Bl < s [z (APYI]

Proof. Since 1y, = 1 for any r, Lemma 6.4.2 with E chosen to be the empty set implies

that ,
2 1 - , 1
H‘Lpr<yr>_YT|H < E(E}G(l)) < E
Therefore, from Lemma 6.6.5, we deduce that

t t

-l < o] X 1A

r=1 | =max{t,+1,r}

t [t—t,—1

1 1
< - AP
=t —ty)? Z Z I ”1
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By combining Lemma 6.6.4 and Corollary 6.6.6, we can immediately that the randomly
sparsified power method converges with a bias component that decays in terms of the
(' contraction coefficients a,.(A) from Definition 6.1.1—which can be compared with the
bound (6.4) for the vanilla power method—and a variance component that scales with Monte

Carlo rates with respect to the sparsification parameter m (i.e., m=1/2).

Proposition 6.6.7 (Monte Carlo rates). For any t > ty,, the randomly sparsified power
method (6.6) with any sparsification parameter m € N produces a tail-averaged iterate X, =

(t—ty) " D00, . X, that satisfies

r=ty,+

) L [ (a2 ,1(A) 2 4t
I — v]|]* < [Z ar(A)] {m-HXo—vHﬁrm}.

r=0

Proof. By inserting the bounds in Lemma 6.6.4 and Corollary 6.6.6 into the bias-variance

decomposition (6.33), we obtain

t—ty—1 2

2 _ 0 (A) [T 2 .
([l Su’f—t(@z)lz ar<A>] -||xO—vr|1+im[§_j |(AP)l;

m
r=0

By using the inequality ||[A"P||; < 2a,.(A) from Proposition 6.4.3, part 3, and simplifying

the expression, the proof is completed. O

6.6.6 FError bounds at fixed times

To prove the fine-grained bound in Theorem 6.6.2, we will need to control the variance more
carefully. We begin by obtaining bounds on the error |HXT — VH|2 at any fixed time T
The general variance bound from Lemma 6.6.5, combined with Lemma 6.4.2, implies that
the variance of x; is bounded by the mean squared error of a subset of the entries of all the
iterates y, = Ax,_1 prior to x;. We would like to transfer this error to the target eigenvector
v, which is the limit of the usual deterministic power iterations: Ey, = A"xq — v asr — oo.

The first technical observation provides a link between the error of y, and v.
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Lemma 6.6.8. For any iterate y, of the randomly sparsified power method (6.6) and subset

of indices E C {1,2,...,n},

E[1Ly.|” < 2[1Ev] + 2E|1L(y, — V)|

In particular, this implies that
2 2 2
E|1ty,|” <2[1gv|" + 2|y, — v[||".
Proof. The first displayed equation follows from applying the triangle inequality:
2

E|1Ly, " = E[1Lv + 1L(y, — v)|* < 2]1Lv|* + 2E[1L.(y, — v)|".

The second displayed equation follows from the observation ||1L. |l < 1 and the definition

of the triple norm. O

The next technical result bounds the error H‘XT — Vm2 at any fixed time T recursively in

terms of the error incurred previously, up to any reference point t < T

Lemma 6.6.9 (Recursive bound). For anyt < T and s < m, the iterate xr of the randomly

sparsified power method (6.6) satisfies
2| AP|2 <
e = vII* < 1ATRE [ = v+ AP Sy arortpg. - v
r=t
9 T—t—1 n 2
Ty ( > ||A"PH%) ( > vw)) .
r=0 i=s+1

Proof. Let E, denote the expectation conditional on x;. Then, for any u € C™ with [ju||s <

1, we have the conditional bias-variance decomposition:

B fu” (xr = v) | = [0 (Bufoea] = v)[* + Befu (xr — B [xi]) [
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First, for the bias term, note that E,[x7| = AT 'x,. Since 1T (x;,—v) = 0, AT !(x,—v) =

AT='P(x; — v). Furthermore, since [Jul|o < 1, [|(AT7'P)*ul|o < [|[AT'P||;. Thus, we have

‘u* (Eelxr] — v) ’2 = |u*AT'P (x¢ — v) ’2

) (6.34)
< AP [l = v~

Next, for the variance component, we can apply Lemma 6.6.5, conditional on x; (i.e.,

treating x; as the fixed initial iterate) and without tail averaging (i.e., t, = ¢ — 1), to obtain

T
Eo|u (xr — Exr])|" < S IATTPIE - [l (ye) — v: "
r=t+1

Then, for any subset E C {1,2,...,n} with |E| = s, applying Lemma 6.4.2 yields

1

m—s

T
D IIATTP|T - Eetgey, [

r=t+1

Bofu (e — &))<

In particular, by choosing E to be the set of indices corresponding to the s largest entries of

v and applying Lemma 6.6.8, conditional on x;, we deduce that

Bt (e — Bxfer] )P < — (TZ“HA’"PH?> ( )3 v¢<i>>

i=s+1

2 & .
s 2. AT P} Ed1L(y, — V)]

r=t+1

Note that ||1gc||c < 1, s0 |1Tc(y7. — V)‘ < ‘Hyr — Vm Since y, = Ax,_1, a similar argument

as (6.34) implies that

llyr = vl = llAGr—1 =)l = [[AP Gy = W)l < AP - [l = V]| (6:35)
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Therefore, by taking the full expectation, we deduce that

sl 5 r) = 5,2 (3 1w (3 o)

(6.36)

2
x|

2|AP|2
1 AP Sy arps

m
r=t+1

Combining (6.34) and (6.36) shows that
Elu > (ATP|? 2 AP yreipyp 2
[u (e = v) [P < AR [l = v+ == D AT [ — v
r=t

+—m2_s< ) ||ATP||%> (Z vw) -

Since the upper bound is independent of u, we can take the supremum over ||ul|s, < 1 to

deduce that it is also an upper bound for H!XT — V|H2, completing the proof. O]

By resolving the recursive bound in Lemma 6.6.9, we can deduce the following fixed-time
error bound on |HXT — VH|2, which is composed of a decaying bias component and a variance
component that is proportional to the ¢! tail mass of the limiting eigenvector v. It requires
the sparsification parameter m to be larger than a threshold of order O(R), where R is a

natural time scale related to the mixing time of A for which A® is sufficiently contractive.

Lemma 6.6.10 (Fixed-time error bound). Suppose that |ARP||; < 1 for some R > 1. If

the sparsification parameter m satisfies

12|AP|2R :
> +s  for some § € [0,1) and integer s € N, (6.37)
(1-0)(1—[|A%P)
then
4| AP2\ B
p = ||AFP|? + 2((1 + H) - 1) < S||AFP|3 + (1 —6). (6.38)
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Furthermore, for any t > 0, the iterate xg; from the randomly sparsified power method (6.6)

satisfies

S EHATPIZ 1 n ’
llscrs = vl < ot - o — vl + 22 IAPIL (va)‘

= (6.39)
1—p m—s\, 57
Additionally, for any 0 < g < R,
R—-1 2 n 2
2 3 L I|ATP 1 ,
R R e ( > m))  (640)
1=s+1

Proof. Our goal is to extract an explicit bound on |HxRt — VH|2 from the discrete recursive
inequality in Lemma 6.6.9. For notational simplicity, define the following scalar quantities:

o z(t) = mxt — V||

2
)

o a(t) = [[A'PIf3,

o 0= (Tl Vi)

Then, Lemma 6.6.9 (with 7" <— ¢ and ¢ < 0) is equivalent to the following recursive inequality:

(6.41)

To upper bound z(t), we will define two separate sequences xo(t) and x,(t). The first is

a decaying component related to the initial error, recursively defined by

zo(t) = a(t)z(0) + ca(l) Yy a(t —r —1)xo(r), t>1, (6.42)

292



with 29(0) = x(0). The second is a residual component related to the limiting vector,

recursively defined by
z,(t) = cv Z a(r) +ca(l) Y a(t—r—1Dx,(r), t>1, (6.43)

with z,(0) = 0. We can obtain upper bounds for these two sequences separately since (6.41),

combined with an inductive argument, implies that they majorize x(t) together:

x(t) < zo(t) + x,(t), t>0. (6.44)

We will derive a bound for xy(t) and z,(t) over the first R steps. Since we only assume
a(R) < 1, we will use the bound a(r) < 2 for 1 < r < R —1 in the worst-case scenario.

Specifically, considering x(t) first, (6.42) implies that

R—-1
o(R) < a(R)z(0) + 2ca(1) Y xo(r), (6.45)
xo(r) < 22(0) 4 2ca(1) Tz_:xo(u), 1<r<R-1 (6.46)

Let f := 2ca(1). Define the function A : N — R by h(0) := 1, and for t > 1,
t
h(t) =Y 5m< > 1). (6.47)

Note that h(t) effectively counts the number of paths connecting 0 and ¢ with segments of
integral length at least one. By using the classical stars-and-bars technique to resolve the

combinatorics, we obtain the formula

h(t) = ni:l g™ (;__11) = Bgﬁm (t ;1) =B(1+8)" (6.48)
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By using the function h, the bound for the decaying component z((r) for r < R—1 from (6.46)

can be written as follows:
xo(r) < 2x(0) h(f), 1<r<R-1. (6.49)

The sum over ¢ counts the number of times the recursive inequality in the sum in (6.46) is
accessed in the path from zq(r) to 2(0), each contributing a factor of 5 = 2ca(1). Concretely,
for a given ¢, the recursion continues up to zo(r — ¢), and then the term 2x(0) is picked out
to exit the recursion. For example, the edge case ¢ = (0 captures the scenario where the term
2x(0) is immediately picked out, and the edge case ¢ = r captures the contribution through
a path of length r entirely through the recursive sum.

Hence, by inserting (6.48) into (6.49), we have

zo(r) < 2z(0) (1 + iﬁ(l + 6)€_1> =2z(0)(1+p)", 1<r<R-1. (6.50)
=1

Using this bound at the endpoint (6.45) yields

wo(R) < a(R)z(0) + 26 51+ B (0)
= (a(R) +2((1+ B)" =1)) - 2(0). (6.51)

Note that p = a(R) +2((1 + ) — 1). We want z¢(R) to decay, so we require p < 1.
Next, we will bound the residual component x,(t) over the first R steps. Similar to the
argument above, using the bounds a(r) < 2 and Y210 a(t) < . ta(t) for 1 <r < R —1,

t=0

(6.43) implies that

—_

xy(r) < cv( - a(t)) + 2ca(1) va(u), 1<r<R. (6.52)
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Following a similar argument as for (6.49), we can also write the upper bound (6.52) for

x,(r), 1 <r < R, using the function h from (6.48) as follows:

= cv( - a(t)) <1 + i(l + B)€1> =cv <i a(t)) (1+p5)". (6.53)

Note that p < 1 implies that (1+ 3)® < 1+ (1 —a(R))/2 < 3/2. Hence, we have shown that

at the endpoint,
30 (B
vo(R) < 5 (Z a(r))v. (6.54)

To summarize, by combining the bounds on zy(R) and z,(R) from (6.51) and (6.54), we

have shown that, assuming p = a(R) + 2((1 + )% — 1) < 1,

<pa(0)+ % ( ] a<r>> . (6.55)

Finally, to obtain a bound on x(Rt + ¢) for some ¢t > 0 and 0 < g < R, we will leverage
the R-step bound (6.55). Note that Lemma 6.6.9 (with 7' <= Rt + g and t < R(t — 1) + q)

implies that

(Rt + q) < a(R)x (R(t—1)+q+cvz ) 4 ca(1 Za R(t—1)+gq). (6.56)

Observe that this takes the same form as (6.41), treating z(R(t — 1) + ¢) as the fixed initial

reference point. Therefore, by applying (6.55), along with a shift in indices, we deduce that

z(Rt+q)<p-z(R(t—1)+q)+ 30(2@ )
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By iteratively applying this bound, we obtain

(Rt + q) Spt-x(q)—l—%(1+p+p2+...+pt_1)< - a(r)) v
— Y E L )
< pt  2(q) + 3c(1 2/21) ?;):0 (r) . (6.57)

If ¢ =0 (i.e., T"is a multiple of R), then (6.57) is equivalent to the claimed bound (6.39) for
}HxRt — V‘H2 after translating back to our problem-specific notation.

Otherwise, for 0 < ¢ < R, we can use the bound x¢(q) < 22(0)(1+ )% from (6.50), recall-
ing (1+ B)% < 3/2 under the assumption p < 1, and the bound z,(q) < cv (Zf:_ol cz(r))(l +
B)f from (6.53) to deduce that

z(q) < zo(q) + x,(q) < 32(0) + %

5 (7,_ a(r)) v.

Inserting this bound into (6.57) yields
(Rt +q) < 3p' - 2(0) + —==L—= .. (6.58)

This is equivalent to the claimed bound (6.40) for H|XRt+q — VH|2 after translating back to
our problem-specific notation.
To conclude, we will do some housekeeping to argue that the simplified condition (6.37)

implies the bound p < da(R) + (1 — ) < 1 in (6.38). Note that for 0 < A <1 —a(R),

4a(1) )R _l-a(®) —A

p<1—A<=><1—|— 5

) 4a(1)

— m-—s>
1/R
1—a(R)—A
==l
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A standard calculus calculation furnishes the following inequality:

1 1 < 1 for all R > 1.

s 1—a<§>—A>”R L1 log(1+ Eup=2)

By using the elementary inequality log(1 + x) > z/(1 + z) for > 0, we have

1 2+1—a(R)—A 3
< < :
log(l I 1—a<§>—A> 1—a(R)—A 1—a(R)—A

In particular, if we choose A = §(1 — a(R)), then we deduce that

m_sz(l—g?l(l—)}jz(}%)) = p<1—-0(1—a(R)).

This completes the proof. O

6.6.7 Variance bounds with improved rates

Finally, we will use the fixed-time error bound obtained in Lemma 6.6.10 to derive a bound

on the variance of the tail-averaged estimator X; from the randomly sparsified power method.

Lemma 6.6.11 (Variance bound II). Suppose that |[ARP||y < 1. Let p € [0,1) be defined

as in Lemma 6.6.10. If the sparsification parameter m satisfies

12|AP|2R
~ (1= (1 - [A"P|})

+ s for some § € [1/2,1) and integer s € N,
then p < 8||AEP|2 + (1 —§), and for any time t after a burn-in time of ty,, we have

=~ B

2 2
(APl [l ™ arp)y]

t n 2
= (i —t0)2(m —9) {Gp“b/RJ %0 — vIIF + 8( > vi(z)> }

1=s+1
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Proof. Let E C {1,2,...,n} be the set of indices corresponding to the s largest entries of v.
By using the primitive bound on the variance of the tail-averaged iterate from Lemma 6.6.5,
combined with Lemmas 6.4.2 and 6.6.8, we have

2

2
[y =l

Il < s S e,

r=0 [ ¢=max{ty,r}+1

%(Z Mz)) |

1=s+1

(6.59)

t—tp—1

2t
+ o3| > IAP
(t— 1) [ £

Recall from (6.35) that y,,1 = Ax, satisfies
l[yrir = vIII* = [|APG = v)[[|* < AP - I = v|I"

From Lemma 6.6.10, we have the following bound on the error at any fixed time 7:

R—-1 ¢ 2 n 2
i, = VII* < 301777 - ey — w2 + 2= | AP ( S vi(z')) .

(1 =p)m—=s) \ 57,

To simplify this bound, note that 1—p > §(1—||A%P||?). Since [|A‘P||; < 2for0 < ¢ < R—1,

by using our assumption on m — s and § > 1/2, we obtain

SYLIIAPIE - 1R (=& JARPJ) _ 1-8 1
(—p)m—s) ~(A-pm—s~  (-pAP[; = G[AP[? ~ AP

Thus,

n 2
1 = v||I” < 3|AP 2677 - ||xg — ]2 +3( > vw)) .

i=s+1
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Inserting this bound into (6.59) yields

P o — v}

I 6 [AP|? < t
H|xt—E[xtH||2s(t_tb> s 2| 2. 1ATTPL

r=0 L¢= max{tb r}+1

t—tp—1 n 2

| w3 ve). (60
i=s+1

It remains to control the contributions from the initial error, which is more delicate. To
do this, we will split the first sum over r in (6.60) into blocks of size R (possibly including

additional terms in the last block if £ is not a multiple of R):

2

r/R < Z Z Z HAE—T—1PH1

|t/R|—1 R(r+1)— [ ¢
r=Rt L=max{ty,r}+1

ti[ zt: HA“lPII

r=0 Lé=max{tp,r}+1

We further split the sum over 7 from 7 = 0 to 7 = [t,/R] — 1, and from 7 = [t,/R] to
= |t/R] — 1. For 7 < |t,/R] — 1, we will use the following bound for each block, which

follows from using submultiplicativity and ||A®P||; < p'/2:

R(m+1)—1 t 2 R(r4+1)- t 2
3 pf[ SRS S S D S Pt )
r=Rt {=max{ty,r}+1 r=RT Lé=tp+1
R(r+1)-1 [ [t/R]-1 R-1 2
2SI NEA SO
r=RT Lu=|t,/R] =0
R-1 2 [t/R]—1 2
_R(zuAfPul) w[ S AR
=0 u:Ltb/RJ

[t/R]—[tn/R|-1 2

R—1 2
§R<ZIIAZPII1> -pttb/m[ S jatp|:
=0

u=0

(6.61)
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For 7 > [,/ R], we will use the following bound for each block:

R(r+1)—1 t 2 R(7+1)— t 2
ol D AT = Z p’ ZHAZ’T”PHl
r=Rrt {=max{ty,,r}+1 r=Rrt Ll=r+1
R(r+1)— r[t/R]—|tn/R]—1 R—1 2
S D SRR ST
r=RT L u=0 £=0
R—1 2 [t/R]—|tw/R|—1 2
<n(Swen) |3 it
=0 u=0

(6.62)

For the first sum from 7 = 0 to 7 = [t,/R| — 1, we will apply (6.61) to each block to

derive the following upper bound:

lty/R]—1 R(T+1)— 2

ZZ

r=Rt

t

Y. IATPL

L=max{ty,r}+1

< Rlt/R) (EHAZPHI) -

[t/R]—|tp/R]—1 2

Y. lAfP}

u=0

plto/ B (6.63)

For the second sum from 7 = |t,/R] to 7 = [t/R]| — 1, we will apply (6.62) to each block to

derive the following upper bound:

2

Yoo > » D" S o I

[t/R]—1 R(t+1)— [ t
T=|tp/R| rT=RT L=max{ty,r}+1

- 2 [t/R]—|tn/R|—-1 2 |t/R]-
_R<ZHAZPH1) [ S jatp|: z .
=0 u=0 =tn/R|

[t/R]—[t,/R]-1 2

Y. APl

u=0

pltv/ Bl (6.64)

R([t/R) ~ |ts/R)) (ZnAanl) -

We have used p < 1 in the last inequality. Altogether, the geometric decay from pltv/F

dominates. By combining (6.63) and (6.64) in the majorization for (6.60), we have shown
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that

2 6t ||APH2 2M(t—t)/R] 2
u=0
t—tp,—1 n 2
limﬂwl——<zwm>
i=s+1

We may further simplify the variance component by using submultiplicativity to peel off

multiples of ||A®PJ|; in order to group terms. This completes the proof. O

By combining the bounds on the bias and variance of the tail-averaged estimator X7 in

Lemmas 6.6.4 and 6.6.11, respectively, we can now prove Theorem 6.6.2.

Proof of Theorem 6.6.2. Recall the bias-variance decomposition from (6.33):
Il = vIII* < IEf] —viE + I~ Efx] I

By combining the bias bound from Lemma 6.6.4 and the variance bound from Lemma 6.6.11,
we deduce that

2 (A) [Fas
% — vllI2 < athrl( [
e VI < Gt 7| >

AP (=0)/ ]| ARP|u) . 2
A (5 )

1 2
aﬁAilkm—Wh

i=s+1

By using submultiplicativity and the fact that a%(A) < ||ARP||? < p, we can simplify this

expression to obtain

(S (I are )

(t —t)?
6t 8t & ’
_O0 )L /R %, — v12 : L
X{(1+m—s) P %o = I+ —— (Eﬂv(z)) }
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After using the assumption on m to insert the bound p < §||ARP||? + (1 — §), the proof is

completed. [

6.7 Concluding remarks

We proved that the error of the randomly sparsified power method for computing the leading
eigenvector v of a column-stochastic matrix A can be bounded independently of the matrix
dimension, depending only on the mixing time of the stochastic matrix A and the rate of
decay of the entries of the solution vector v. We showed that the deterministically sparsified
power method can only provide guaranteed accuracy control when A is a strict £* contraction,
and can fail for a class of hard problems.

A natural future direction is to develop mathematical guarantees for the randomly spar-
sified power method applied to eigenproblems where A € C"*" is a Hermitian matrix [LW17;

Gre+19|. In this setting, the basic scheme has iterations

Ax;
Yi= a0
T JAx )
X, = @(ye)-

The main difficulty is the additional bias introduced by sparsification due to the nonlinear
power iteration with normalization. It would also be interesting to prove theoretical guaran-
tees for variants of this algorithm for computing multiple eigenvectors such as randomized
subspace iteration [Gre+22a; Gre+22b|. Another direction is to develop a better understand-
ing and characterization of the gaps between randomized methods and their deterministic
counterparts in these settings. These efforts would contribute towards future developments
of the mathematical and algorithmic foundations of the fast randomized iteration frame-

work [LW17] and its applications.
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6.8 Additional discussion of the Ising model

6.8.1 Background

The Ising model is a classical model of a magnet at equilibrium and phase transitions.
Heuristically, at low temperatures and without an external field (i.e., large $ and h = 0),
the system is in an ordered phase, and all the spins are aligned. At high temperatures, the
system is in a disordered phase, and the spins essentially behave independently.

The Ising model with zero external field (A = 0) has only been exactly solved in very spe-
cific cases. Notably, this includes the Ising model on the one-dimensional line by Ising [Isi25],
and on the two-dimensional lattice by Onsager [Ons44|, who demonstrated that the Ising
model on the 2D lattice exhibits a second-order phase transition at the critical inverse tem-
perature [, = % log(1+ V/2) /= 0.4407. However, the exact solution of the Ising model on the
2D lattice with non-zero external field (h # 0), or on any higher-dimensional lattice remains
open. Thus, the Ising model continues to be a source of deep mathematical questions (e.g.,
see [Dum?22| for a recent survey).

Computing quantities related to the Ising model is a fundamental problem with ap-
plications in areas such as statistical physics |[LB14|, Bayesian statistics [RC04|, image
processing [GG84|, and machine learning [FI14]|. For example, quantities of inter-
est may include the average magnetization f(o) = |[V[7'30 ., 0(v) and correlations
flo) = VI 0ev o(w)o(v). The main difficulty with computation is the exponentially
large state space, which makes the normalization constant Z(3, h) intractable. Therefore,
Monte Carlo approaches are typically used in practice: MCMC algorithms are commonly

™) of the Ising model, which can

used to generate (nearly) independent samples oV, ... 5!
then be used to approximate expectations with respect to the Ising model by averaging. For
MCMC, the goal is to design a Markov chain that quickly converges to stationarity.

We mainly consider the Glauber dynamics, which is an efficient algorithm for sampling

in certain regimes where it is rapid mixing (in the precise sense that its mixing time scales
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polylogarithmically in the number of vertices, as opposed to exponentially). Heuristically,
the Glauber dynamics mix rapidly at high temperatures or with a large external field. There
is a vast literature on proving these intuitions rigorously, which is beyond the scope of our
investigations: e.g., there are sufficient conditions for rapid mixing known as the Dobrushin—
Shlosman conditions [DGJ09], and a very precise picture on the lattice has been estab-
lished [LS12; LS16]. We refer to [LPW17, Chapter 15| for a detailed discussion.
Additionally, we note that there are other non-local Markov chains used to sample the
Ising model, such as the Swendsen—Wang and Wolff cluster algorithms [SW87; Wol89|, which
can be significantly more effective near the point of critical slowdown. However, the columns
of the stochastic matrix associated with these dynamics are not sparse, which does not

integrate very well with the random sparsification framework.

6.8.2 Additional numerics

In this section, we will present additional plots to supplement our numerical demonstra-
tion for the Ising model in Figure 6.1, which shows the % error. Specifically, we will
consider the average magnetization error |m'x;, — m'v|, where the i*® entry of the vector
m € R2™" denotes the average magnetization of the configuration ¢ that it indexes, i.e.,
m(i) = 7230 0™ (7). Note that this measures the error in estimates of a low-dimensional
projection of v (i.e., an expectation with respect to the Ising measure) and ||m|. = 1, so
the error of the randomly sparsified power method is bounded by Figure 6.1.5. We will also
consider the scaled ¢! error 1||x; — v||;, or equivalently the total variation distance between
the two probability distributions x; and v, which our theory does not cover.

Figures 6.5 and 6.6 present the plots in terms of the average magnetization error and the
scaled ¢! error %th — v||1, respectively, for the Ising model on a 4 x 4 torus with inverse
temperature § = 0.45 and external field A = 0.25. (With these parameters, the ground truth

average magnetization equals m'v = 0.841146.) The plots verify that the same observations
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made for the ¢? errors of the deterministically and randomly sparsified power methods in

Figure 6.1 continue to hold.

Error in average magnetization Error in average magnetization (m=2,000)
0 ] 100 . L
10 —4— Deterministically sparsified —4— Deterministically sparsified
c —e— Randomly sparsified c —¥— Determ. with tail-averaging
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Figure 6.5: The average magnetization error |m'x; — m'v| from solving the eigenvalue
problem Av = v corresponding to the Glauber dynamics for the Ising model (6.9) on a
4 x 4 torus in a low-temperature and strong external field regime. (Left) The errors at
time ¢ = 20,000 after a burn-in time of ¢, = 10,000 as a function of the sparsification
parameter m. (Right) The dynamics of the error with m = 2,000. The mean errors over
30 independent runs of the randomized algorithms are reported, with the corresponding
0.2/0.8™" quantiles indicated by the shaded intervals.
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Figure 6.6: The scaled ¢* error 1|x; — v||; (i.e., total variation distance) from solving the
same eigenvalue problem Av = v as in Figure 6.5. The optimal m-sparse error represents
the /' error >_" ., v(i) from the best m-sparse approximation of the Ising model.
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6.8.3 Approximate sparsity of the Ising model

Based on the error bound in Theorem 6.1.5, we would expect the randomly sparsified power
method to be effective only if the Ising model admits a sparse approximation. This is not
always the case: for example, all the configurations of the Ising model at infinitely high
temperatures without an external field (i.e., 5 = 0 and h = 0) are equally likely. Therefore,
the entries of the leading eigenvector v exhibits no decay, and exponentially many states
s = O(2°%) are needed to achieve a constant factor tail sum Y v¥(i) = O(1).
However, when the temperature is very low and the external field is very strong, we
would expect the Ising model to be approximately sparse, with most of the probability mass
concentrated near the configuration with all positive spins. This is established more precisely
for our experimental setup on the ¢ x ¢ torus in the following result, which states the entries
of v exhibit polynomial decay in such a regime. In fact, it shows that a constant factor tail

sum can be achieved by a negligible proportion of the exponentially-sized state space.
Proposition 6.8.1 (Low temperature and strong external field regime). Let v € [0, 1]*<¢
contain the entries of the Ising model (6.9) with inverse temperature 5 > 0 and external field

h > 0 on the £ x { lattice. Suppose that 5 and h satisfy B(h + 4) > log(¢). Then, for all

i=1....2% ands=1,...,2%" we have
vi(i) < i~ and Z vH(i) <
1=s+1
with ¢ :== B(h+4)/log(¢) — 1 and C = 2¢. Moreover,

vi(1) > exp(— exp(—28(h +4) + 210g(€))> >l

Proof. Let d = £? be the number of vertices, so that there are n = 2% states. Note in the

presence of a positive external field h > 0, the configuration with all positive spins, denoted
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by o, is the unique global minimizer of the Hamiltonian with H(o%) = —(2 4 h)d, where
we have used the fact that the square lattice with periodic boundary conditions is 4-regular.

For any configuration o € {£1}% let N~ (o) := {u : o(u) = —1} be the set of vertices with
spin —1, and ON~ (o) := {(u,v) : o(u)o(v) = —1} be the set of edges between two opposite
spins. Using the fact that the square lattice is 4-regular again, we have [ON~(0)| < 4|N~(0)|.

Hence, we have

H(o) — H(ob) = 20| N~(0)| + 2|ON~(0)|
(6.65)
> 2(h + 4)|N~ (o).

Let C, = {0 € {£1}?: [N~ (0)| = k} be the set of configurations with k spins that are —1.

Observe that |Cy| = (Z), and for all o € C, ppn(o) takes on the same value, which we will

denote by u(ﬂkz From (6.65), we have
_ _ k
,ugfi = pgp(0) < e IR o n(o™) < (e PPN for any o € Cy. (6.66)

From our observations so far, we deduce that the sorted entries of the Ising measure are

given by

1 1 2 2 k k
V= Gl 18 oo o B ),
~ ~ A -~ 7 N —— —

times times times
1 2 i

consisting of the (Z) configurations in the block C; with k spins flipped to —1 as k& =
0,1,2,...,d. From this structure, we are able to obtain the exact expression for the entries

of vt: for i > 2,

k
vH(i) = /L,(Bk}(f)), where k(i) = argmin g (d) > (6.67)
’ E - ]
Jj=0
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To obtain a simple bound on how k(i) scales with i, note that we have, for d > 2,

k d k+1
§ <,)§1+d+d2+...+d’“: < 2d*.
J d—1

J=0

Thus, by rearranging the inequality 2d* < i, we deduce that k(i) > log(i/2)/log(d).
From (6.67) and (6.66), we deduce that

Vi@.) < (6,25(h+4))k(¢) < (e,Qﬁ(hH))1og(i/2)/1og(d) _ <%> —26(h+4)/log(d).
Thus, the entries of v+ exhibit polynomial decay as long as 23(h + 4) > log(d), i.e., v+(i) <
Cs~(%°) with ¢ := 28(h + 4)/log(d) — 1 and C := 2% In turn, this also implies that
the tail sums exhibit polynomial decay, i.e., Y . v (i) < (C/c)s™¢, following the same
calculations as in Section 6.1.3.

In fact, we can show that in the low-temperature and/or strong external field regime that

we are considering, a large proportion of the mass is actually taken up by the single state

ot. More precisely, suppose that for some A € (0, 1),
268(h +4) > log(N) — log(log(1/A)).

Then, using the elementary inequality log(1 4+ z) < z, we have

log(1 + e—25(h+4)) < e 2B+ < %ZlOg(l/A) — (1+ 6—2ﬂ(h+4))—d > A
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Therefore, using (6.66), we can compute

vi(1) = pgp(o™) = e BHET) 13 o e—BH(0)
B 1
o d — o)—H(o
15 s Toeg, o P 0
1 1
LY e e
That is, >, vH(i) <1 —A. O

6.9 Proofs for properties of ¢! contraction coefficients

In this section, we verify the properties of a,.(A) stated in Proposition 6.4.3.

Proof of Proposition 6.4.3. (Part 1). Note that the ¢! contraction coefficient «,.(A) is the
solution of the maximization problem max,egn||A"z||1, subject to ||z||; <1 and Y, z(i) =
0. This is a convex maximization problem in a convex and compact domain, so the solution
is attained at an extreme point, which takes the form z = :I:%(ei —e;) with ¢ # j. The
expression a,.(A) = % max; ;||A”(e; —e;)||; follows. By manipulating this explicit expression

and using the fact that columns of A" are stochastic vectors, we can verify that

1 - N
ar<A) = EH}%XZ |Ar<k3,l> —A (k)]>|
) o

= S max AT (ki) + A7 (k) — 2min{ A (k, 1), A (k. )]

=1 —min Y min{A"(k,i), A" (k, )}
-

(Part 2). Fix any z € R™ with Y 1  z(i) = 0. Observe that 1A%z = 17z = 0 for each

s < r. Consequently, using the definition of the ¢! contraction coefficients,

[A"z][y = [[A"A%[|, < ao(A)[[A%2]]y < ar_s(A)as(A)]2]s-
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By optimizing over z, we confirm the submultiplicativity property.

(Part 3). We showed that ||A"z||; = ||A"Pz||; < ||A"P|1]|z||; for any z € R™ with
> i, z(1) =0, which implies that o,.(A) < [|A"P||;. To obtain a matching lower bound, we
explicitly calculate, using P =1 — v1T,

=2—2minv(i) <2.

(2

IP[ly = max[[P(:, )| = max [1 —v(i)+ Y v(j)
i

Therefore, since 1"Pz = 1Tz — (17v)(17z) = 0 for any z € R" with 17z = 0, we have
[A"(Pz)[[; < ar(A)[[Pz]ly < ar(A)|[P|1][z]l1 < 200 (A)]|z]]5.

By optimizing over z, we confirm that ||A"Pl|; < 2a,.(A), as desired.

(Part 4). Let vy be the eigenvector corresponding to A2(A), so that Avy = Ay(A)va.
Since A is column-stochastic, multiplying both sides on the left by 17 implies that 1Tv, =
1TAvy = M\y(A)1Tv,. Since Ao(A) # 1 by assumption, we must have 1Tvy = 0. It follows
that

|A"vs )1

pata)l = 190 < ca)

Recall that P and A commute. By invoking Gelfand’s formula for matrix norms, we have
. r 1/r . ril/r
lim [ATP][,"" = lim [|(AP)"[[,"" = p(AP),

where p(AP) is the spectral radius of AP, which equals |A2(A)|. In combination with the

oblique projection bounds in part 3, this confirms that lim,_,., c,(A)Y" = [Xo(A)]. O
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